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Abstract

Fracture modeling in rock-like materials presents significant challenges due to their in-
herent heterogeneity and anisotropy, leading to diverse behaviors under varying loading
conditions. Conventional fracture modeling techniques often struggle to capture com-
plex failure modes and face limitations in computational robustness. To address these
challenges, this research adopts the phase field method, which represents fractures as
continuous scalar fields, enabling the simulation of intricate fracture patterns—such as
branching and coalescence—without the need for explicit crack tracking. This study
introduces a generalized framework that combines strain energy decomposition with
advanced failure criteria, such as the Drucker-Prager criterion, to enhance the phase
field method’s capacity for simulating compressive failure modes. Additionally, a novel
strain energy formulation for materials containing voids and inclusions has been devel-
oped. The model’s applicability is extended through multiphysics applications, includ-
ing hydraulic fracturing, thermomechanical fracturing, and other complex interactions.
Rigorous validation against experimental and benchmark datasets underscores the ro-
bustness of the proposed methods, offering a reliable computational tool for accurate
fracture prediction in engineering applications. This research advances fracture me-
chanics by proposing innovative methodologies for tensile strength validation, notably
through enhancements to the Brazilian Test for rock materials, thereby improving the
precision of material parameter estimation in computational models. The developed
framework represents a significant leap forward in predictive accuracy for rock fracture
modeling, serving as a valuable resource for academic research and industrial applica-
tions that require dependable, high-precision fracture assessment under diverse loading

and environmental conditions.
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Resumen

La modelacion de fracturas en materiales similares a rocas presenta desafios signifi-
cativos debido a su inherente heterogeneidad y anisotropia, lo que da lugar a compor-
tamientos diversos bajo diferentes condiciones de carga. Las técnicas convencionales
de modelacion de fracturas a menudo tienen dificultades para capturar modos de fa-
lla complejos y enfrentan limitaciones en la robustez computacional. Para abordar es-
tos desafios, esta investigacion adopta el método de campo de fases, que representa
las fracturas como campos escalares continuos, permitiendo la simulacion de patro-
nes de fractura intrincados, como la ramificacion y la coalescencia, sin la necesidad
de rastrear explicitamente las grietas. Este estudio introduce un marco generalizado
que combina la descomposicion de la energia de deformacion con criterios avanzados
de falla, como el criterio de Drucker-Prager, para mejorar la capacidad del método
de campo de fases en la simulacion de modos de falla por compresion. Ademads, se ha
desarrollado una nueva formulacion de energia de deformacion para materiales que
contienen vacios e inclusiones. La aplicabilidad del modelo se amplia a través de apli-
caciones multifisicas, incluyendo fracturacion hidrdulica, fracturacion termo-mecdnica
y otras interacciones complejas. La validacion rigurosa contra conjuntos de datos ex-
perimentales y de referencia subraya la robustez de los métodos propuestos, ofreciendo
una herramienta computacional confiable para la prediccion precisa de fracturas en
aplicaciones de ingenieria. Esta investigacion avanza en la mecdnica de fracturas al
proponer metodologias innovadoras para la validacion de la resistencia a la traccion,
destacdndose las mejoras en el ensayo brasileiio para materiales de roca, mejorando
asi la precision en la estimacion de parametros de material en modelos computaciona-
les. El marco desarrollado representa un avance significativo en la precision predictiva

para la modelacion de fracturas en rocas, sirviendo como un recurso valioso para la

vii



investigacion académica y aplicaciones industriales que requieren una evaluacion de

fracturas fiable y de alta precision bajo diversas condiciones de carga y ambientales.
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1| INTRODUCTION

Fracture modeling for rock-like materials is essential across a range of engineer-
ing fields, including geotechnics, mining, oil and gas extraction, geothermal en-
ergy production, tunneling, dam construction, seismic hazard analysis, earthquake
engineering, nuclear waste disposal, landslide and rockfall prevention, carbon se-
questration, and more. The complex behavior of rocks under diverse loading con-
ditions—due to their inherent heterogeneity and anisotropy—necessitates precise
modeling for accurate prediction and management of geological phenomena. Sim-
ulating crack initiation, propagation, and coalescence is critical for assessing the

structural integrity of rock formations under various conditions.

Numerous computational techniques have been developed to model fractures in
rock-like materials. Among these, the phase field fracture method represents a
significant advancement, utilizing a continuous scalar field to represent cracks,
thereby eliminating the need for explicit crack surface tracking. This approach
is especially beneficial for handling complex fracture behaviors, such as branch-
ing and coalescence, without requiring detailed crack path tracking. Well-suited
for complex geometries and loading scenarios typical in rock-like materials, the
phase field method has gained considerable attention in recent years for its robust
mathematical foundation and versatility in simulating a wide array of fracture

phenomena.

Accurate fracture modeling of rock-like materials depends on the precise esti-
mation of material parameters, a particularly challenging task due to the hetero-
geneous nature of these materials. This challenge is especially pronounced in
the phase field method, where the selection of appropriate material parameters

directly influences model accuracy. Specifically, tensile strength estimation is
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crucial, informing key material parameters for phase field fracture modeling. In
practice, tensile strength is frequently derived from the Brazilian Test, although

the validity of this method remains debated within the rock mechanics community.

This thesis focuses on fracture modeling in rock-like materials, employing the
phase field method with an emphasis on compressive failure modes—an area
where conventional fracture models often fall short. By introducing a general-
ized framework for strain energy decomposition and incorporating failure criteria
such as the Drucker-Prager model, this research extends the phase field method
to a broader range of material behaviors, including multiphysics problems like
hydraulic and thermomechanical fractures. Additionally, a novel approach is pro-
posed to validate the tensile strength derived from the Brazilian Test, ensuring

more accurate material parameter estimation.

1.1 Motivation

The motivation for this research stems from the increasing need to accurately
predict fracture behavior in rock-like materials, particularly in industries where
structural failure has substantial economic and environmental implications. Sec-
tors such as mining, oil and gas extraction, and civil engineering rely heavily on
precise fracture models to prevent failures in both natural and engineered rock
formations. Beyond industrial applications, environmental concerns—such as
groundwater contamination from industrial pollutants or fracking fluids and the
secure long-term storage of CO; in subsurface geological formations—further
underscore the necessity for robust and precise fracture modeling. Traditional
models often struggle to fully capture complex rock behavior, especially under

multiaxial stress or when multiple physical processes, such as thermal or hydraulic
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effects, are involved in fracture evolution. Additionally, simulating compressive
fractures, a common failure mode in rock-like materials, presents a further chal-
lenge, highlighting the need for advanced computational approaches like the phase
field method.

1.2 Aim and objectives

This thesis primarily aims to develop an advanced phase field fracture model capa-
ble of accurately simulating the initiation, propagation, and interaction of fractures
in rock-like materials under diverse loading conditions and multiphysics scenar-

i0s. The specific objectives of this research are:

* To assess the accuracy of tensile strength measurements from the Brazil-
ian Test and propose a method for validating the results while minimizing

geometrical constraints.

* To extend the phase field method by introducing a generalized framework
for strain energy decomposition that addresses compressive failure in rock-

like materials, using failure criteria, including the Drucker-Prager model.

* To develop and implement phase field models capable of simulating com-
plex fracture phenomena, such as hydraulic fracturing and thermomechani-

cal fractures.

* To validate the proposed models against experimental data and benchmark
problems, ensuring robust and accurate predictions of real-world fracture

behaviors.

 To provide a robust computational tool applicable to engineers and researchers,

enabling the effective prediction and management of fractures in geotech-
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nical and industrial applications.

1.3 Thesis outline

The structure of this thesis is as follows:

Chapter 2 (Methodology) discusses various numerical modeling techniques uti-
lized for fracture modeling in rock-like materials. This chapter provides an in-
depth explanation of the phase field method, including its governing equations and
its coupling with other physical fields. Additionally, the advantages, limitations,
and applications of the phase field method are thoroughly discussed. A compre-
hensive explanation of the phase field fracture method is also included, detailing

the derivation of the phase field evolution equation through various approaches.

Chapter 3 (Discussion) presents the results and applications of seven key stud-
ies. These include the proposed method for validating the Brazilian Test, the
unified implementation of phase field fracture with various constitutive models
and fracture driving forces, and its verification through multiple case studies and
experimental validations. This chapter also introduces a general framework for
strain energy decomposition based on failure criteria such as Drucker-Prager and
addresses the limitations of classical models in predicting compressive fracture.
A new strain energy split for materials with voids and inclusions is presented to
account for their effects on compressive failure. Additionally, an extension for
multiphysics phenomena, such as hydraulic fracturing, is discussed, with a focus
on coupling between the phase field and fluid equations. A novel mixed method
is proposed, and the Drucker-Prager-based split is applied to hydraulic fracture

models to simulate geotechnical phenomena, such as stick-slip behavior.

Chapter 4 (Conclusions) summarizes the key findings of this thesis and highlights

4
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its contributions to the field of fracture mechanics.

Chapter 5 (Future Work) outlines potential extensions of this research, including
further exploration of multiphysics couplings, improvements in computational ef-
ficiency, and broader applications of the phase field method to various materials

and fracture processes.



2| METHODOLOGY

Fracture modeling of rock-like materials involves simulating crack nucleation and
propagation within inherently heterogeneous and anisotropic materials. Due to
microstructural heterogeneity, nonlinear deformation, and anisotropy, these mate-
rials exhibit complex stress responses, making precise fracture mechanics model-
ing essential for various engineering applications. Broadly, fracture modeling ap-
proaches are categorized into three types: continuum-based, discontinuum-based,

and hybrid approaches.

Continuum-based approaches treat rock as a continuous medium, integrating frac-
tures into the material’s constitutive behavior. Key methods in this category in-
clude the Finite Element Method (FEM) [ 1], Finite Difference Method (FDM) [2],
and Boundary Element Method (BEM) [3].

In FEM, widely used in solid mechanics, the rock domain is discretized into small
elements where stress and strain fields are calculated. Fracture propagation is
commonly modeled using specialized techniques like the Cohesive Zone Model
(CZM) [4], which simulates fractures by inserting cohesive elements between reg-
ular elements to control crack initiation and propagation. Another approach, the
Extended Finite Element Method (XFEM) [5], enhances standard FEM formula-
tions to represent discontinuities (e.g., cracks) without requiring the mesh to align
with fracture surfaces. Although XFEM efficiently handles complex crack paths,
it can be computationally intensive for high-dimensional problems. Additionally,
the Phase Field Method (PFM) [6,7] represents cracks through a continuous scalar
field, eliminating the need to explicitly track crack surfaces, which enables model-
ing of complex crack branching and merging patterns—particularly advantageous

in brittle material studies.
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The Peridynamics approach [8], a non-local continuum theory, models interac-
tions between material points over finite distances and bypasses the need for spa-
tial derivatives. This makes it suitable for problems involving discontinuities like
fractures, as fractures emerge naturally as bonds break between material points.
Peridynamics is particularly valuable for simulating fracture dynamics in rock-

like materials under large deformations and dynamic loading conditions.

The Finite Difference Method (FDM) [2] solves differential equations for stress
and displacement, with fractures represented by modifying grid points to indi-
cate discontinuities or through explicit fracture propagation algorithms [9]. This
method is often applied in large-scale geomechanical modeling but may face lim-

itations in capturing complex fracture networks due to grid dependence.

The Boundary Element Method (BEM) [3, 10] reduces the problem’s dimension-
ality by modeling only the boundaries of the rock domain, making it advantageous
for semi-infinite or infinite domains, such as subsurface fractures. Fractures are
included as boundary conditions, and fracture propagation is modeled by altering
the boundary to represent crack growth [11]. This approach is particularly effec-

tive for subsurface fractures due to its reduction in computational complexity.

Discontinuum-Based Approaches explicitly model the discrete nature of rock frac-
tures and joints. The primary methods here include the Discrete Element Method

(DEM) [12] and Block Theory (Distinct Element Method) [13].

The DEM models rock as an assembly of discrete particles or blocks, with in-
teraction laws governing their behavior. Fractures are represented as the sepa-
ration or breakage of bonds between particles or blocks, forming naturally under
stress [14]. DEM is particularly effective for simulating highly fractured or jointed

rock masses, though it can be computationally intensive for large-scale systems.
Block Theory represents the rock mass as an assembly of discrete blocks rather

7
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than particles. Each block can move, rotate, or deform independently, with contact
mechanics governing the interactions between blocks. Pre-existing fractures and
joints are explicitly represented, and new fractures may develop through block
splitting or sliding [15]. Block Theory is particularly useful for highly jointed

rock masses where individual block interactions significantly influence stability.

Hybrid Approaches combine elements of both continuum and discontinuum mod-
els to capture both the bulk behavior of the material and fracture dynamics. A
notable example is the Continuum-Discontinuum Element Method (CDEM) [16],
where the continuum approach is initially applied, transitioning to a discontinuum
approach upon fracture initiation. This enables the model to evolve from an intact
to a fractured state, with fractures represented by breaking elements or creating

discontinuities between them as they propagate.

Lattice Models [17] represent the rock as a network of beams or springs form-
ing a lattice structure. Deformation of the lattice mimics the rock’s mechanical
response, with fractures occurring as beams or springs break under stress. These
models are particularly useful for simulating complex fracture networks and inves-
tigating the influence of microstructural heterogeneities on fracture behavior [18].
Lattice models can capture the effects of microstructural variations, making them

valuable for multiscale modeling in rock fracture analysis.

In this thesis, the Phase field method (PFM) was selected due to its distinct ad-
vantages over traditional fracture modeling approaches. Extended Finite Element
Method (XFEM), which require specialized techniques such as cohesive elements
or mesh enrichment to capture fractures, PFM uses a continuous scalar field to
represent cracks, eliminating the need to explicitly track crack surfaces. This ap-
proach inherently accommodates complex fracture patterns, including branching

and merging, which can be challenging to model with FEM or XFEM. Addition-
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ally, PFM overcomes some limitations of the Discrete Element Method (DEM)
and Block Theory by avoiding the computationally expensive process of track-
ing and recalculating particle or block interactions. In contrast to Peridynamics,
which relies on non-local interactions and can be computationally demanding for
large domains, PFM maintains computational efficiency by using standard finite
element frameworks while capturing discontinuities through a diffuse field repre-
sentation. However, traditional PFM models face challenges in simulating com-
plex cracking behavior under compression or multiaxial stress conditions, which
are common in rock-like materials. To address this, a general framework based
on strain energy split and failure criteria is introduced that allowing for more ac-
curate constitutive fracture modeling of rock-like materials under various loading

conditions.

In Section 2.1, the phase field method is introduced, detailing the governing equa-
tions and explaining its applications. Subsequently, Section 2.2 delves into the
Phase Field Fracture Method, discussing the governing equations under various

approaches and reviewing existing constitutive models.

2.1 Phase field method

The Phase field method (PFM) is a computational technique primarily used to
model and simulate the evolution of complex interfaces and patterns in multi-
phase materials and physical processes, such as solidification and microstructural
evolution. This method is employed across a variety of fields, including materials

science, fluid dynamics, and biology.

The fundamental concept of the phase field method is to replace sharp interfaces

between different phases with a continuous, smoothly varying field known as the
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phase field. This phase field is represented by an order parameter, typically de-
noted by ¢, which takes distinct values in different phases. For example, ¢ = 1
may represent one phase (e.g., solid), » = 0 may represent another phase (e.g.,
liquid), and intermediate values of ¢ denote the interface between these phases.
This smooth interface representation eliminates the need for explicit tracking of
sharp boundaries, facilitating the modeling of interface dynamics, including com-

plex phenomena such as merging and splitting.

2.1.1 Governing equations

The evolution of the phase field ¢ is governed by partial differential equations
(PDEs) derived from thermodynamic principles. Key equations in phase field
models include the Allen-Cahn equation [19], which describes the evolution of
the phase field driven by interface dynamics and free energy minimization, and
the Cahn-Hilliard equation [20], which models diffusive processes where mass
conservation is crucial, such as phase separation. These equations are frequently
coupled with additional physical equations (e.g., conservation of mass, momen-

tum, and energy) to provide a comprehensive description of the system.

The phase field method typically originates from a free energy functional that
represents the system’s total energy as a function of the phase field ¢ and other
variables, such as temperature or concentration. A standard free energy functional
includes bulk energy, associated with the intrinsic energy of the individual phases;
interfacial energy, representing the energy cost of creating an interface between
phases; and gradient energy, which penalizes sharp spatial variations in the phase

field to maintain smooth interfaces.

To begin, the free energy is calculated associated with the Allen-Cahn equation.

The system’s total free energy is expressed as a free energy functional, ¥AC(¢),

10
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which depends on the order parameter ¢(x,t). This order parameter typically
denotes the local phase state within the system. The free energy functional is

defined as follows:

w(9) = [ (5IVo + W(e)) av @

where, W (¢) denotes the local free energy density, commonly modeled by a
double-well potential. The parameter « is a positive constant denoting the gradient
energy coefficient, while V¢ is the gradient of the order parameter ¢. The term
|V ¢|? accounts for the energy contribution arising from spatial inhomogeneities

within the system.

The chemical potential ;(¢) is defined as the functional derivative of the free
energy with respect to the order parameter ¢. It represents the thermodynamic

driving force governing the evolution of the order parameter:

_SUAC(g) W (9)

11(9) 55 o

— kAQ, (2.2)

where A is Laplacian.

In non-conserved systems, the time evolution of the order parameter ¢ follows a
gradient flow aimed at minimizing the free energy. Here, the rate of change of ¢

is directly proportional to the negative of the chemical potential:

¢ _

5 = ~Lu(®), (2.3)

where L is a kinetic coefficient that characterizes the mobility of the order param-

eter. Substituting the expression for the chemical potential 1.(¢) yields:

11
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Qg___L(dW%@
ot do

— nAqﬁ) . (2.4)
In a conserved system, the evolution of phase field is described by the Cahn-
Hilliard equation. Here, phase field variable is considered as a concentration field.
The concentration field ¢(x,t) remains conserved over time, which is expressed

through a continuity equation:

dc

5=V (2.5)

where J represents the concentration flux. According to Fick’s law, this flux is

proportional to the gradient of the chemical potential:

J=—-MVu(e), (2.6)

where M is the mobility coefficient.

By substituting the concentration flux from Equation (2.6) into the continuity

equation (Equation (2.5)):

dc

= V- (MVp(e)). (2.7)

Substituting the expression for the chemical potential y(c):

de o dW(c)
5% \Y (MV ( I /{AC)) . (2.8)

The final form of the Cahn-Hilliard equation is:

12
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% _v. (MV (dvdvc(c))> _V . (MAV(AQ)) . (2.9)

This equation characterizes the time evolution of the concentration field, driven

by variations in local free energy and interfacial energy.

2.1.2 Coupling with other fields

The phase field method is coupled with other physical fields, such as temperature,
concentration, or mechanical deformation, to capture complex interactions. For
example, in solidification, the phase field is coupled with heat diffusion and tem-
perature. In fracture mechanics, phase field models integrate with displacement
fields to simulate crack propagation. In microstructure evolution, the phase field
may be coupled with stress or chemical diffusion fields to account for material

behavior under varying conditions.

2.1.3 Applications of the phase field method

The phase field method is widely applied across numerous fields. In solidifica-
tion and microstructure evolution, it is extensively used to simulate processes like
solidification, crystal growth, and the evolution of microstructures within materi-
als [21-23]. In fracture mechanics, the method enables modeling of crack prop-
agation without explicit crack tracking, naturally accommodating complex crack
paths [24-26]. For phase separation and diffusion, the phase field method effec-
tively models phase separation in alloys and similar systems, managing diffuse in-
terfaces between materials [20,27]. In fluid dynamics, it is applied to multi-phase

fluid flows, accurately capturing the interface between different fluids [28-30].

13
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Additionally, in biology, the phase field method facilitates the modeling of com-
plex phenomena such as pattern formation, tumor growth, and cellular structure

development, providing valuable insights into various biological systems [31,32].

2.1.4 Advantages, challenges and limitations

The phase field method offers several key advantages:

* Implicit interface representation: By representing interfaces implicitly
through the phase field, the method automatically manages interface dy-
namics without requiring explicit tracking. This is particularly beneficial
for interfaces undergoing complex topological changes, such as merging or

splitting.

* Versatility: The phase field method is highly adaptable, making it applica-
ble to a wide range of physical problems, including phase transformations,

grain growth, crack propagation, and biological pattern formation.

* Suitability for complex geometries: The method is especially effective
for problems involving intricate geometries, multiple phases, and dynamic

changes in interface topology.

* Thermodynamically consistent: Grounded in the minimization of a free
energy functional, the phase field method is rooted in thermodynamic prin-

ciples, promoting physically accurate and realistic simulations.

Despite its advantages, phase field modeling presents several limitations and chal-

lenges:

* High computational demand: A primary challenge of the phase field method

is its high computational cost, especially when fine discretization is neces-

14
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sary near interfaces or across extensive simulation domains.

* Interface thickness sensitivity: The selection of interface thickness, or
the transition region where ¢ shifts between phases, affects both accuracy
and computational efficiency. Narrower interfaces improve accuracy but

significantly increase computational requirements.

* Parameter sensitivity: Accurate results rely on careful parameter selec-
tion, including mobility, interface width, and coupling coefficients, which

can be complex and not always straightforward.

* Numerical stability concerns: The nonlinear nature of the governing PDEs
can pose numerical stability challenges, often necessitating advanced nu-
merical methods, such as implicit time-stepping, to maintain stable simula-

tions.

2.2 Phase field fracture method

The phase field fracture method is an advanced computational technique for mod-
eling crack initiation, propagation, and coalescence in materials. Grounded in
principles of continuum and fracture mechanics, this method bypasses the com-
plexities associated with explicit crack tracking, especially in intricate 3D sim-
ulations. Instead, it represents cracks as diffuse interfaces within a continuous

domain, governed by a phase field variable.

Rooted in thermodynamic principles and variational calculus, the phase field frac-
ture method is well-suited for simulating complex crack patterns, including branch-

ing, merging, and nucleation under varied loading conditions.

Fundamentally, phase field fracture is based on Griffith’s theory of fracture me-

15
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chanics [33] and foundational principles from materials science. In this frame-
work, the material is defined by two distinct states: ¢ = 0 represents the undam-
aged material, while ¢ = 1 indicates a fully fractured state (Figure 2.1). The phase
field variable, ¢, transitions smoothly and continuously between these states, cap-
turing the gradual development of damage. Various methodologies for deriving
the phase field evolution equations are available and will be discussed in detail in

the following sections.
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Figure 2.1: Phase field variable (¢) profile for a section of a domain containing cracks and
voids.
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2.2.1 Variational derivative approaches

Deriving thermodynamically consistent phase field formulations has become a
widely adopted approach for modeling phase field evolution in continuum me-
chanics. Consider a body 2 C R™ (n € [1,2,3]), with an external boundary
09 < R" ! and an outward unit normal vector n, containing a crack surface

[ c R+ 1.
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According to Griffith’s thermodynamic framework [33], crack initiation or prop-
agation occurs when the total energy of the system decreases or remains constant.
For an elastic solid, the variation in total energy £ due to an infinitesimal crack

growth dA is given by:

de _dIl  dW, _ d¥(e(w)  dW,  dIW.

A dA T aa dA dA ' dA’ (2.10)

where IV, denotes the energy required to create new surfaces, and II represents
the total potential energy, consisting of the internal strain energy ¥ and the energy
due to external forces W,. The critical energy release rate G, = dW,./dA is an
intrinsic material property. The strain energy V is determined by the strain field
€, which is a function of the displacement field u, given by € = (VuT + Vu) /2
in the case of infinitesimal strain. The total energy of the solid can be expressed

as follows:

E(u):/Qw(e(u)) dV—l—/FGCdS—/Qb-udV—/mT-udS, (2.11)

where b and T are the body force and traction vector, respectively. Crack evolu-
tion follows global energy minimization, but tracking the evolving fracture surface
" poses computational challenges. This is addressed by introducing a scalar phase
field variable ¢, representing the damage field, transitioning from 0 (undamaged)
to 1 (cracked). Using a degradation function ¢(¢), the regularized energy func-

tional is:
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& (u,6) = /Q g(B)o (€ (w)) dV+ /Q Gy (6, V) dV — /Q budV— /a Tuds

(2.12)
where v4(¢, V¢) is the crack density function:
1
(6 V) = = (w(d) + CIV[) (2.13)

where ¢ is the phase field length scale, w(¢) is the geometric crack function, and
cw 18 a scaling constant used to normalize the damage variable within the range
[0, 1]. For linear elastic materials, the strain energy density of the undamaged

configuration of material, denoted as v, (€ (u)), can be expressed as:

Vo (e (1)) = %s (W):Cy:e(u), (2.14)

where Cy denotes the elastic stiffness tensor of the undamaged material. Conse-

quently, the Cauchy stress tensor is defined as:

8¢0 (6)
Oe '’

o=g(¢)oy=g(¢) (2.15)

where the undamaged Cauchy stress is given by g = C| : €.

Based on the constitutive choices outlined above, the first variation of the reg-
ularized energy functional & with respect to the primary kinematic variables u
(displacement field) and ¢ (phase field) results in the following governing equa-

tions:

18
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/Q {g(cb)ao csymVéu + b - du + ¢'(¢) v (e (u)) 5o

G ) )
by W@+ 290.580) | av - [ T-duas o,

(2.16)

Applying the necessary boundary conditions, T = o-n and V¢-n = 0 on 9f2, and
utilizing the Gauss divergence theorem on Equation (2.16), the linear momentum

equation and the phase field evolution equation are derived as follows:

V-lg(¢)og]+b=0 in Q

45'} (w'(¢) = 2A¢) + ¢'(6) o (e (W) =0 in Q. (2.17)

All components of the stress tensor for the undamaged configuration, o, are re-
duced due to the constitutive relationship defined in Equation (2.15). This im-
plies that damage evolution occurs even under compressive stress. To account for

asymmetric behavior, the strain energy can be decomposed additively as follows:

o (€) =vale) +9s(e), and (e, ¢) =g (d)vale) +vs(e), (2.18)

where 1), (€) represents the dissipated (or damaged) part of the strain energy,
while 1) () corresponds to the stored part of the strain energy, which remains
unaffected by the phase field evolution. Based on this additive decomposition of

the strain energy, the Cauchy stress can be defined as follows:
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0y (e(u)) _ Opa+ (e(w)) | O (e(u))

7= e 79T e pefa) @+t @19

where o and o* respectively denote the damaged and non-degraded parts of the

Cauchy stress tensor.

Considering the constitutive behavior defined in Equations (2.18) and (2.19), the

energy functional can be formulated as:

€ (w.0) = [ (90 vae) + . (€)) AV [ Gore(0.59) V= [ buav= [ Teuas,

Q
(2.20)

Following the same procedure as in Equation (2.16), the weak form of Equa-
tion (2.20) is derived using the test functions du and d¢. By applying the Gauss

divergence theorem along with the necessary boundary conditions, obtain:

V- [g(¢)ad+a's]+b20 in Q

4ng (w'(¢) = PA) + ¢'(¢) ¢ (e () =0 in O 2.21)

2.2.2 Ginzburg-Landau approach

Phase field fracture method can be conceptualized as a form of phase separa-
tion, typically represented by reaction-diffusion equations such as the Ginzburg-
Landau equation, a variant of the Allen-Cahn equation. In this framework, the

material exists in two distinct phases: the intact or pristine phase, denoted by
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¢ = 0, and the fully fractured phase, denoted by ¢ = 1, where the material has

completely or partially lost its stiffness.

To capture this transition between phases, the volume fractions of the intact and
fractured phases as P, (¢) and P,»(¢) are defined, respectively, where these vol-
ume fractions are functions of the phase field variable ¢. For a representative

volume element (RVE) of total volume Viyg, the volume fractions are:

Pa(9) = 1 — Pp(6) = 2

- 9
VRVE

Pu(g) =

- 9
VRVE

(2.22)

where V; and V; denote the volumes occupied by the intact and fractured phases,
respectively. The total energy of the system, & (u, ¢), comprises the mechanical
free energy UM, the fracture energy WAC (regularized using the Allen-Cahn form
of the Ginzburg-Landau equation), and contributions from external forces. The

total energy functional can thus be expressed as:

£, 6) = T (u, §) + () — /

b~udV—/ T -udS, (2.23)
Q o9

where u is the displacement field, and b and T represent the body forces and
traction forces, respectively. The mechanical free energy, UM, is weighted by the

volume fractions of the intact and fractured phases and can be expressed as:

W= [ [Palot! + Pa@)] av = [ [Pa(o)u! + (1= Pa(e)) ] av.
) ' (2.24)

where ¢ and )" denote the strain energy densities for the intact and fractured
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phases, respectively. For an isotropic linear elastic material, the strain energy

densities can be formulated as:

1
M = 3¢ cM:.e, i=1,2, (2.25)
where € is the strain tensor, and C?’I denotes the stiffness tensor of phase . The

resulting stress in the material can then be expressed as:

o= Py(p)al + (1 — Pu(9)) o, (2.26)

where o) and o}! represent the stress tensors for the intact and fractured phases,

respectively.

The fracture energy is captured by the Allen-Cahn component of the free energy,
incorporating the effect of the characteristic length scale /. This term regularizes
the sharp crack interface by diffusing it into a transition region. The Allen-Cahn

energy is expressed as:

G, Gt
vA(p) = /Q ( 4Cw£w(¢>+glwl2> av, (2.27)

where w(¢) represents the local crack energy density, G, is the critical energy
release rate, and c,, is a constant associated with the profile of the phase field

function.

By combining the mechanical energy from Equation (2.24) with the fracture en-
ergy from Equation (2.27), the total free energy of the system can be expressed

as:
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M M GC
wo= [ (Pa@ult+ (- Pate) v +

i (w(o) +£2|V¢|2)) dv.

(2.28)

The evolution of the phase field ¢ is governed by a relaxation law related to the

chemical potential 1(¢) (Equation (2.3)), which can be expressed as:

do _L5‘I’e(¢)
ot 5S¢

G
=-L (P;1 (1" =) + 7 (w'(0) - €2A¢)) . (229)
where L is a mobility parameter that governs the rate of phase evolution. By in-
troducing a viscous term (, which represents the relaxation time constant, Equa-

tion (2.29) can be reformulated as:

Po (01 = ') (w'(9) = CPAd) + ég—f =0. (2.30)

+ C
4e, b
Under rate-independent conditions, the phase field evolution equation simplifies
to an energy minimization problem in which the elastic strain energy drives the
fracture process. The driving force for fracture is associated with the strain energy
difference, 1y = ¢ — )}, which can be derived through energy decomposition.

This is expressed as:

Ya(e)=1o(e)—Ps(e)

(e, ) = g(P)dale)+1bs(e) (e, ¢) = g(@)o(e)+(1-g(¢))s(e),

(2.31)

A comparison of Equations (2.24) and (2.31) reveals that the first phase can be
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characterized as pristine material homogeneously distributed within a representa-
tive elementary volume (RVE), with a volumetric fraction denoted as P,;. This
phase may also be interpreted as having its stiffness reduced according to the
degradation function g(¢). Thus, the degradation function ¢(¢) effectively repre-

sents the volumetric fraction of intact material through homogenization.

Similarly, the second phase corresponds to the material that retains its full stift-
ness, with its contribution being enhanced as the first phase transitions into the

second phase through phase field evolution.

2.2.3 Microforce-based approach

The evolution of phase fields in fracture mechanics can be rigorously derived
using the microforce balance law framework introduced by Gurtin [34]. This
approach provides a clear separation between the balance laws and the consti-
tutive relations, enabling a thermodynamically consistent formulation applicable
to a range of fracture phenomena. Gurtin’s framework extends classical balance
principles to internal variables, accommodating fracture and damage modeling
through phase field methodologies. Specifically, this formulation facilitates the
derivation of governing equations such as the Ginzburg-Landau and Cahn-Hilliard
equations within a thermodynamically constrained context, forming a robust foun-

dation for phase field fracture theory [6,35].

In this framework, the phase field variable ¢ is treated as a scalar internal variable
conjugate to an internal microforce w, while the gradient V¢ is associated with a
microforce vector £&. The microforce balance law, derived from the principle of

virtual power in the absence of external microforces, is expressed as:
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V- €—w=0, (2.32)

where w denotes the internal driving force associated with changes in ¢, and &
represents the flux associated with the phase field gradient. This formulation al-
lows for the seamless integration of fracture mechanics with thermodynamic con-

straints, accommodating complex crack propagation patterns [36].

The microforces’ mechanical power, P™, can be represented as:

Pm:/aﬂ(g-n)gﬁde:/Q({-V¢+wd>) av, (2.33)

where n is the outward normal on 02 and gb denotes the rate of change in ¢. To
uphold thermodynamic consistency, the framework enforces the second law of
thermodynamics, which requires the system’s total dissipation to be non-negative.

This constraint leads to the following dissipation inequality:

—h+ (5 Vo + wqb) +o:é(u) <0, (2.34)

where ¢ is the rate of free energy density change, o is the stress tensor, and £(u)
represents the strain rate. The free energy density ¥ (u, ¢, Vo) is defined as a

function of the displacement field u, the phase field ¢, and its gradient V¢.

By substituting the free energy expression into Equation (2.34):

_ (85(%1) :é(u) + g—zqﬂr % : (V¢)) 1 <£ (Ve) +w¢> toe(u) <0,
(2.35)
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From the dissipation inequality and the arbitrariness of the rates &(u), ¢, and V¢,

the constitutive relations are derived:

_ 0Y(u,9,V9)

7T T he(n) (2.36)
_ 0Y(u,9,V9)

= T, (2.37)
_ O0Y(u,9,Ve)

£ = v (2.38)

Applying the free energy v (u, ¢, V) from Equation (2.12), w and & are expresed

as:

o v G,
w= W = J(@)a + 1—5u/(9), (2.39)
£ = G@D(E’VQZ)W) - Qf GV o, (2.40)

where ¢'(¢) is the derivative of the degradation function, v, represents the elastic
energy density, G, is the critical energy release rate, c,, a constant, and ¢ the

regularization parameter determining the crack width.

Substituting these into the microforce balance equation (Equation (2.32)), the gov-

erning equation for phase field evolution is derived as:

2(; (—w;(f) — chb) +¢(P)ba=0 inQ, €-n=0 ondQ. (241)
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This equation ensures thermodynamic consistency and governs the phase field

variable ¢ for describing crack propagation within materials.

2.2.4 Irreversibility in phase field evolution for fracture me-

chanics

The progression of damage within materials is inherently an irreversible thermo-
dynamic process. Without explicitly constraining the evolution equation for the
phase field, healing may unintentionally occur in damaged regions, contradicting
the physical principles governing fracture mechanics. Ensuring that the phase field
evolution is irreversible, i.e., gb > 0, is essential and requires additional method-
ological treatments. Various approaches to this issue have been proposed [37,38],
but this work focuses on two widely accepted methods: the history field method

and the penalization method.

The history field method, as proposed by Miehe et al. [24], introduces a history
field variable, H, which captures the maximum value of the fracture driving force

over time. Defined as

H = max 14(1), (2.42)

te[0,7]

this method ensures that fracture energy remains non-decreasing over time, thereby

satisfying the Karush-Kuhn-Tucker (KKT) conditions for irreversibility:

Ya—H <0, H>0, Hag—H) =0. (2.43)

Incorporating the history field variable H into the phase field evolution equation
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(see Equation (2.21)a) yields:

G. (W' () / -
2Cu < 20 W2¢> +9(@)H =0, (2.44)

which enforces irreversibility. The history field approach is both robust and rela-
tively simple to implement, making it a favored choice for practical applications.
However, it has been noted that the formulation may lack full variational consis-

tency, potentially impacting theoretical accuracy [39].

Another approach, the penalization method, imposes the irreversibility condition
directly by introducing a penalty term in the energy functional, thereby discour-
aging any reduction in the phase field variable. The penalized energy functional

1s expressed as:

P(¢;7) = %/Q@ﬁ —p_1)2 AV, > 1, (2.45)

where 7y is a large positive penalty parameter, ¢,,_; represents the previous time

step’s phase field value, and (-) _ denotes the Macaulay brackets, defined as:

—— é’a‘. (2.46)

By adding this term to the energy functional, the phase field evolution equation

becomes:

gg(ww>

e (U3 090 g (@a k1 (o 00) =0 Q4D

While the penalization method is relatively straightforward and computationally
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appealing, selecting an appropriate value for «y is critical to ensure stability and
accuracy. A low ~ value may inadequately enforce irreversibility, while a high

value can lead to numerical instabilities, such as ill-conditioned systems [40].

In this work, the history field method is selected due to its robustness and widespread
application in the literature. Although it may exhibit some limitations in varia-
tional consistency, its practical benefits outweigh these theoretical concerns, par-
ticularly in engineering contexts where robustness and efficiency are prioritized
over complete theoretical rigor. Additionally, the history field method circumvents
the numerical complexities associated with the penalization method, including the

fine-tuning of 7 and the associated conditioning challenges.

In summary, while both methods for enforcing irreversibility have their respective
advantages, the choice often depends on specific problem requirements, such as
computational efficiency, implementation simplicity, and desired theoretical con-

sistency.

2.2.5 Particularising phase field fracture method

In phase field fracture modeling, the degradation function g(¢), dissipation func-
tion w(¢), and the scaling constant ¢, are critical components that govern the
fracture process. In this section, a detailed overview of three widely adopted
models is presented including the models: the AT2 model proposed by Bourdin
et al. [41], the AT1 model introduced by Pham et al. [42], and the cohesive zone
model PF-CZM developed by Wu et al. [43,44]. These models are distinguished
primarily by their specific forms of g(¢) and w(¢), as well as the values of the

scaling constant c,,, which are summarized in Table 2.1.
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Table 2.1: Degradation function g(¢), dissipation function w(¢), and scaling constant c,,
for the AT2, AT1, and PF-CZM models.

Model g(9) w(o) Cw
AT2 (1-¢) +x ¢? 1/2
ATI1 (1-¢)°+x ¢ 2/3
PF-CZM (-9) 20 — ¢*

- /4

(1=9)?+ ag(1 + bg)

In Table 2.1, x is a small, positive constant added to the degradation function
to prevent numerical ill-conditioning as ¢ — 1. This term ensures the well-

posedness of the system near full damage. The constant a in the PF-CZM model

4EG.
7r€¢7t2 ’

is defined as a = where o, is the tensile strength, £’ is the Young’s modu-
lus, GG, is the critical energy release rate, and ¢ is the length scale parameter. The
values of b and d in this model are parameters related to the specific softening
law chosen for the simulation, which can be adapted depending on the material

behavior [44].

One of the key distinctions between these models is the treatment of the fracture
driving force ‘H. In the AT2 model, fracture initiates when H > 0, meaning
that no threshold is required for crack propagation. This allows the phase field
to evolve whenever there is any driving force for fracture, making it suitable for

brittle fracture scenarios.

In contrast, both the AT1 and PF-CZM models introduce a threshold value for H,
below which fracture does not occur. This threshold, H,,, ensures that there is
a minimum energy requirement for crack propagation. For the AT1 model, the

threshold is given by:
3G.

Hmin = 1_6€
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For the PF-CZM model, the threshold is expressed as:

g 2Ge_ o
" ral 2E

This threshold dependence on the material’s tensile strength and stiffness makes
the PF-CZM model more representative of cohesive zone behavior, as it incorpo-

rates both material strength and toughness into the fracture initiation criterion.

The PF-CZM model offers several advantages over the AT2 and AT1 models, par-
ticularly in the context of cohesive fracture. First, it allows for greater flexibility
by enabling the user to define the specific form of the softening law, thus mak-
ing it adaptable to a wide range of material behaviors, including both brittle and
quasi-brittle. This user-defined softening behavior can better capture the transi-
tion from crack initiation to propagation, which is crucial for materials that exhibit

non-linear fracture processes.

Secondly, the PF-CZM model is not sensitive to the length scale parameter ¢. In
traditional phase field models like AT?2, ¢ plays a significant role in controlling the
width of the diffuse crack zone, and its choice can greatly influence the numerical
results. However, in the PF-CZM model, the Griffith’s surface energy is replaced
by Barenblatt’s approximation !, thus the fracture process becomes independent
on ¢, making it more robust in capturing fracture behavior across different scales
without requiring excessive fine-tuning of parameters. This characteristic makes
the PF-CZM model particularly suitable for simulations involving complex crack

paths or varying length scales.

'Barenblatt’s approximation of Griffith’s brittle fracture addresses limitations in Griffith’s
original theory by introducing a cohesive zone model. This approach refines the classical frac-
ture mechanics theory to better account for the physical behavior near a crack tip. [44]
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2.2.6 Strain energy decomposition as fracture driving force

The strain energy split as a fracture driving force was developed to prevent damage
evolution under compressive stress. Several approaches have been proposed to
achieve this. Amor et al. [45] introduced a volumetric-deviatoric split to exclude
energy contributions associated with volumetric compaction. This split can be
expressed in terms of the first invariant of the strain tensor, /; (&), and the second

invariant of the deviatoric part of the strain tensor, J;(€), as follows:

(I1(e))2 + 2pa(e)

iﬂd(E) K
K<I1 (5»2,7

Vs(€)

(2.48)

NI= o=

where K is the bulk modulus, x is the shear modulus. When the first invariant of
the strain tensor, I;(€), is negative, the fracture is driven by the energy associated

with distortion rather than volumetric compaction.

Miehe et al. [24] propose a split based on the decomposition of the principal
strain tensor (spectral decomposition) into positive and negative parts, defined as

€+ = (€)1, and it reads as follows:

Ya(€)
Vs(e)

((1(€))1)" + 1 (L))’ = 21(ey)) (2.49)
+

A
A(1(€)_)" + p ((Ii(en))® — 2I(e)).

N N

where \ is the first Lamé constant, and I5(€) represents the second invariant of the

strain tensor.

Freddy et al. [46] developed a decomposition approach for masonry materials,
building on the work of Del Piero [47], to address materials that do not sustain

tensile loads. Known as the No-tension split, this method can be expressed in
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terms of the principal strains (€3 > €5 > €71) as follows:

(€) = sty (@1 T e2 +3)” + gy (6 +e3 +63)

s(e)=0

if €1 >0 then

elseif €2 +vep >0 then

E
s(e) = 565

a(e) = m [(1 — v)e3 + ver + vea)?

P
P
Yale) = m (e3 +e2+ 21}61)2 + ﬁ [(63 + 061)2 + (e2 + v61)2]
P
P
Ps(e) = ﬁ (6% + e% + 2’[}6162)

else

elseif (1 —v)es +v(er +€2) >0  then {

2(8) = sty (@t et a)’ + oty (G4 + )
(2.50)

where ' is Young’s modulus and v is Poisson’s ratio. In this model, only positive

principal stresses are considered when calculating the fracture driving force.

While most approaches focus on preventing fracture under compressive stress, a
recent Drucker-Prager-based model [48] was developed to address material frac-
ture under biaxial loading conditions. In this thesis, a generalized method for
strain energy decomposition based on failure surfaces is introduced (See Sec-
tion 3.4 and [49]), such as the Drucker-Prager model, demonstrating its applicabil-
ity to the constitutive modeling of material behavior. In this model, the cohesion
parameter c * is degraded by phase field evolution, while the friction parameter ¢ ¢

? remains constant. The Drucker-Prager model is expressed as follows:

2Cohesion c is the component of shear strength in rocks and soils that arises independently of
interparticle friction, deriving instead from electrostatic forces, cementation, and negative capillary
pressure, among other factors.

3The angle of internal friction ¢ s represents a granular material’s inherent resistance to shear
stress. This angle reflects the interparticle friction that enables the material to withstand applied
forces.
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LKI(e) + 2pJa(e) for —6B\/Ja2(e) < I1(e)

Yg = m (—SBKll(e) + 2;1/\/J2(E))2 for —6B+/Ja2(e) > I1(e) & 2u+/J2(e) > 3BKI(¢)
0 for 2u+/J2(e) < 3BKI(g)
0 for —6B\/J2(e) < Ii(e)

Vs =\ repitign (1) +6BVRE) for —6B/1() > hi(e) & 2u\/To(e) > BBKIy (<)
%K]f(s) + 2uda(e) for 2p+/J2(e) < 3BKI(¢)

(2.51)

where B(¢;) is material constants that is function of internal friction ¢;.

2.2.7 Phase field length scale as a material parameter

The phase field length scale £ is a crucial parameter in phase field fracture models,
as it directly influences both the material strength and the fracture process. This
relationship can be examined by analyzing the homogeneous solution of the phase

field evolution equation in a one-dimensional (1D) scenario under tensile loading.

The governing equation for the AT2 phase field model in 1D, for an applied stress

o, is given by:

¢ o\ _
G, (Z - ev%) — 21— ¢) (ﬁ) —0, (2.52)

By solving Equation (2.52) for the applied stress o, the maximum stress value
o (representing the tensile strength) and the critical strain . which is strain cor-
respond to the tensile strength o; can be determined. For the AT2 model, these

quantities are expressed as:
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[2TEG, | G.
o=\ "Srgr > =\ 35 (2.53)

The above relations indicate that both the tensile strength o; and the critical strain
e. are functions of the phase field length scale ¢, as well as the material properties
E and G.. Specifically, an increase in ¢ leads to a reduction in material strength,
implying that larger values of ¢ correspond to more diffuse crack transitions and a

lower peak stress.

For the AT1 phase field model, which employs a distinct regularization approach
for crack surface density, applying the same procedure yields the following ex-

pressions for material strength and critical strain:

3EG, 3G.

st T Ve

(2.54)

O =

Comparing Equations (2.53) and (2.54), it is evident that both material strength
and critical strain depend on ¢ in similar ways. By recalling the minimum of the
history variable in the AT1 model (as discussed in a Section 2.2.5) and substituting
it into Equation (2.54), it becomes clear that the maximum stress occurs at the

initial stage of phase field evolution in this model.

The phase field length scale ¢ serves as a fundamental parameter, controlling the
width of the diffusive crack zone where the material transitions from fully intact
to fully damaged. Physically, ¢ can be interpreted as a measure of the material’s

intrinsic length scale associated with fracture processes.

For a material with fracture energy GG. and Young’s modulus F, ¢ influences how
the material manages the localization of damage. Smaller values of ¢ correspond

to a more localized and sharper crack, implying higher material strength. In con-
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trast, larger values of ¢ correspond to a more diffuse damage zone, resulting in

reduced material strength.

In both the AT1 and AT2 models, the phase field length scale ¢ directly governs
the material strength for a given set of material properties (£, G.). Specifically, ¢
determines the balance between fracture energy dissipation and damage localiza-
tion, thereby playing a crucial role in defining the macroscopic fracture behavior.
A thorough understanding and careful selection of ¢ are essential for accurately

modeling fracture processes in various materials.
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DISCUSSION

In this chapter, a detailed discussion of the findings of this thesis are presented,
covering a range of advancements in the prediction and modeling of fracture me-
chanics in rock-like materials. The results, derived from the combination of the-
oretical and computational methods, particularly the phase field method, address
critical challenges in fracture mechanics. This chapter provides a critical reflec-
tion on the outcomes of six key investigations, each contributing uniquely to the

overall research objectives.

First, the findings from the first paper Appendix A [50] are discussed in Sec-
tion 3.1. As mentioned in Section 2.2.7, accurately estimating the length scale ¢
is essential for precise modeling of phase field fractures. While the characteris-
tic length scale / is related to material strength (see Equations (2.53) and (2.54)),
accurate estimation of material strength remains a critical aspect in phase field
fracture modeling. Tensile strength in rock-like materials is often estimated us-
ing the Brazilian test, though there is ongoing debate regarding the accuracy of
results obtained from this test. To address this, the Brazilian test is revisited, as
discussed in Section 3.1, applying a Griffith-based criterion to assess crack ini-
tiation locations. Our study reveals that, under certain conditions, the center of
the disk may not always provide the most reliable location for crack initiation,
potentially leading to over- or underestimation of tensile strength. Finite element
simulations were used to map stress distributions and validate the use of the gen-
eralized Griffith criterion, ensuring accuracy in tensile strength estimations across
various materials. Our proposed protocol offers a means of verifying the valid-

ity of Brazilian test results, allowing for the most accurate estimation of tensile
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strength and, consequently, a reliable estimation of the phase field length scale /.

Next, the method for implementing and validating the phase field fracture models
are presented in the second and third papers, Appendixes B [51] and C [52], in
Section 3.2. For this study, a unified framework for implementing the phase field
fracture method is developed. In Section 3.2, the details of phase field fracture
approach is outlined using a user material (UMAT) subroutine in Abaqus. This
novel method simplifies fracture modeling by avoiding the need for user element
subroutine while integrating constitutive models such as AT1, AT2, and PF-CZM.
Validation against benchmark problems demonstrates the robustness and accuracy
of this approach in simulating crack propagation without introducing complex
numerical artifacts. Additionally, several case studies are presented to verify and
validate our implementation against existing literature, showcasing the robustness

and versatility of our methodology.

In the fourth paper, Appendix D [53], the phase field fracture model is validated
using experimental results from the damage mechanics challenge organized by
Purdue University, Sandia National Laboratories, and Lawrence Livermore Na-
tional Laboratory [54]. it is demonstrated that the conventional phase field frac-
ture model is capable of accurately simulating a blind test through the calibration
of material parameters for a three-point bending test on a beam with an eccentric
notch. However, the failure in the test was primarily driven by tensile stress, a
scenario in which the conventional phase field fracture model has already shown

good performance.

As mentioned earlier, while the phase field fracture model has demonstrated ef-
fectiveness in simulating tensile or shear fractures, many rock-like materials pre-
dominantly fail under compression—a failure mode that has been inadequately

addressed by phase field fracture models. In our fifth paper, Appendix E [49],
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a general framework for constitutive fracture modeling is proposed within the
phase field method to address this gap, encompassing a broader range of material
behaviors. In Section 3.4, the discussion is extended to constitutive modeling via
strain energy decomposition. Here, a generalized framework is introduced which
leads to strain energy decomposition based on various failure criteria, focusing
on overcoming the limitations of classical models in predicting crack nucleation
under compressive stresses. This framework is applied to the Drucker-Prager and

Bresler-Pister failure criteria.

Additionally, our unpublished work is presented with providing a deeper discus-
sion of our approach and introducing a method for additive decomposition of
strain energy (Section 3.4.2), specifically tailored to the Bresler-Pister criterion
in Section 3.4.3. Further, a novel strain energy decomposition approach is de-
veloped for materials with voids and inclusions, presented at Complas 2021 [55]

(Section 3.4.4).

By addressing compressive failure within the phase field fracture framework, the
proposed method is extended to model multiphysics fracture phenomena, partic-
ularly in rock-like materials, with a focus on hydraulic fracturing. In Section 3.5,
the multiphysics simulations are explored using the phase field method as pre-
sented in our sixth paper, Appendix F [56]. This section covers applications
to thermomechanical fractures, hydraulic fractures, hydrogen embrittlement, and
corrosion-induced stress. The thermal analogy for diffusion-like equations is em-
ployed to model phase field fracture, coupled with other governing equations,
using the UMATHT subroutine, thereby avoiding the complexity of the UEL sub-
routine. This approach emphasizes the simplicity of implementation and the ver-
satility of the phase field method in handling coupled physical phenomena, and it
demonstrates robustness through validation against experimental, analytical, and

numerical data.
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Finally, Section 3.6 focuses on hydraulic phase field fracture modeling, which
is the subject of our seventh paper G [57]. Building on previous implementa-
tions, this study explores the coupling between phase field evolution and per-
meability tensors in fluid-driven fracture processes using existing methods and a
mixed method introduced here. Additionally, The proposed Drucker-Prager based
strain energy split (Section 3.4) is introduced into the hydraulic phase field frac-
ture model to address complex geotechnical problems such as stick-slip behavior
in faults and slope instability. The key results demonstrate that the phase field
method, when integrated with advanced coupling strategies, can accurately pre-
dict complex phenomena like fault activation and stick-slip behavior, which are

critical for geotechnical engineering applications.

Overall, this chapter synthesizes findings from multiple studies to provide a com-
prehensive understanding of the role that phase field methods play in fracture
modeling of rock-like materials. Each section contributes to enhancing the pre-
dictive power and practical applicability of fracture models in industrial and sci-
entific settings. In the subsequent sections, the results and their potential impact
on both theoretical research and real-world engineering problems are evaluated

and discussed critically.

3.1 Griffith-based analysis of crack initiation loca-

tion in a Brazilian test

The Brazilian test, or splitting tensile test, is one of the most widely used methods
for determining the tensile strength of rock-like materials [58]. Its simplicity and
practicality have established it as a standard in both experimental rock mechanics

and industry [59]. However, due to the indirect nature of the tensile strength esti-
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mation, the test has been the subject of significant debate [60-68]. Traditionally,
the Brazilian test assumes that crack initiation occurs at the center of the disk,
an assumption that may not hold under different material properties and testing

configurations.

In this work (Appendix A) [49], an alternative approach is proposed based on
the generalized Griffith criterion [60] to address the inherent limitations of the
Brazilian test. The aim is to systematically identify the conditions under which
crack initiation occurs at the disk’s center, thus validating the test’s reliability.
By incorporating finite element analysis (FEA) with Griffith’s criterion [33, 60],
this study provides a comprehensive framework for evaluating the validity of the
Brazilian test under various conditions. The work includes maps and a protocol
to assess the Brazilian test’s validity, emphasizing the importance of ensuring that
crack initiation occurs at the center of the disk. This study offers researchers and
practitioners a more reliable method for interpreting the results of the Brazilian
test, particularly for the experimental determination of tensile strength in brittle

materials.

3.1.1 Methodology

The study employed a combination of finite element modeling and the general-
ized Griffith fracture criterion [60] (Section 2 of Appendix A) to evaluate the
conditions for crack initiation in the Brazilian test. The generalized Griffith cri-
terion [60] was selected due to its robust failure envelope, which accounts for
both tensile and compressive strengths of materials and is applicable for arbitrary
compressive-to-tensile strength ratios, utilizing a parabolic Mohr envelope. The
primary objective was to determine under which conditions crack initiation occurs

at the center of the disk and when cracking initiates elsewhere, thereby invalidat-
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ing the test results.

The finite element simulations modeled the stress distribution within the disk un-
der loading, incorporating geometric variables such as the jaw radius 1?; and disk
radius R4, along with material properties, including the elastic moduli of the jaw

and disk (£ and E4) and Poisson’s ratios (v; and v).

3.1.2 Key results and findings

The findings are critical in delineating the limitations of the Brazilian test for vari-
ous rock-like materials and testing standards. A key result indicates that the range
of conditions under which the Brazilian test is valid is significantly narrower than
previously assumed. The simulations revealed that many commonly used config-
urations do not guarantee crack initiation at the disk center, thereby challenging
assumptions upheld by established standards such as those of the International
Society for Rock Mechanics (ISRM) [69] and the American Society for Testing
and Materials (ASTM) [70].

The study offered several key insights:

* Test geometry sensitivity: The study demonstrated that test geometry has
a substantial impact on the stress distribution within the disk (Section 4.3.1
of Appendix A). A large ratio of jaw radius to disk radius (R;/R;), or the
use of flat jaws as recommended by some standards, often results in crack
initiation occurring outside the disk center. Conversely, using jaws with
smaller radii promotes crack initiation at the disk center, but only within a
specific range of material properties—such as marbles and limestones with

high compressive-to-tensile strength ratios (Section 4.4 of Appendix A).

* Material property dependence: This study highlighted the influence of
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material properties, such as Young’s modulus and Poisson’s ratio, on the
stress distribution within the disk (Sections 4.3.2-4.3.3 of Appendix A).
Notably, the tensile-to-compressive strength ratio (n = —o./0;) emerged
as a critical factor in determining whether a valid test could be achieved.
Materials with high compressive-to-tensile strength ratios are more likely

to exhibit crack initiation at the disk center (Section 4.4 of Appendix A).

* The influence of friction: The analysis indicates that, although friction im-
pacts stress near the jaws, it does not significantly affect the overall validity
of the test (Section 4.3.4 of Appendix A). Thus, friction’s influence on the
Brazilian test’s validity appears negligible, as simulations with and without

friction produce similar results.

» Mapping: Finite element analysis enabled the creation of detailed maps'
of the stress state within the disk under various geometrical and loading
conditions. These maps serve as a valuable tool for predicting whether a
Brazilian test will yield valid results based on the specific material proper-

ties and testing configuration (Figures 10, 11 of Appendix A).

Case studies on granite, sandstone, limestone, and marble (Figure 3.1) indicate
that accurate tensile strength estimates are only achievable with certain configu-
rations, as flat jaws are generally ineffective for most materials (refer to Section
4.4 in Appendix A). In Figure 3.1, each material’s range is illustrated by an oval
shape, with the area beneath the selected R;/E, curve highlighting parameters

where crack initiation does not occur at the disk’s center for the specified R;/E,.

'The complete sets of maps are available as supplementary data in [49]: https://doi.
0rg/10.1016/5.ijrmms.2022.105227
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Figure 3.1: Maps to assess if cracking nucleates at the center by comparing the range of
material parameters showing in oval shape, application to: (a) granite, (b) sandstone, (c)
limestone, and (d) marble.

In addition to these findings, the study provided a set of guidelines to ensure the
validity of the Brazilian test (Section 5 of Appendix A). Specifically, it is recom-
mended employing a combination of numerical analysis and the generalized Grif-
fith criterion to evaluate the stress distribution within the disk prior to testing. This
approach enables researchers to determine whether the conditions are conducive

to a valid test and, if necessary, to adjust the testing configuration accordingly.
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3.1.3 Practical applications

The practical contributions of this study are particularly valuable for experimen-
talists in rock mechanics. A MATLAB App” (Appendix A of Appendix A) has
been developed to automate the process of assessing Brazilian test validity. This
app allows users to input material properties, test configuration, and the results of
a Brazilian test, providing an output that indicates whether the test will yield valid
results (Figure A.1 of Appendix A). The tool bridges the gap between theoretical
insights on the Brazilian test and practical applications, enabling experimentalists

to verify that their tests provide accurate estimates of tensile strength.

By offering a user-friendly interface for evaluating test validity, the App helps
reduce the risk of inaccurate tensile strength measurements and ensures the relia-

bility of test results.

3.1.4 Conclusion

In conclusion, this work represents a significant advancement in understanding
the Brazilian test and its limitations. By integrating finite element analysis with
the generalized Griffith criterion, the study provides a robust framework for evalu-
ating the validity of the test across different material and loading conditions. The
development of stress maps and the MATLAB App offers practical tools to en-
hance test reliability, with important implications for both research and industry.
The insights gained from this study will improve the accuracy of tensile strength
measurements in rock-like materials and contribute to the development of more

reliable testing standards in rock mechanics.

>The App can be downloaded from https://www.empaneda.com/wp-content/
uploads/2022/10/BrazVal.zip
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3.2 Implementation and verification of phase field

fracture method

In this section, an implementation of the phase field fracture model in Abaqus is
introduced using a user material (UMAT) subroutine (Appendixes B, and C). The
primary motivation behind this work was to develop an efficient and user-friendly
approach for modeling fracture within Abaqus, eliminating the complexities asso-
ciated with user-defined elements (UEL). Traditionally, implementing phase field
models in commercial finite element software like Abaqus has required extensive
modifications, including the use of user-defined elements, which can restrict the

software’s built-in functionality and user accessibility.

Appendix B [51], focuses on the foundational implementation of the phase field
fracture method using the UMAT and HET VAL subroutines, enabling users to ap-
ply the method without requiring user-defined elements. This approach simplifies
the implementation process and leverages the heat transfer analogy, enhancing

both efficiency and ease of use.

Appendix C [52], builds upon this foundation by incorporating various constitu-
tive models, including the AT1 [42] and AT2 [41] models, phase field-cohesive
zone models (PF-CZM) [43,44], and energy decomposition schemes as defined in
Section 2.2.6. This unified implementation enhances flexibility for modeling dif-
ferent fracture mechanisms while retaining the simplicity of using only a UMAT

subroutine.
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3.2.1 Phase field implementation in Abaqus

The advancement of phase field modeling has enabled significant progress in soft-
ware for fracture simulation, including platforms like COMSOL [71] and FEn-
1CS [72]. Notable efforts have also been made to integrate phase field methods
within Abaqus [73-78], though these typically require user-defined subroutines
such as UEL, which can limit post-processing capabilities. This work presents a
streamlined implementation approach using UMAT or UMAT with HETVAL (see
Section 3 of Appendixes B and C for details), leveraging the similarity between
phase field evolution and heat transfer. This implementation supports models like
AT?2 [41], AT1 [42], and PF-CZM [43,44], incorporates strain energy decomposi-
tions to prevent compressive damage [24,45], and accommodates both monolithic

and staggered solutions, thereby enhancing simulation robustness.

The phase field evolution equation, Equation (2.44), can be rearranged as follows:

V2 = (g/((%izc” + wQEf)) . 3.1)

This partial differential equation (Equation (3.1)) introduces additional complex-
ity to the implementation of phase field fracture in standard FEM software. To
address this, the similarity between the phase field and heat transfer equations is
leveraged, which allows us to utilize Abaqus’ built-in features without requiring
additional pre- or post-processing. In the steady-state, the temperature 6 for a

material with thermal conductivity k£ and a heat source r is described by:

kV20 = —r. (3.2)

The resemblance to Equation (3.1) suggests an approach where temperature is
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treated as the phase field by setting £ = 1 and defining r appropriately. In Abaqus
2020 or later, r can be specified directly within a UMAT subroutine, while earlier
versions require the use of a HETVAL subroutine. Both approaches are thor-
oughly detailed, providing a general code® for models like AT2, AT1, and PF-
CZM. The implementation includes strain energy splitting methods to prevent
crack propagation under compressive stresses, incorporating techniques such as
spectral decomposition [24] and the volumetric-deviatoric approach [45], and sup-

ports anisotropic and hybrid models [79].

As discussed, the analogy between heat transfer and phase field fracture (Ta-
ble 3.1) can be utilized, where temperature # corresponds to the phase field ¢,
which ranges from O to 1. A UMAT subroutine adjusts the material stiffness and
stress based on ¢, while also defining the heat flux  and its derivative with respect
to ¢. In Abaqus versions prior to 2020, these definitions need to be implemented

using a HETVAL subroutine.

Table 3.1: Variable correspondence between heat transfer and phase field evolution equa-
tions.

Heat Transfer Equation Phase Field Evolution Equation

— — "(P)H2cw w'(¢)
V20 = —r V2 = (Lpe vl

3 1

r - (e 4 i)

The implementation follows a procedure in which Abaqus supplies strain and
phase field (temperature) values at each element’s integration points. The UMAT
subroutine then computes the material Jacobian C and Cauchy stress o based

on strain, modified by the phase field to account for damage. The strain en-

3The codes and documentation are available at: https://www.empaneda.com/
wp—content/uploads/2021/07/PhaseFieldUMAT.zip
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ergy density is stored in solution-dependent state variables (SDVs) to enforce ir-
reversibility (Equation (2.43)). In the UMAT-only version, the heat flux r and
its derivative Or/0¢ are set as volumetric heat generation and its derivative. In
the UMAT+HETVAL implementation, these parameters are defined within HET-
VAL, with updated SDVs transferring the history field value #, thus avoiding the
need for external FORTRAN modules. This process is repeated at each integra-
tion point, allowing Abaqus to assemble the global stiffness matrix and residual

vectors.

Both monolithic and staggered schemes are supported to ensure computational
stability. To maintain a symmetric stiffness matrix, coupling terms K, and K 4,
are omitted, thereby preserving a symmetric system in Abaqus. In the mono-
lithic scheme, the phase field and displacement are updated iteratively to solve for
deformation and fracture simultaneously. In the staggered scheme, SDVs store
the history field H, from the previous increment. While staggered methods offer

stability, conducting a sensitivity analysis on load increments is recommended.

3.2.2 Phase field fracture verification

The robustness and capabilities of the present implementation are demonstrated
by simulating fracture in several benchmark boundary value problems, as detailed

in Appendixes B [51] and C [52].
In Appendix B [51], the following benchmarks are modeled:

* Notched square plate under tension or shear: Crack initiation and growth
in a notched square plate are modeled under uniaxial tension (Section 4.1 of
Appendix B) and shear (Section 4.2 of Appendix B), a well-known bench-

mark in phase field fracture studies [6]. The tension test reveals rapid crack
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propagation accompanied by a sudden drop in load capacity (Fig. 4, Ap-
pendix B), while the shear case exhibits gradual crack propagation (Fig. 6,

Appendix B), both aligning closely with the findings in the literature [80].

* Screw tension tests: This study simulates screw fracture under tensile load-
ing [81] (Section 4.3 of Appendix B) across three scenarios: no initial crack,
a short crack, and a long crack. Results (Fig. 8, Appendix B) indicate that
crack initiation occurs near the screw head in the absence of an initial defect,
while defects promote crack propagation along the screw. Screws without
defects exhibit higher load capacity, whereas screws with different crack

lengths show nearly identical load capacities (Fig. 9, Appendix B).

3D Brazilian test: This case study simulates the 3D Brazilian test (Section
4.4 of Appendix B), a commonly used experiment to measure the tensile
strength of brittle materials. The objective is to capture crack initiation
and propagation within a circular disk compressed between two jaws. The
results indicate that the crack initiates at the center of the disk and rapidly
propagates towards the jaws. The model effectively captures the fracture

process, with no convergence issues encountered during the simulation.

Figure 3.2 presents the phase field contour for the case studies described above.
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Figure 3.2: Phase field contour of: (a) Notched square plate under tension, (b) Notched
square plate unde shear, (c) Screw tension tests, and (d) 3D Brazilian test.

Our initial implementation is extended to a unified phase field formulation, en-
compassing well-known constitutive models using only the UMAT subroutine. In

Appendix C [52], four case studies are presented:

* Three-point bending test: This case study models the failure of a beam
in a three-point bending test, comparing results with those from Wells and
Sluys [82] using a cohesive zone model and partition of unity (Section 4.1
of Appendix C). The objective is to validate the phase field-cohesive zone

model (PF-CZM) in capturing fracture behavior. The results show good
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agreement, with the crack initiating at the bottom of the beam and propagat-
ing straight to the top (Figure 1c of Appendix C). The force-displacement
response closely aligns with the cohesive zone model, demonstrating the

accuracy of the phase field approach (Figure 2 of Appendix C).

* Mixed-mode fracture of a single-edge notched concrete beam: This case
study models the mixed-mode fracture of a single-edge notched concrete
beam, aiming to compare the phase field model (AT2) with experimental
data from Schalangen [83] (Section 4.2 of Appendix C). The setup simu-
lates fracture under complex loading conditions. The results show excellent
agreement with experimental observations, as the crack initiates at the notch
and follows a crack trajectory similar to that seen in the experiments. The
phase field method successfully captures the mixed-mode crack propagation

(Figure 5 of Appendix C).

* Notched plate with an eccentric hole: This case study investigates the
fracture behavior of a notched plate with an eccentric hole, focusing on
capturing crack interaction with defects and crack nucleation from arbitrary
locations (Section 4.3 of Appendix C). The objective is to validate the ro-
bustness of the phase field model in predicting complex crack paths. The
results show good agreement with experimental data [79], as the crack ini-
tiates from the notch tip, interacts with the hole, and ultimately results in
the plate’s failure (Figure 6 of Appendix C). The model accurately captures

crack deflection and the nucleation of secondary cracks.

* 3D analysis of cracking due to the contact interaction between two
gears: This case study models the 3D cracking behavior of two interact-
ing gears under contact loading (Section 4.4 of Appendix C). The objective

is to demonstrate the capability of the phase field model (AT1) in capturing
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complex 3D fracture processes, including contact interactions and geomet-
ric non-linearities. The results show that cracks initiate at the root of a
gear tooth and propagate through the gear, eventually leading to the tooth’s
failure. The model effectively handles contact interactions and accurately

predicts crack growth in a complex 3D geometry.

() (b)

(© ()

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 3.3: Phase field contour of: (a) Three-Point Bending Test, (b) Mixed-Mode Frac-
ture of a Single-Edge Notched Concrete Beam, (c) Notched Plate with an Eccentric Hole,
and (d) 3D Analysis of Cracking Due to the Contact Interaction between Two Gears.

3.3 Experimental validation of phase field fracture

In this section, the predictive capabilities of the phase field fracture model is dis-
cussed within the context of the Damage Mechanics Challenge, an initiative orga-

nized by Purdue University, Sandia National Laboratories, and Lawrence Liver-
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more National Laboratory [54]. The challenge was designed to assess the perfor-
mance of computational methods in predicting the behavior of rock-like materials
under complex loading conditions, moving beyond mere curve fitting to experi-
mental data. Our study employs the phase field fracture model to predict failure
characteristics in a non-standard three-point bending test performed on 3D-printed

rock materials.

The challenge required predictions of the force-displacement response, crack path,
and crack surface morphology for an unconventional three-point bending test us-
ing a 3D-printed gypsum-like material (Figure 3.4). In this study, the blind pre-
dictions had been presented [53] (see Appendix D) before the experimental results
were released. These predictions were based solely on the calibration data pro-
vided by the challenge organizers, which included standard mechanical tests such
as uniaxial compression, Brazilian tensile tests, and traditional three-point bend-

ing configurations.

254 mm

(a)

Figure 3.4: Geometry, dimensions, and boundary conditions of the challenge test.
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3.3.1 Methodology

The computational setup for calibrating the phase field fracture model involved
simulating three-point bending tests in both 2D and 3D to align with experimen-
tal data. The simulations utilized quadrilateral elements in 2D and tetrahedral
elements in 3D, with mesh refinement concentrated around regions of potential
crack growth. A direct linear solver was employed for the finite element analysis,
and the phase field fracture model was implemented using our custom code within

Abaqus.

The model employed a volumetric-deviatoric strain energy decomposition to dif-
ferentiate tensile from compressive behaviors. A monolithic, unconditionally sta-
ble solution scheme was used to ensure computational robustness throughout the

simulations.

The material parameters were calibrated based on the experimental data provided.
Three primary parameters were calibrated: Young’s modulus £, fracture tough-
ness GG, and material strength o, the latter of which is related to the phase field
length scale [. Preliminary calibration using a mode I three-point bending test in-
dicated that £ = 600 MPa, G. = 0.13 kJ/m?, and 0. = 4.05 MPa provided the
best fit with the experimental data. These parameters were then applied to predict

mixed-mode fracture behavior in subsequent tests.

3.3.2 Key results and findings

Key results from the study include:

* Model calibration and accuracy: The rock-like material exhibited dis-

tinct properties under tensile and compressive stress due to the presence of
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micro-cracks. Using Young’s modulus obtained from uniaxial compression
tests resulted in an overestimation of stiffness compared to experimental
data (Figure 5a in Appendix D). Additionally, the validity of the Brazilian
tensile test results provided by the challenge organizers is assessed by apply-
ing our method developed in Section 3.1. Our investigation indicated that
the Brazilian test results underestimated the material’s tensile strength (Sec-
tions 2.2.1 and 2.2.3 of Appendix D). Consequently, the phase field fracture
model was calibrated using the force-displacement response from a mode I
three-point bending test (Section 2.2.3 of Appendix D). The calibrated pa-
rameters are Young’s modulus £ = 600 MPa, toughness G, = 0.13 kJ/m?,
and strength 0. = 4.05 MPa, demonstrated excellent agreement with ex-
perimental data across various test configurations (Figures 6-8 of Appendix

D).

* Blind predictions of complex fracture behavior: The calibrated model
accurately predicted the peak load (Figure 9 of Appendix D), crack trajec-
tory (Figure 10 of Appendix D), and surface crack morphology (Figure 11
of Appendix D) in the challenge test. This test involved a more complex
three-point bending experiment with an inclined notch. Our blind predic-
tions, submitted prior to the release of experimental data, showed remark-

able agreement with the actual test results [54].

* Mesh-independent predictions: The non-local nature of the phase field
fracture model ensured mesh-independent results, providing robustness by
guaranteeing that predictions are not sensitive to the choice of finite element
discretization, provided the mesh is sufficiently refined around the potential

crack growth region.

Figure 3.5 compares the experimental and phase field fracture predictions for both
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the calibration test (HC) and the challenge test, showing strong agreement.
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Figure 3.5: Comparison between phase field fracture predictions and experimental data:

crack trajectories (top) and force versus displacement plots (bottom) for (a) calibration
test HC and (b) challenge test.

3.3.3 Conclusion

This work demonstrates the capability of the phase field fracture model to accu-

rately predict fracture behavior in rock-like materials under complex loading con-

ditions. The model’s reliance on physical material parameters and its seamless

integration into commercial finite element software make it a powerful predictive

tool for geomechanical systems. Its performance in the Damage Mechanics Chal-

lenge underscores its predictive accuracy and establishes a robust foundation for

future research and practical applications.
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3.4 Constitutive fracture behavior modeling of ma-

terial for phase field method

In this section, a novel method of a generalized approach for strain energy decom-
position based on failure criteria is demonstrated (Appendix E) [49]. Specifically,
the proposed approach is applied to the Drucker-Prager-based split, showcasing
its ability to model complex behaviors of rock-like materials, such as dilatancy,
friction, and confinement effects. Beyond this novel method, our unpublished
works on extending the approach is presented that offering a deeper discussion
of our proposed method and introducing an approach for additive decomposition
of strain energy, with specific application to the Bresler-Pister failure criterion.
Additionally, a new strain energy split tailored for materials containing voids and

inclusions is introduced, as presented at Complas 2021 [55].

3.4.1 Fracture driving force based on failure surface

As previously discussed in Section 2.2.6, the decomposition of strain energy serves
as a method to prevent damage evolution under compressive states. However,
this approach can be extended beyond compression-related damage prevention to
model the constitutive fracture behavior of materials. Several studies have ex-
plored strain energy decomposition within this context. For example, Zhou et
al. [84] and Wang et al. [85] developed a driving force formulations based on the
Mohr—Coulomb theory. Additionally, De Lorenzis and Maurini [48] introduced a
Drucker—Prager-like energy split to capture fracture nucleation in rock-like mate-

rials.

The increasing interest in phase field methods for modeling fracture in concrete
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and geomaterials has prompted the development of a novel approach to determine
strain energy decomposition for arbitrary failure surfaces. In this work, a general
framework for decomposing the phase field fracture driving force is proposed,
as detailed in Appendix E. The proposed method introduces a strain energy den-
sity decomposition that accommodates any failure criterion within the phase field
fracture framework. Since strain energy density governs fracture evolution, this
decomposition enables the reproduction of targeted failure surfaces, aligning with

the selected failure criterion while preserving the material’s mechanical behavior.

The approach primarily focuses on linear elastic solids in their undamaged state.
The partial differential equation (PDE) is derived governing the non-dissipative
strain energy density, v;, for linear elastic materials and impose a failure envelope

to constrain the solution.

As outlined in [46] and grounded in the Theory of Structured Deformations [86],
a representative volume element (RVE) is defined to incorporate both intact ma-
terial and micro-cracks, with the phase field ¢ acting as a damage variable. The
macroscopic deformation is thus expressed as the sum of the elastic strain in the
undamaged regions and the damage-induced strains resulting from the presence

of micro-cracks:

e=¢ec+¢e?. (3.3)

The elastic strain tensor €€ is related to the Cauchy stress tensor o through the
inverse of the elastic stiffness matrix, defined as e = (Cy) 'o. If the elastic
strain tensor €° and the stress results from damaged strain tensor 0¢ = Cye? are
orthogonal (e¢ - % = 0), the stored and damaged strain energy densities can be

expressed as:
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1 1
s = 5560056 and Y, = §€dCosd. (3.4)

The total strain energy density ) is obtained from 1) and )4 using Equation (2.18).
For a pristine material, the strain energy density is a function of the stress invari-

ants:

1ﬂ@¢»+ih@@» (3.5)

wo(e) = Yale?) + () = TV

where K denotes the bulk modulus, p is the shear modulus, /(o) represents the
first invariant of the undamaged stress (where oy = 01y /0¢), and J5(oo) denotes
the second invariant of the deviatoric part of the undamaged stress. The stored
strain energy density 1) can be expressed in terms of the non-degraded stress,

defined as o° = 015/ Oe, as:

1

Vs = 3K

1
ﬁwﬂ+ﬂb@w (3.6)

As proved in Appendix A of Appendix E that the following relation holds for any
choice of (I (g), Ja(€)):

o) o) ) 4

hioe) =357 5 lote)) = ate) (i

By substituting Equation (3.7) into Equation (3.6), the partial differential equation

(PDE) for the stored strain energy s is obtained as:

10 N hle) [ 0Ys )
‘”S‘ﬁ<fm<s>) Ly <8J2<s>> | 69
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On the other hand, the failure criterion imposes additional constraints, expressed
as F(Ii(o(eg)), Ja(o(e))) = 0. For instance, in the case of a Drucker-Prager

failure surface:

VJo(o) — Bli(e) —A=0, (3.9)

where A and B are parameters dependent on the material strengthsand they are

defined at a fully damage state (¢ = 1) as:

Alp=1)=0 and B(p=1)= B(¢ =0). (3.10)

Similarly, the partial differential equation (PDE) for the failure surface can be
derived by substituting the relations from Equation (3.7) into the failure criterion
for the fully damaged state. Consequently, the failure envelope function is given

by:

8%(5) 81/13(5) . a¢s(€> a¢s(€) -
F (8[1(5) ’ 8J2(5)) =/ Jao(€) ohe) 3B oh(e) 0. (3.11)

Now, a system of PDEs should be solved, which includes the PDE for the stored
strain energy 15 and the PDE for the failure surface, to find their common solution.
The detailed procedure is presented in Section 3.1 of Appendix E for the case of

the Drucker—Prager failure surface, which is expressed as:

_ Kp 2
Ve = 18B2K + 21 (Il(e) + 65/ Jz(e)) : (3.12)

However, this result is only valid for stress states above the failure envelope. For

stress states below the envelope or in other regimes, s and 1), are adjusted ac-
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cordingly (see Appendix B of Appendix E):

0 for —6By/Ja(e) < 1(e)
Vs =\ mE i (Il(s) + 6B«/J2(s))2 for —6B+/Js(e) > I1(e) and 2/ Jo(e) > 3BK, ()
$KIi(e) + 2uds() for 2u+/Jo(e) < 3BKI,(e),
(3.13)
and the damaged strain energy density is given by:
1K} (e) + 2uds(e) for — 6B/ Js(e) < I1(g)
Ya = o (435[(11 (€) + 2;“/.]2(@)2 for —6B\/J5(e) > I1(e) and 20\/Jo(e) > 3BK I, ()
0 for 2u\/Jo(e) < 3BKI,(e).
(3.14)

The capability of the Drucker-Prager model to capture the compressive failure
of brittle materials is demonstrated through the numerical implementation of the
resulting strain energy split formulation, applied to four case studies (Section 4
of Appendix E) of particular interest. First, the model’s ability to predict friction
and dilatancy effects under shear loading is evaluated (Section 4.1 of Appendix E).
Second, virtual direct shear tests are conducted to assess fracture predictions under
varying normal loads P (Figure 3.6a). In Figure 3.6b, the phase field contour of
a concrete cylinder specimen is subjected to uniaxial and triaxial compression to
examine the influence of confinement is examined. Finally, the localized failure

of a soil slope is predicted using the Drucker-Prager model (Figure 3.6¢).
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(a) Direct shear test (DST), from left to right, P = 0, P = 10, and P = 202 MPa

(b) Compressive failure of concrete for unconfined and confined specimens
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Figure 3.6: Phase field contour of Drucker-Prager based split, (a) direct shear test (DST)
for different normal load, (b) compressive failure of concrete, unconfined sample, at the
left and confined sample at the right, and (c) Localised failure of a soil slope.

(c) Localised failure of a soil slope

Let’s explore the implications of the strain decomposition further. Figure 3.7 il-
lustrates the isolines of the undamaged strain energy vy (solid line), the dissipated

strain energy )4 (dashed line), and the stored strain energy 1, (dotted line) in the
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space of strain invariants for a Drucker-Prager based split. In this context, the first
invariant of the strain tensor corresponds to the trace, tr(e), and \/m repre-
sents the norm of the deviatoric part of the strain tensor, ||€q4ey||- The solid blue
line indicates the condition ¢; = 0, corresponding to the Drucker—Prager fail-
ure surface, while the solid red line represents the convex set associated with the

Drucker—Prager surface where ¢s = 0.

JQ(E)

Hsdov ||

(/ 1(€a); vm)

tr(e) = (e)

Figure 3.7: Isolines of undamaged strain energy 1o, dissipated strain energy 14, and
stored strain energy s for Drucker-Prager strength surface in the space of invariants of
strain invariants.

In the case of a fully damaged state (¢ = 1), the total strain energy v reduces
to the stored part of the strain energy s, which must be minimized according to
the principle of minimum strain energy *. This minimization process implies that

the deviatoric part of the elastic strain tensor €., and the deviatoric part of the
d

d_, must be collinear ° to the deviatoric part of the total

damaged strain tensor €

“The principle of minimum strain energy states that a mechanical system in equilibrium adopts
a configuration that minimizes the total strain energy, provided external forces and constraints
remain constant [87].

STwo tensors T4 and T are collinear if T = AT, where A is a scalar.
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strain tensor 4., [48].

Based on this fact, the following relations can be established:

Li(e) = (%) + I, (e?), /Jale) = \/Ja(€°) + \/ Ja(ed), (3.15)

where I;(g°) and J,(&°) are the invariants of the elastic strain, and I;(e?) and
Jo(€?) are the invariants of the damage strain. As shown in Figure 3.7, for any
strain in this space, the strain invariants (/;(&), J>(€)) can be projected onto the
Drucker—Prager failure line and its associated convex set. This projection facili-

tates the decomposition of the strain invariants as described in Equation (3.15).

The total undamaged strain energy for an isotropic linear elastic material, ex-

pressed in terms of strain invariants, is given by the equation:

1
Yo = 5[(112(8) + 2uds(e). (3.16)

By substituting Equation (3.15) into Equation (3.16), obtained:

Yo = Ps + b+ K1 (%) [1(€%) + dur/ Ja(9) v/ Jo(€9). (3.17)

To ensure the additive decomposition of strain energy (g = 15 +14), the orthog-

onality condition must be satisfied as:

VJ2(e9)/ Jo () + gfl(se)fl(sd) = 0. (3.18)

As mentioned earlier, the decomposition of strain invariants into elastic and dam-

age components lies on the failure line (Figure 3.7) and its associated convex set.
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Thus, the following relations can be expressed:

1
Jo(g¢) = I (), Jo(ed) = —6—Bll(sd), (3.19)

which satisfies Equation (3.18). Thus, the additive decomposition of strain energy

18 achieved.

3.4.2 General approach for additive decomposition of strain

energy

While developing a common solution for the PDEs of stored energy and the failure
surface is a general approach for determining the strain energy split based on the
failure surface, the mathematical process becomes increasingly complex when
more intricate failure surfaces are involved. In some cases, no known solution
procedure may exist. In this section, a solution approach is developed to determine
the strain energy based on the failure surface for the additive decomposition of

strain energy.

Based on the definitions provided in Eqs. Equation (3.15) and Equation (3.16), the
additive decomposition of strain energy can be mathematically expressed such as
Equation (3.17). To ensure the validity of this additive decomposition of strain
energy, the constraint that is expressed in Equation (3.18) must be satisfied. For

improved clarity, this constraint can be reformulated as:

2/ Jo(e¢)\/ Jo(ed) + %Kfl(ee)fl(sd) = 0. (3.20)

Furthermore, the relationships between the invariants of the elastic strain and the
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corresponding stress can be expressed as follows:

Il(a's) = 3K11(€6), VvV JQ(O'S) = 2/L\/ JQ(EG). (321)

Incorporating these relationships into Equation (3.20) reveals that the elastic strain
and damage strain components are orthogonal. This orthogonality can be ex-

pressed as:

1
V Ja(0€)/ Jao(e?) + 6Il(ae)fl(ed) =0 implying €’ -0°=0. (3.22)

Similarly, the relationships between the invariants of the damage strain and the

corresponding stress invariants are given by:

L(o%) =3K1(e%), +/Jo(o?) = 2u\/Ja(e?). (3.23)

This relationship leads to the following orthogonality condition:

1
V Ja(ed)\/ Jo(e€) + éll(ad)ll(se) =0 implying e“-o%=0. (3.24)

To further elucidate, both the elastic part and the total strain in Equation (3.20),

leading to the following formulation:

210/ &) (V) — V() + 5 KI(e) (hle) ~ h(e) =0. (3:25)
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Rearranging this equation results in:

1 1
§K[1 +2IM\/ JQ €e \/ J2 —K[2 +2ILL=]2( ) = ¢s 1mplylng 58'0’6 = ’ws.
(3.26)
Additionally, from considerations of surface strength, derived:
F(I,(g°), J2(e°)) = 0. (3.27)

By solving Equations (3.26) and (3.27), the first invariant of the elastic strain can

be determined, I, (e¢), as a function of the invariants of the total strain, (I (&), J2(&)):

[(e) = G (I, (€), Ju(€)) . (3.28)

Similarly, the second invariant of the deviatoric part of the elastic strain, J5(e¢),
can be determined through a comparable analysis. Finally, by obtaining /; (&)
and J,(&¢) and substituting them into the following expression, the stored part of

the strain energy /s can be determined as:

vy = SKIE) + 200(e). (3.29)

The advantage of this method, compared to finding a common solution of two
PDEzs, is that finding a common solution is complicated for more complex failure

criteria.

As a case study, this method is reapplied to obtain the Drucker—Prager decomposi-

tion. the Drucker—Prager failure surface is rewritten using Equation (3.21), based
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on the invariants of the elastic part of the strain, allowing us to express it as:

.F(Il<€e>, JQ(Ee)) = J2<€e> — Il(se> =0. (330)

2p

Solving the system of Equations (3.26) and (3.30) allows us to determine the

invariants of the elastic strain based on the invariants of the total strain:

Ii(e) = (%) (1(e)+ 6BV (e)). (3.31)

To(e.) = <ﬂ) (11(5) +6B\/W). (3.32)

A+ 18K B?

Substituting these relations into Equation (3.28) allows us to determine the stored

strain energy 15, as shown in Equation (3.12).

3.4.3 Bresler—Pister based split

Introducing the general approach for additive decomposition of strain energy fa-
cilitates finding the strain energy split based on more complex failure surfaces,
such as the Bresler—Pister failure criterion. This sophisticated model is designed
to predict the strength of concrete under complex multiaxial stress conditions. The
Bresler—Pister criterion enhances the Drucker—Prager yield criterion by incorpo-
rating additional terms and can be expressed in terms of stress and strain invariants

as follows:
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9K2C

V(@) = CLi(e) + Bhio). /Ile) = “5THe) + %5

2Iu ]1 (66).
(3.33)

In this formulation, the parameters B and C' must be carefully selected to ensure
that the resulting yield surfaces are physically realistic. To determine these pa-
rameters, let 0. represent the yield stress under uniaxial compression, o, the yield
stress under uniaxial tension, and o the yield stress under biaxial compression.

The parameters B and C are defined by:

B_ ( oy — 0. ) < 40213 — oy (0. + 0y) + 000y ) (3.34)
V3 (o +0.) doj + 20 (0r — 0,) — 0.0

1 0y (3O-t - ac) - QO-CO-t )
¢= . 3.35
(\/g(gt‘?'ffc)) (4U§+20b (Ut—ac) — 0.0y ( )

Similar to the previous section, the invariants of the elastic tensor is determined

based on the invariants of the total strain. By utilizing Equation (3.26) and Equa-
tion (3.33), the following expression is derived for the first invariant of the elastic

strain:

1, V2 Z 9B
\/A_LAL—

I = — —_—— 3.36
iee) = VAR T moegB A T oK (3.36)
Here, A and Z are defined as:
1 s (X +Y)? Z3
A= X+Y 1458\/ — , 3.37
CvK* \/ T 2125764  14348907K (3.37)
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7 =3KB? — i+ 18CK i/ Jo(e). (3.38)

Additionally, X and Y are given by:

X =2B(u+ B’K), Y =9CKu (Il(s) + 2B\/J2(s)) . (3.39)

Based on the Bresler-Pister split, the strain and stress spaces are partitioned into
four distinct regions, as illustrated in Figure 3.8, considering the invariants space
of strain and stress. In the elastic region, irrespective of the phase field variable
¢, the material exhibits purely elastic behavior with no degradation of stiffness.
Conversely, in the fracture region, the stress and stiffness are entirely degraded due

to phase field evolution, such that when ¢ = 1, a traction-free crack is present.

In the frictional region, the material’s stiffness becomes anisotropic, reflecting a
partial degradation of stress and stiffness caused by the phase field evolution. This
anisotropic response is further characterized by the fact that increased pressure

leads to higher shear stress. When ¢ = 1, the stress lies on the failure criterion
VJe(o) = Bl (o).

In the frictionless region, the material behavior is analogous to the volumetric-
deviatoric decomposition discussed in Section 2.2.6. For ¢ = 1, the material can
sustain hydrostatic stress; however, it lacks the stiffness required to transfer shear

stress.
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Figure 3.8: Elastic, frictional, frictionless and fracture regions of Drucker-Prager based

model, (a) strain space (I1(g), v/ J2(€)), and (b) stress space (I1(o), v/ J2(0)).

Based on the division of the strain space described above, the invariants of the

elastic strain for these regions are defined as follows:

I(e) for \/Jo(e) < 9§;C[12(s) + 352 0(e) or Ii(e) < 35
Liee) = \ g O/ A+ KV2KZ — 25 for \/Jo(e) > U CI2(e) + *6B1 (¢) and /s (e) > — 412
0 for \/Jo(e) < —Ig?.
(3.40)

Similarly, the second invariant of the deviatoric part of the elastic strain is given

by:

A0 for \/J5(€) < UC T2 (e) + 281, (e)

Ta(ee) = UW2C T2 (e,) + LT (e,) for \/To(e) > YCTH(e) + LT (e) and 1/ Jo(e) > — L&)

3
0 for /Jo(e) < —1 or I, (e) < — 5.

(3.41)

The isolines of the undamaged strain energy, 1y, the dissipated part of the strain
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energy, 14, and the stored part, 1, are illustrated in Figure 3.9. Let us con-
sider a strain state, (I 1(&), v/ J2 (e)) , within the frictional region. Based on Equa-
tion (3.15), the strain invariants can be decomposed into the invariants of the elas-

tic part and the damaged part of the strain.

As shown in Figure 3.9, the elastic strain lies on the failure surface, while the dif-
ference between the total strain and the elastic strain represents the damaged part
of the strain. The vectors of invariants corresponding to the elastic and damaged
components of the strain point towards the isoline of the isotropic linear elastic

form of the strain energy, represented by the semi-oval shape in Figure 3.9.

J2(6)

€ dev]|

Figure 3.9: Strength surface of Bresler-Pister failure criteria in the space of invariants of
strain. The vector shows the decomposition of total tensor into elastic and damage parts.

To better represent the path of the elastic stress o, and the total stress o a simu-
lation experiment is conducted on a single 3D element with ¢ = 1 to ensure that
it adheres to the behavior of the failure surface (o0 = o.). AT2 model is used

for this analysis. The elasticity parameters, including Young’s modulus £/ = 25
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GPa and Poisson’s ratio v = (.2, are considered. The uniaxial tensile strength
oy = 3.5 MPa, the uniaxial compressive strength 0. = 25 MPa, and the biaxial
compressive strength o, = 30 MPa are used, resulting in the strength parameters

B = —0.5551 and C' = —0.0056 MPa~!.

Four different scenarios are considered for the stress path of the undamaged con-
figuration o under appropriate boundary conditions. Figure 3.10 illustrates the
results of these simulations. In Figure 3.10a, the boundary conditions were de-
signed such that o starts in the elastic region, transitions into the frictional region,
and finally ends in the frictionless region. As observed, o coincides with o un-
til it reaches the surface strength. Upon transitioning into the frictional region,
o. follows the surface strength until o reaches the frictionless region. In the
frictionless region, o transforms into hydrostatic stress since the material cannot

sustain shear stresses.

In Figure 3.10b and Figure 3.10c, o starts in the frictional region, above the
surface strength, causing o . to follow the surface strength. In the last case (Fig-
ure 3.10d), when o is in the fracture region, the overall stiffness of the material

degrades, leading to o, becoming zero throughout this region.

Additionally, the mapping of o to o, is shown for selected stress states in Fig-
ure 3.10. The isolines of the stored part of the strain energy, 1,, are depicted
for these selected stress points. As observed, the lines connecting o to o, are

tangent to the isolines of the stored part of the strain energy ;.
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Figure 3.10: Comparison of the stress paths of the undamaged stress oy and the elastic
part of the stress o, in the invariant stress space (I 1(o), JQ(O')) for a 3D single el-

ement with ¢ = 1: (a) starting from the elastic region, transitioning into the frictional
region, and finally entering the frictionless region; (b), (c) within the frictional region;
and (d) within the fracture region.

The Bresler-Pister model is also evaluated under loading-unloading conditions. A
3D single element is considered, with the phase field value ¢ = 0 at the beginning
of the analysis, unlike the previous example. Four scenarios are analyzed, and the
results are depicted in Figure 3.11, comparing the undamaged stress o, the total

stress o, and the elastic part of the stress o..

In Figure 3.11a, all stresses are aligned in the elastic region during loading. As the
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strength surface is crossed, phase field evolution begins, causing the total stress
to degrade, as indicated by the color representing the phase field value. During
unloading, the stress path is linear until it touches the strength surface. Beyond
this point, the stress path follows the strength surface until it reaches the point
where oy = o.. At this stage, the stress path re-enters the elastic region and

exhibits elastic behavior.

For cases where the stress path of o lies within the frictional region (Figure 3.11b,
c), damage evolution begins at the outset. In Figure 3.11b, the total stress path
follows the strength surface after intersecting it during unloading. Conversely, in
Figure 3.11c, if the total stress does not intersect the strength surface, it decreases

linearly.

When the stress path of o is in the fracture region (Figure 3.11d), all components
of the stress tensor degrade. As a result, oy and o are aligned during both loading

and unloading phases.
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Figure 3.11: Comparison of the stress paths of the total stress o, the undamaged stress o,
and the elastic part of the stress o in the invariant stress space <I 1(0),v/J2 (o’)) under

loading-unloading conditions for a 3D single element: (a) starting in the elastic region,
transitioning into the frictional region, and finally entering the frictionless region; (b), (c)
within the frictional region; and (d) within the fracture region. The phase field values are
represented by color.

Finally, we simulate the multiaxial loading of concrete using a Bresler-Pister-
based model. In this test, a rectangular concrete sample is subjected to multiaxial
stress. As shown in Figure 3.12a, the sample is loaded using two steel jaws (£ =

210 GPa and v = 0.3), the bottom jaw remains fixed, while the top jaw is subjected
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to displacement u. Additionally, traction ¢ is applied to two sides of the sample
to create a multiaxial stress state. The material’s elastic properties of the sample
are characterized by a Young’s modulus £ = 25 GPa and Poisson’s ratio v = (.2.
The concrete’s tensile strength is o, = 3.5 MPa, its uniaxial compressive strength
is 0, = 25 MPa, and its biaxial compressive strength is 0, = 30 MPa. The
failure surface parameters are B = —0.5551 and C' = —0.056 MPa~!. The
fracture properties are defined by a critical fracture energy G. = 0.15 N/m and a
characteristic length scale / = 2 mm. A monolithic scheme is employed in this

case study.

The crack propagation path is illustrated using the phase field contour in Fig-
ure 3.12b, which exhibits a similar pattern across all cases. Additionally, the
corresponding load-displacement curves are presented in Figure 3.12c. It is evi-
dent from the results that an increase in confinement leads to a higher peak load
when employing the Bresler-Pister-based split formulation. This observation un-
derscores the influence of confinement on the material’s mechanical response,

further validating the robustness of the chosen modeling approach.
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Figure 3.12: Multi-axial compression test on concrete, (a) Boundary conditions and ge-
ometry, (b) phase field contour, and (¢) comparison of load versus displacement for dif-
ferent case of multiaxial loading.
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3.4.4 Strain energy split for material with voids and inclusions

Rock-like materials often contain micro-voids and inclusions that act as stress con-
centrators, facilitating crack propagation under stress and thereby weakening the
material. Over time, the coalescence of these micro-voids and inclusions can lead
to macroscopic fractures or material failure. However, the current strain energy
splits do not account for this effect when material failure occurs due to mecha-
nisms of volumetric compaction (/;(e) < 0). For example, when considering a
square domain with voids under pure compression and applying the volumetric-
deviatoric split, fractures form between voids under compression (Figure 3.13).
In contrast, if the material without explicitly defining the voids is modeled, no
degradation in stiffness is observed, underscoring a limitation of current models

in accurately capturing the role of voids in fracture under compressive loading.
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Figure 3.13: Phase field contour of square domain with voids under compression.

However, explicitly defining micro-voids is impractical due to the high compu-

80



SUMMARY OF CONTRIBUTION AND DISCUSSION

tational cost associated with the requirement for very small element sizes. To
address this, the volumetric-deviatoric split is modified to account for the effect of
inclusions by introducing a parameter a, which represents the contribution of vol-
umetric compaction to the fracture driving force [55]. The dissipated and stored

parts of the strain energy can then be redefined as follows:

(3.42)

where material constant 0 < a < %K to ensure a non-negative fracture driving
force. As shown in Equation (3.42), the parameter a represents a fraction of the
bulk modulus that accounts for the contribution of voids. By selecting a = 0,
Equation (3.42) reduces to the standard volumetric-deviatoric split of strain energy
(Equation (2.48)), while setting @ = 0.5/ results in no strain energy split. Any
value of a between these limits allows for the modeling of the effects of voids and

inclusions.

To investigate the effect of the parameter a, a square domain with an inclined
crack at the center is subjected to uniaxial compression is considered, as de-
picted in Figure 3.14a. Three distinct values of the parameter are considered:
a = {0,0.45K,0.5K}. The phase field contours for these three models are il-
lustrated in Figure 3.14b—c. As shown, when the volumetric-deviatoric split [45]
(a = 0) is applied, the crack propagation direction remains nearly parallel to
the pre-existing initial crack, indicating that fracture occurs predominantly due
to shear failure. However, by increasing the parameter a, the effect of voids and
inclusions is more pronounced. Figure 3.14c demonstrates that the crack propaga-
tion path forms a lower angle with the horizontal compared to the initial inclined

crack, indicating the combined influence of both shear and compressive forces
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due to the presence of voids and inclusions. Finally, when no split is applied
(a = 0.5K), the failure occurs primarily under compression, with the crack prop-

agating almost horizontally.

YYYVYVYYYY

0.5 mm

0.5 mm

(a) b)a=0

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 3.14: Square domain with inclined crack at the center subjected under uniaxial
compression, (a) geometry, dimensions and boundary conditions. phase field contour to
show crack path for, (b) volumetric-deviatoric split a = 0 [45], (¢) a = 0.45K, and (d)
no split of strain energy a = 0.5K.

The force versus displacement of this three different value of parameter a are

compared in Figure 3.15. The volumetric-deviatoric split a = 0 shows the highest
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peak load due to considering just distortion energy as fracture driving force. by
increasing the value of parameter a, the effect of inclusions and voids are coming
to play a roll and contribute the compression to fracture driving force additional
to shear energy. The peak load related to the case of no split of strain energy when

the material fail under compression in this case study.
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Figure 3.15: Comparison of the force versus displacement of square domain with inclined
crack at the center subjected under uniaxial compression for volumetric-deviatoric split
a = 0[45], a = 0.45K, no split of strain energy a = 0.5K.

3.4.5 Conclusions

A comprehensive framework is developed for determining the strain energy de-
composition associated with various constitutive behaviors and failure criteria.
This advancement is crucial for phase field fracture modeling, as it enables the
integration of multi-axial failure surfaces, thereby accurately capturing crack nu-

cleation across a wide range of materials. This capability is particularly essential
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for predicting the compressive failure of brittle and quasi-brittle solids, such as
concrete and geomaterials. To demonstrate the efficacy of the proposed frame-
work, this method is applied specifically to the Drucker-Prager model and the
Bresler-Pister failure surface. This approach paves the way for incorporating
multi-axial failure criteria into phase field fracture modeling, significantly en-
hancing the model’s predictive power and broadening its applicability in various
engineering and material science domains. Additionally, a new strain energy split
is developed for materials with voids and inclusions, where compression can sig-

nificantly contribute to failure.

3.5 Multiphysics phase field fracture method

The multiphysics phase field method has emerged as a versatile computational tool
for simulating fracture processes involving interactions between multiple physical
phenomena, such as thermal, hydraulic, and chemical processes. This approach
extends traditional phase field modeling by incorporating the coupling of mechan-
ical deformation with other fields, allowing for the simulation of complex fracture
behaviors in various materials and loading conditions. In this thesis, we inves-
tigate phase-field modeling for thermal fracture and hydraulic fracture. Further-
more, we present our generalized approach for modeling hydrogen embrittlement
and stress-corrosion cracking, demonstrating its applicability to these complex
fracture mechanisms. For a detailed explanation of the implementation and exam-
ples, refer to Appendix F [56]. Here, we briefly review the fundamental equations

governing thermal fracture and hydraulic fracture.
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3.5.1 Thermal fracture modeling

In thermal fracture modeling, the phase field method is applied to simulate crack
propagation under thermo-mechanical loading (see Section 3.1 of Appendix F).
The strain tensor is decomposed into an elastic component and a thermal compo-
nent, allowing stress to be calculated solely from the elastic strain. Heat trans-
fer is coupled with the phase field evolution by considering thermal conductiv-
ity as a function of the phase field variable, thus modeling heat flow through
cracks [88-90]. This coupling facilitates the prediction of crack initiation and
propagation in materials subjected to thermal gradients. The heat transfer equa-

tion can be expressed as:

pal + ko($) A0 = g (3.43)

where p is the density, ¢y is specific heat, ky is thermal conductivity wiht is de-

graded by phase field evolution, and gy is the heat source.

3.5.2 Hydraulic fracture simulation

The phase field method has also been adapted for hydraulic fracture modeling (see
Section 3.2 of Appendix F). Here, the fluid flow is coupled with the mechanical
and fracture processes using poroelasticity theory, which governs the fluid pres-
sure evolution and its interaction with the deformation of the solid matrix [91-97].
There are different method for coupling fluid flow into phase field, such the ap-
proach divides the domain into different regions (reservoir, fracture, and transition
zones) and adjusts material properties accordingly to capture the influence of fluid

injection on crack growth. The fluid flow equation is defined as follows:
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o1 (S(a(6), £9(@))P + )Xo (B)eve) + V- (—pﬂ Kf;(‘b’ Vp) — g (344)

where py; is the density of fluid, « is Biot’s coefficient, €, is porosity, .S is storage
coefficient, p is fluid pressure and . is reservior domain indicator and g, is source

fluid.

3.5.3 Implementation in Abaqus

The phase field fracture method is implemented in the ABAQUS FEA package
using a heat transfer analogy with UMAT and UMATHT subroutines, avoiding
the need for user element subroutines (UEL) [51,52]. This implementation at
the integration point level leverages ABAQUS’s built-in features, including vari-
ous element types and contact algorithms, enabling phase field fracture modeling

through a heat transfer analogy.

UMATHT offers advantages over using UMAT alone by supporting a general
form of diffusion equations and allowing transient analysis. Both UMAT and
UMATHT utilize definitions of the heat source, internal heat energy, and heat flux
to construct the residual vector and stiffness matrix, along with their derivatives

with respect to temperature and its gradient.

For modeling multiphysics problems, such as coupled mechanical, phase field,
and diffusion processes, an additional degree of freedom (DOF), 1, is introduced
using a thermal analogy. This is achieved by creating a secondary part (PART-
2) that mirrors the primary part’s (PART-1) geometry and mesh but with distinct
material properties. The temperature DOF in PART-1 represents the phase field

(¢ = 0), while in PART-2, it represents 77 (n = #). The use of conjugate element
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pairs allows for data exchange between the two parts, effectively introducing ad-

ditional DOFs in the model.

The procedure begins with the UMAT subroutine to compute the Cauchy stress
and material Jacobian, followed by UMATHT for heat-related calculations. In
PART-2, where displacement DOFs are not considered, the stress and Jacobian
are set to zero to ensure zero residual and stiffness. Data transfer between subrou-
tines is facilitated by state variables (SDVs) and FORTRAN modules, with SDVs

enabling data exchange within the same material.

Different solution schemes are employed: a monolithic (implicit) approach is used
for equations within the same part, while a staggered (explicit) approach is applied
for inter-part coupling. The staggered scheme sequentially updates variables, with
options for a single-pass scheme (more robust, requiring smaller increments) and a
multi-pass scheme (requiring more iterations for convergence but allowing larger

increments).

3.5.4 Multiphysics phase field validation

To validate the phase field modeling approach, several representative examples
were analyzed, including thermo-mechanical fracture (Section 5.1 of Appendix
F), hydraulic fracture (Section 5.2 of Appendix F), hydrogen embrittlement (Sec-
tion 5.3 of Appendix F), and stress-assisted corrosion (Section 5.4 of Appendix F).
These examples demonstrate the model’s accuracy in capturing complex fracture

behavior and are compared with experimental data or analytical solutions.

* Thermo-mechanical fracture, quenching: This case study simulates the
thermal shock fracture of a ceramic plate during quenching (Section 5.1 of

Appendix F). The aim is to validate the phase field thermal fracture model
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by comparing it with experimental results [98]. The simulation captures
crack initiation and propagation due to the high temperature gradient, show-
ing good agreement with experimental observations (Figure. 4 of Appendix
F). The study also compares results with and without degraded thermal con-
ductivity, revealing that non-degraded conductivity produces better matches

with experimental data.

* Hydraulic fracture: Two case studies are presented to validate the phase
field hydraulic fracture model (Section 5.2 of Appendix F). The first case
involves a pressurized crack in a square domain to determine the critical
pressure for crack propagation. The results are compared to analytical solu-
tions, showing good agreement (Figure. 7 of Appendix F). The second case
explores crack interaction in a square domain with two pre-existing cracks
under fluid injection. The results highlight how the phase field method cap-
tures the evolution of crack interaction and pressure distribution effectively

(Figure. 9 of Appendix F).

These validation cases confirm the robustness of the phase field approach for mod-

eling different types of fractures under various physical conditions (Figure 3.16).
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Figure 3.16: Phase field multiphysics: (a) comparison of phase field contour (at the left)
and crack pattern from experiments [98] of quenching, and (b) phase field contours and
pressure for a pressurized crack at Time=1200 sec, peenter = 60 MPa of pressurized crack.

3.6 Hydraulic phase field fracture modeling

Hydraulic fracturing plays a pivotal role in industries such as petroleum engineer-
ing and geothermal energy extraction, motivating extensive research across the-
oretical, numerical, and experimental domains. The phase field fracture method
has emerged as a powerful tool for modeling hydraulic fractures, especially due
to its ability to handle complex crack propagation without requiring explicit crack
tracking. Bourdin et al. [99] pioneered the application of phase field methods in
hydraulic fracturing, and subsequent researchers have refined these techniques to

enhance their applicability [93,95, 96, 100-103].
In this work (Appendix G, [57]), our previous phase field hydraulic fracture im-
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plementation is extended, as described in Section 3.5.2. This extension introduces
new strategies and modifications to existing methods for coupling the phase field
variable with the permeability tensor. Additionally, the impact of various strain
energy decomposition methods is investigated on fracture propagation. Further-
more, the proposed Drucker-Prager-based strain energy split is applied to demon-
strate the ability of the phase field model to capture stick-slip behavior, a phe-
nomenon critical in geotechnical engineering problems, such as fault activation
induced by pore pressure changes. This paper aims to advance the implementa-
tion of the phase field fracture method in Abaqus, utilizing UMAT and UMATHT
subroutines to address the complexities of damage evolution and pore pressure in

hydraulic fracturing.
Key contributions of this work include:

* The development of a coupled phase field and poroelasticity model for hy-

draulic fractures, grounded in Biot’s theory of poroelasticity.

* A comprehensive analysis of strain energy decomposition into stored and
dissipative components, essential for accurately capturing fracture evolution

in hydraulic fracturing scenarios.

* Anin-depth exploration of various methods for coupling fluid flow and frac-
ture mechanics, including domain decomposition and permeability model-

ing strategies.

This framework enhances existing methods by incorporating features such as
anisotropic permeability and a Drucker-Prager split, which better represent the
interaction between fluid pressure and rock mechanics. This advancement is cru-

cial in fields like reservoir engineering and fault activation.
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3.6.1 Methodology

Our phase field hydraulic fracture implementation in Abaqus was extended us-
ing the UMAT and UMATHT subroutines, as detailed in Section 3.5.3. two pri-
mary coupling methods for integrating the phase field evolution equation with the
fluid flow equation are explored. The first method is based on the work of Lee et
al. [101], and has been widely adopted in studies such as [104, 105]. This method
divides the domain into three regions—the reservoir (§2,), fracture (€2¢), and tran-
sient (£2;)—using linear domain indicators Y, and s to to be defined permeability
as a function of phase field variable ¢. The second method, proposed by Miehe
et al. [100], employs a Poiseuille-type flow model by modifying Darcy’s law to
capture fluid flow within cracks. Our contribution introduces a novel hybrid ap-
proach that combines the advantages of these two methods while addressing their

limitations.

Also, the effects of different strain energy decompositions are examined, as de-
scribed in Section 2.2.6, to assess their influence on phase field hydraulic fracture
modeling. Furthermore, the phase field hydraulic fracture implementation is ex-
tended to include the Drucker-Prager based split, broadening its applicability to

geotechnical engineering problems such as fault activation.

The methodology centers around a phase field fracture model implemented in
Abaqus, eliminating the need for explicit crack tracking and enabling the simula-

tion of complex crack propagation behaviors.

3.6.2 Key results and sindings

Four case studies are presented which explore the impact of permeability coupling

on crack behavior, stick-slip modeling, crack interaction under different energy

91



SUMMARY OF CONTRIBUTION AND DISCUSSION

splits, and multiaxial stress conditions. These case studies highlight the model’s
ability to capture fracture behavior across diverse conditions and geometries. The

key findings include:

* Coupling strategies: Three different methods for coupling fluid flow and
phase field variables were evaluated, each with distinct advantages (Section
4.1 of Appendix G). The domain decomposition method [101] is robust but
does not account for anisotropic permeability or crack opening effects. The
modified Darcy method [100] addresses these effects but poses numerical
challenges due to the anisotropic nature of permeability. The mixed method,
which combines these two approaches, was found to offer the best balance

between flexibility and accuracy.

* Drucker-Prager fracture model: The inclusion of a Drucker-Prager-based
phase field model (Section 4.2 of Appendix G) enabled the simulation of
stick-slip behavior, commonly observed in fault activation scenarios. The
stress path for different scenarios was analyzed to demonstrate the effects

of varying stress states on fracture propagation.

* Effect of strain energy decomposition: By applying different strain en-
ergy decomposition techniques, it is observed how tensile and shear ener-
gies drive crack propagation differently (Section 4.3 of Appendix G). Spec-
tral decomposition led to more tensile-driven fracture behavior, while the

Drucker-Prager model better captured shear-driven fracture propagation.

Figure 3.17 shows selected result from our investigation including the compari-
son of crack path (at the left )in crack interaction problem for various strain energy
split and fluid pressure distribution and fluid flux vector at the right for the case
wihtiout decomposition of strain energy (Figure 3.17a). The crack path using con-

tour of phase field is shown for simultaneous injection into a axisymetric boundary

92



SUMMARY OF CONTRIBUTION AND DISCUSSION

with inital stress in (Figure 3.17b).
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Figure 3.17: Hydraulic fracture, (a) Crack-interaction, at the left: crack path for different
fracture driving forces and at the right: fluid pressure p contour and fluid flux vector for
the steady state of the case without strain energy decomposition, and (b) contour of phase
field of s simultaneous injection into a axisymetric boundary with inital stress case study.

3.6.3 Practical applications

The implementation of the phase field hydraulic fracture model in Abaqus holds
significant potential for practical applications in reservoir engineering, geothermal
energy, and fault activation scenarios. The use of UMAT and UMATHT subrou-
tines enables seamless integration into Abaqus (see Section 6 of Appendix G),

eliminating the need for user element subroutines (UEL) and facilitating indus-
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trial adoption. Moreover, the mixed coupling method offers a more accurate and

flexible approach to modeling fluid-driven fracture propagation in porous media.

Additionally, the inclusion of pre-configured case studies and the framework’s
ability to handle complex boundary conditions—such as multiaxial stresses and
fluid injection—make it a valuable tool for engineers and researchers working on

hydraulic fracturing problems.

3.6.4 Conclusion

This work presents a flexible and comprehensive approach to modeling hydraulic
fractures using the phase field method within Abaqus. By coupling fluid flow with
fracture mechanics and incorporating a variety of constitutive models, the frame-
work enables accurate simulation of complex fracture phenomena in geomechani-
cal contexts. The robustness of the implementation and its ease of integration into
Abaqus make it a valuable resource for future research and practical applications

in hydraulic fracturing and subsurface engineering.
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This thesis has advanced the field of fracture mechanics by focusing on the appli-
cation and extension of the phase field fracture method, specifically in the mod-
eling of rock-like materials under complex loading conditions. The research pre-
sented here has made significant contributions to both theoretical and practical
aspects of fracture modeling, addressing key challenges in simulating compres-
sive failure modes, multiphysics coupling, and the validation of tensile strength
measurements from the Brazilian test. This chapter summarizes the major find-

ings and highlights the contributions to the field.

4.1 Key Findings

The primary contributions of this thesis can be summarized as follows:

* Validation of the Brazilian test: The study on the Brazilian test has re-
vealed significant limitations in traditional tensile strength measurements
for rock-like materials, challenging prevailing assumptions about crack ini-
tiation and the validity of test geometries. Through finite element analysis
and the application of the Griffith criterion, it was shown that cracks do not
consistently originate at the center of the test disk, contrary to what widely
accepted standards suggest. The research introduced a novel methodology
to validate Brazilian test outcomes, including the development of a MAT-
LAB App (BrazVal) and validity maps that provide a more accurate as-
sessment of tensile strength by identifying optimal testing conditions. Key
findings indicate that the use of jaws with large radii promotes crack initi-

ation in compressive regions away from the disk’s center, invalidating test
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results. Furthermore, crack location is highly sensitive to testing geometry
and, to a lesser extent, the sample’s stiffness, while Poisson’s ratio and fric-
tion play minimal roles in most configurations. By mapping critical load
against stress states at the disk center, this work enables more precise ten-
sile strength estimates, eliminating reliance on Hondros’s equation and of-
fering a two-step protocol for experimental validation. These insights will
allow researchers to determine the suitable test conditions, thus advancing
the accuracy and reliability of tensile strength measurements in rock-like

materials.

* Implementation of phase field models in Abaqus: A unified implemen-
tation of the phase field fracture model has been developed within Abaqus
using a UMAT subroutine, which eliminates the complexities associated
with using user element subroutines and simplifies pre- and post-processing.
This versatile approach leverages Abaqus’s built-in capabilities, enabling
seamless application to 2D, 3D, and axisymmetric problems. The imple-
mentation supports both staggered and monolithic solution schemes, en-
hancing flexibility for diverse fracture modeling needs. Additionally, it
allows for the integration of any constitutive model of the phase field ap-
proach, including AT1, AT2, and PF-CZM, with various strain energy de-
composition methods. This setup accommodates both hybrid and anisotropic
formulations, offering a robust toolset for phase field fracture analysis across

a broad range of applications.

* Phase field fracture verification: The phase field fracture model was vali-
dated through a series of case studies, including both established examples
from literature and newly designed tests, demonstrating the implementa-
tion’s robustness in handling complex fracture scenarios. Results consis-

tently showed that the model accurately simulates fracture propagation un-
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der tensile, shear, and mixed loading conditions in both 2D and 3D config-
urations. This consistent accuracy across various fracture modes highlights
the capability of the implementation to model complex fracture processes
reliably, showcasing its effectiveness for diverse applications in fracture me-
chanics. However, a notable limitation is that the conventional phase field
model was not originally designed to model failure under compressive load-

ing.

* Constitutive phase field fracture modeling: A novel generalized frame-
work for strain energy decomposition has been introduced, advancing the
phase field fracture method’s ability to accurately model compressive failure
in rock-like materials. This framework integrates the Drucker-Prager fail-
ure criterion, enabling the simulation of a wider range of fracture behaviors
and addressing limitations in traditional methods for modeling compressive
fractures—a common and complex issue in rock mechanics. The Drucker-
Prager based strain energy split successfully captures essential rock-like be-
haviors, such as dilatancy, confinement, and friction, creating a more realis-
tic representation of these materials under stress. Furthermore, a new strain
energy formulation has been developed to effectively simulate materials
with voids and inclusions, expanding the model’s capabilities in complex
geological and material science applications. The efficacy of the developed
model has been demonstrated through case studies, including Direct Shear
Tests, uniaxial and triaxial compression tests of concrete, and the localized
failure of soil slopes—all scenarios that were challenging to simulate ac-
curately with existing strain energy splits. These validations illustrate the
model’s strength in capturing complex, compression-driven fracture behav-
iors, marking a significant advancement in the phase field fracture method’s

application to real-world materials and enhancing its utility in comprehen-
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sive fracture analysis.

* Multiphysics fracture modeling: The research expanded the phase field
fracture method to address multiphysics problems, utilizing a new thermal
analogy-based approach that simplifies the implementation within Abaqus
by avoiding the complexities of a user element subroutine. This innova-
tive method allows for modeling complex multiphysics phenomena, such as
hydraulic fracturing, thermomechanical fractures, hydrogen embrittlement,
and corrosion-stress interactions. By coupling phase field evolution with
other physical fields, particularly fluid flow, the model successfully repli-
cates benchmark cases from the literature, demonstrating its reliability and
accuracy. This novel approach establishes a streamlined, robust pathway for
implementing complex interactions involving multiple degrees of freedom
(DoFs), significantly enhancing the phase field method’s applicability to
real-world multiphysics problems and broadening its utility in engineering

and materials science.

* Phase field hydraulic fracture modeling: The study examined the effects
of various coupling methods between phase field and flow equations, com-
paring two established approaches and introducing a novel mixed method.
This new combined coupling approach, which links permeability with the
phase field variable, enhances control over permeability transitions by in-
tegrating the advantages of both the domain decomposition method and
the modified Darcy method. Additionally, incorporating a Drucker-Prager
based strain energy split as the fracture-driving force in phase field hydraulic
fracturing enables the model to capture geotechnical phenomena like fault
activation, broadening its applicability to realistic subsurface conditions.
The influence of different strain energy split methods was also analyzed

through a crack interaction problem, highlighting distinct responses based
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on the stress environment. Specifically, the crack path remains consistent
when major stress is tensile; however, the presence of shear stress leads to
variations in crack trajectory depending on the chosen strain energy split.
This insight underscores the importance of selecting an appropriate strain
energy decomposition method to accurately model fracture paths under dif-
ferent loading conditions, offering a refined approach for complex geotech-

nical and rock mechanics applications

4.2 Implications and contributions

This research addresses several key challenges in the field of fracture mechan-
ics and has wide-ranging implications for both academic research and industrial
applications. By advancing the phase field fracture method and improving the ac-
curacy of tensile strength estimation, this work contributes to the development of
more reliable tools for predicting and managing fractures in rock-like materials.
The practical implementations developed as part of this thesis provide researchers
and engineers with computational tools that can be directly applied to complex
fracture problems in industries such as mining, oil and gas extraction, geothermal

energy, and civil engineering.

The introduction of a generalized strain energy decomposition framework extends
the applicability of phase field methods to a wider range of fracture scenarios, par-
ticularly in the modeling of compressive failures. This is particularly significant
in geotechnical engineering, where compressive failure modes are common but

challenging to simulate accurately.

In conclusion, this thesis provides a comprehensive framework for modeling frac-

tures in rock-like materials using the phase field method. The contributions made
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to the field of fracture mechanics have the potential to significantly improve the
accuracy and reliability of fracture predictions in both research and practical ap-

plications, paving the way for future advancements in the field.
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Despite the significant advancements achieved in this thesis, several limitations
persist. The proposed models, while effective in simulating a range of fracture be-
haviors, remain computationally intensive, particularly for large-scale problems
involving complex multiphysics interactions. Future research should aim to en-
hance the computational efficiency of the current implementation. This can be

achieved through different methods:

* Adaptive mesh refinement (AMR) is a computational technique that en-
hances the efficiency and accuracy of numerical simulations by dynami-
cally adjusting the mesh resolution where needed. In phase field fracture
modeling, where the simulation captures the evolution of cracks in mate-
rials, AMR plays a crucial role in balancing computational resources with
solution accuracy, especially in regions where cracks develop and propa-
gate. AMR increases mesh density (refinement) around critical areas—like
the crack tip or evolving fracture path—where solution gradients are high.
Conversely, regions far from the fracture zones can use a coarser mesh, re-
ducing computational cost without sacrificing accuracy [106,107]. This can

be achieved using the UMESHMOTION subroutine within Abaqus.

* Alternate minimization (AM) is an iterative technique widely used in
phase field fracture methods to solve the variational form of fracture prob-
lems. It decomposes a complex, coupled minimization problem into sub-
problems by alternately minimizing the system’s total energy with respect
to each field independently, simplifying the solution procedure and improv-

ing computational efficiency.

The AM procedure involves two main steps:
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1. Displacement minimization: Starting with an initial phase field ¢,
the total energy is minimized with respect to the displacement field u,

treating ¢ as fixed.

2. Phase field minimization: Using the updated displacement field u,

the energy is then minimized with respect to ¢, keeping u fixed.

This alternate process repeats until convergence, defined as minimal changes
in both u and ¢ across iterations. By transforming a non-convex problem
into two convex sub-problems, AM ensures stability and robust solutions,
even for large-scale simulations [6,25,45,108]. Since the problem is divided
into two distinct problems, implementation within Abaqus can be feasible

through Python scripting to run a series of iterative problems.

* Active and inactive phase field domains method is a simple and robust
approach to reduce computational cost. In this method, the fracture path is
first predicted with a coarse mesh model, then the domain is decomposed
into a region where the phase field degree of freedom is not defined (or set
to zero) and a region where phase field evolution can occur. This method is
straightforward and cost-effective but is recommended for the AT1 model
over the AT2 model due to boundary conditions being enforced at the do-
main with an active phase field degree of freedom. This method has already
been tested in Abaqus [109] and can be extended to more complex multi-

physics problems.

Additionally, while the phase field method has been successfully extended to ad-
dress compressive fractures, further investigation is required to explore the inter-
actions among tensile, compressive, and shear failure modes. The proposed gen-
eralized method can be used to determine strain energy for various failure criteria,

including:
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* Hoek-Brown criterion [110] is an empirical strength criterion widely used
in rock mechanics to estimate the strength and failure characteristics of
jointed rock masses. The Hoek-Brown criterion is especially useful in appli-
cations like tunnel and underground excavation design, slope stability anal-
ysis, and more, providing a realistic approximation of rock mass strength,

particularly in heterogeneous or fractured rock masses.

* Generalized Griffith criterion [60] is an extension of Griffith’s criterion
applicable for arbitrary strength ratios, as demonstrated in Section 3.1. It
can be expressed in terms of stress invariants, enabling strain energy split
determination for further studies on the Brazilian test using the phase field

fracture method.

* Unified strength theory (UST) is a comprehensive framework in mechan-
ics and material science that generalizes classical strength theories to model
materials under complex stress states [111-113]. UST overcomes limita-
tions of traditional theories like Tresca, von Mises, and Mohr-Coulomb by
considering intermediate principal stress, essential for accurate predictions
in 3D stress scenarios. Applicable to various materials such as metals, plas-
tics, rocks, and soils, UST is adaptable through parameter adjustments. Its
accuracy makes it valuable in fields like geotechnical and structural engi-
neering, especially under triaxial stress conditions. UST’s mathematical
model integrates shear and normal stresses, enhancing predictions for ma-

terial failure in multidimensional stress environments.

Moreover, the new strain energy split based on failure criteria can be applied
to advancing elasto-plastic ductile fracture using the phase field method. The
phase field fracture method has been extensively used to model ductile fracture

by accounting for plasticity effects, with recent studies demonstrating how elastic
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and plastic strain energies contribute distinctly to fracture modeling [114-117].
Building on this methodology, further studies could apply a generalized approach
for strain energy splitting based on failure criteria (Section 3.4), allowing for ad-
vanced ductile fracture modeling when failure criteria and yield surfaces coincide.
This approach aims to better represent material behavior by incorporating damage

and plastic evolution comprehensively.

The multiphysics framework could be extended to accommodate more complex
problems involving three or more field variables, such as geothermal energy mod-
eling [118], which integrates mechanical, phase field, fluid flow, and thermal equa-
tions. This coupling can be performed by various methods, which may or may not
be variationally consistent. For instance, material, fluid, and heat analysis param-
eters could directly depend on the phase field variable ¢, decomposing the domain

as discussed in Section 3.6.

Finally, the current model could be further developed to incorporate dynamic ef-
fects, enabling its extension to explicit simulation frameworks like Abaqus/Explicit
[119]. Most existing implementations use an explicit version of a user-defined
elaccounting for the effect of porosity and void fraction on material strengthement
subroutine (VUEL); however, by introducing a thermal analogy for phase field
fracture, it is possible to use subroutines that work at the integration level, such as
VHETVAL and VUMATHT. This approach enables dynamic problem modeling,

including multiphysics problems, in a more computationally robust environment.
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Esta tesis ha avanzado el campo de la mecdnica de fractura al enfocarse en la
aplicacion y extension del método de fractura de campo de fase, especificamente
en el modelado de materiales similares a roca bajo condiciones de carga comple-
jas. La investigacion presentada aqui ha realizado contribuciones significativas
tanto en aspectos teoricos como prdcticos del modelado de fracturas, abordan-
do desafios clave en la simulacion de modos de falla compresiva, acoplamiento
multifisico y la validacion de mediciones de resistencia a traccion a partir del
ensayo brasilefio. Este capitulo resume los hallazgos principales y destaca las

contribuciones al campo.

4.1 Hallazgos Clave

Las principales contribuciones de esta tesis pueden resumirse de la siguiente ma-

nera.

* Validacion del ensayo brasilefio: El estudio sobre el ensayo brasileiio ha
revelado limitaciones significativas en las mediciones tradicionales de re-
sistencia a traccion para materiales similares a roca, cuestionando las su-
posiciones prevalecientes sobre la iniciacion de grietas y la validez de las
geometrias de prueba. A través del andlisis de elementos finitos y la apli-
cacion del criterio de Griffith, se demostro que las grietas no se originan
consistentemente en el centro del disco de prueba, contrariamente a lo que
sugieren los estdndares ampliamente aceptados. La investigacion introdujo
una metodologia novedosa para validar los resultados del ensayo brasi-

lefio, incluyendo el desarrollo de una aplicacion en MATLAB (BrazVal) y
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mapas de validez que proporcionan una evaluacion mds precisa de la resis-
tencia a traccion al identificar condiciones optimas de prueba. Los hallaz-
gos clave indican que el uso de mordazas con grandes radios promueve la
iniciacion de grietas en regiones compresivas alejadas del centro del disco,
invalidando los resultados de la prueba. Ademads, la ubicacion de la grieta
es altamente sensible a la geometria de la prueba y, en menor medida, a
la rigidez de la muestra, mientras que el coeficiente de Poisson y la fric-
cion juegan roles minimos en la mayoria de las configuraciones. Al mapear
la carga critica contra los estados de esfuerzo en el centro del disco, es-
te trabajo permite estimaciones mds precisas de la resistencia a traccion,
eliminando la dependencia de la ecuacion de Hondros y ofreciendo un pro-
tocolo de dos pasos para la validacion experimental. Estos conocimientos
permitirdn a los investigadores determinar las condiciones de prueba ade-
cuadas, avanzando asi en la precision y confiabilidad de las mediciones de

resistencia a traccion en materiales similares a roca.

» Implementacion de modelos de campo de fase en Abaqus: Se ha desarro-
llado una implementacion unificada del modelo de fractura de campo de
fase dentro de Abaqus utilizando una subrutina UMAT, lo que elimina las
complejidades asociadas con el uso de subrutinas de elementos de usua-
rio y simplifica el pre- y pos-procesamiento. Este enfoque versdtil aprove-
cha las capacidades integradas de Abaqus, permitiendo una aplicacion sin
problemas a problemas 2D, 3D y axisimétricos. La implementacion sopor-
ta tanto esquemas de solucion escalonados como monoliticos, mejorando
la flexibilidad para diversas necesidades de modelado de fracturas. Ade-
mds, permite la integracion de cualquier modelo constitutivo del enfoque
de campo de fase, incluyendo ATI, AT2 y PF-CZM, con varios métodos de

descomposicion de energia de deformacion. Esta configuracion acomoda
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tanto formulaciones hibridas como anisotrdpicas, ofreciendo un conjunto
de herramientas robusto para el andlisis de fracturas por campo de fase en

una amplia gama de aplicaciones.

* Verificacion de fractura de campo de fase: El modelo de fractura de campo
de fase fue validado a través de una serie de estudios de caso, incluyendo
tanto ejemplos establecidos de la literatura como pruebas disefiadas re-
cientemente, demostrando la robustez de la implementacion en el manejo
de escenarios complejos de fractura. Los resultados mostraron consistente-
mente que el modelo simula con precision la propagacion de fracturas bajo
condiciones de carga de traccion, corte y mixtas en configuraciones 2D y
3D. Esta precision constante en varios modos de fractura destaca la capa-
cidad de la implementacion para modelar procesos de fractura complejos
de manera confiable, mostrando su efectividad para diversas aplicaciones
en mecdnica de fracturas. Sin embargo, una limitacion notable es que el
modelo de campo de fase convencional no fue diseiiado originalmente para

modelar fallas bajo carga compresiva.

* Modelado constitutivo de fractura de campo de fase: Se ha introducido
un marco generalizado novedoso para la descomposicion de energia de de-
formacion, avanzando en la capacidad del método de fractura de campo
de fase para modelar con precision la falla compresiva en materiales si-
milares a roca. Este marco integra el criterio de falla de Drucker-Prager,
permitiendo la simulacion de una gama mds amplia de comportamientos
de fractura y abordando las limitaciones de los métodos tradicionales pa-
ra modelar fracturas compresivas, un problema comiin y complejo en la
mecdnica de rocas. La descomposicion de energia de deformacion basada
en Drucker-Prager captura con éxito comportamientos esenciales de mate-

riales similares a roca, como dilatancia, confinamiento y friccion, creando
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una representacion mds realista de estos materiales bajo tension. Ademds,
se ha desarrollado una nueva formulacion de energia de deformacion pa-
ra simular eficazmente materiales con vacios e inclusiones, ampliando las
capacidades del modelo en aplicaciones complejas de geologia y ciencia
de materiales. La eficacia del modelo desarrollado ha sido demostrada a
través de estudios de caso, incluyendo Pruebas de Corte Directo, pruebas
de compresion uniaxial y triaxial de concreto, y la falla localizada de ta-
ludes de suelo, todos escenarios dificiles de simular con precision con las
descomposiciones de energia de deformacion existentes. Estas validaciones
ilustran la fortaleza del modelo para capturar comportamientos de fractu-
ra complejos impulsados por compresion, marcando un avance significativo
en la aplicacion del método de fractura de campo de fase a materiales del

mundo real y mejorando su utilidad en andlisis de fractura integrales.

* Modelado de fractura multifisica: La investigacion amplio el método de
fractura de campo de fase para abordar problemas multifisicos, utilizan-
do un nuevo enfoque basado en una analogia térmica que simplifica la
implementacion en Abaqus al evitar las complejidades de una subrutina
de elemento de usuario. Este método innovador permite modelar fenome-
nos multifisicos complejos, como fracturacion hidrdulica, fracturas termo-
mecdnicas, fragilizacion por hidrogeno e interacciones corrosion-esfuerzo.
Al acoplar la evolucion del campo de fase con otros campos fisicos, par-
ticularmente el flujo de fluidos, el modelo replico exitosamente casos de
referencia de la literatura, demostrando su confiabilidad y precision. Este
enfoque novedoso establece una via simplificada y robusta para implemen-
tar interacciones complejas que involucran miiltiples grados de libertad
(DoFs), mejorando significativamente la aplicabilidad del método de cam-

po de fase a problemas multifisicos del mundo real y ampliando su utilidad
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en ingenieria y ciencia de materiales.

* Modelado de fractura hidrdulica de campo de fase: El estudio examino
los efectos de varios métodos de acoplamiento entre el campo de fase y las
ecuaciones de flujo, comparando dos enfoques establecidos e introduciendo
un nuevo método mixto. Este nuevo enfoque de acoplamiento combinado,
que vincula la permeabilidad con la variable de campo de fase, mejora el
control sobre las transiciones de permeabilidad al integrar las ventajas tan-
to del método de descomposicion del dominio como del método de Darcy
modificado. Ademds, la incorporacion de una descomposicion de energia de
deformacion basada en Drucker-Prager como la fuerza impulsora de frac-
tura en la fracturacion hidrdulica de campo de fase permite que el modelo
capture fenomenos geotécnicos como la activacion de fallas, ampliando su
aplicabilidad a condiciones realistas del subsuelo. La influencia de dife-
rentes métodos de descomposicion de energia de deformacion también fue
analizada a través de un problema de interaccion de grietas, destacando
respuestas distintas en funcion del entorno de esfuerzo. Especificamente, la
trayectoria de la grieta permanece consistente cuando el esfuerzo principal
es de traccion; sin embargo, la presencia de esfuerzo de corte conduce a va-
riaciones en la trayectoria de la grieta segiin el método de descomposicion
de energia de deformacion elegido. Este hallazgo subraya la importancia de
seleccionar un método de descomposicion de energia adecuado para mo-
delar con precision las trayectorias de fractura bajo diferentes condiciones
de carga, ofreciendo un enfoque refinado para aplicaciones complejas en

mecdnica de rocas 'y geotécnica.
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4.2 Implicaciones y contribuciones

Esta investigacion aborda varios desafios clave en el campo de la mecdnica de
fracturas y tiene implicaciones de gran alcance tanto para la investigacion acadé-
mica como para aplicaciones industriales. Al avanzar en el método de fractura de
campo de fase y mejorar la precision de la estimacion de resistencia a traccion,
este trabajo contribuye al desarrollo de herramientas mds confiables para pre-
decir y gestionar fracturas en materiales similares a roca. Las implementaciones
prdcticas desarrolladas como parte de esta tesis proporcionan a investigadores
e ingenieros herramientas computacionales que pueden aplicarse directamente a
problemas complejos de fractura en industrias como la mineria, la extraccion de

petroleo y gas, la energia geotérmica y la ingenieria civil.

La introduccion de un marco generalizado para la descomposicion de energia de
deformacion extiende la aplicabilidad de los métodos de campo de fase a una
gama mds amplia de escenarios de fractura, particularmente en el modelado de
fallas compresivas. Esto es especialmente significativo en la ingenieria geotécni-
ca, donde los modos de falla compresiva son comunes pero dificiles de simular

con precision.

En conclusion, esta tesis proporciona un marco integral para el modelado de frac-
turas en materiales similares a roca utilizando el método de campo de fase. Las
contribuciones realizadas al campo de la mecdnica de fracturas tienen el poten-
cial de mejorar significativamente la precision y confiabilidad de las predicciones
de fractura tanto en la investigacion como en aplicaciones prdcticas, allanando

el camino para futuros avances en el campo.
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A pesar de los avances significativos logrados en esta tesis, persisten varias limi-
taciones. Los modelos propuestos, si bien son efectivos en la simulacion de una
variedad de comportamientos de fractura, siguen siendo intensivos en términos
computacionales, especialmente para problemas a gran escala que involucran in-
teracciones multifisicas complejas. La investigacion futura deberia enfocarse en
mejorar la eficiencia computacional de la implementacion actual. Esto se puede

lograr mediante diferentes métodos:

* Refinamiento de malla adaptativo (AMR) es una técnica computacional
que mejora la eficiencia y precision de las simulaciones numéricas ajus-
tando dindmicamente la resolucion de la malla donde sea necesario. En
el modelado de fractura de campo de fase, donde la simulacion captura
la evolucion de grietas en materiales, el AMR juega un papel crucial en
equilibrar los recursos computacionales con la precision de la solucion, es-
pecialmente en las regiones donde se desarrollan y propagan las grietas.
El AMR incrementa la densidad de malla (refinamiento) alrededor de dreas
criticas, como la punta de la grieta o el camino de fractura en evolucion,
donde los gradientes de la solucion son altos. Por el contrario, las regiones
alejadas de las zonas de fractura pueden usar una malla mds gruesa, redu-
ciendo el costo computacional sin sacrificar precision [106, 107]. Esto se

puede lograr utilizando la subrutina UMESHMOTION dentro de Abaqus.

* Minimizacion alternante (AM) es una técnica iterativa ampliamente utili-
zada en los métodos de fractura de campo de fase para resolver la forma
variacional de los problemas de fractura. Descompone un problema com-

plejo y acoplado de minimizacion en subproblemas, minimizando alterna-
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tivamente la energia total del sistema con respecto a cada campo de forma
independiente, simplificando el procedimiento de solucion y mejorando la

eficiencia computacional.
El procedimiento AM involucra dos pasos principales:

1. Minimizacion del desplazamiento: Comenzando con un campo de fa-
se inicial ¢, se minimiza la energia total con respecto al campo de

desplazamiento , tratando a ¢ como fijo.

2. Minimizacion del campo de fase: Utilizando el campo de desplaza-
miento actualizado , la energia se minimiza con respecto a ¢, man-

teniendo u fijo.

Este proceso alternante se repite hasta la convergencia, definida como cam-
bios minimos en ambos u'y ¢ a través de las iteraciones. Al transformar
un problema no convexo en dos subproblemas convexos, el AM asegura
estabilidad y soluciones robustas, incluso para simulaciones a gran esca-
la [6,25,45, 108]. Dado que el problema se divide en dos problemas distin-
tos, la implementacion dentro de Abaqus puede ser factible mediante scrip-

ting en Python para ejecutar una serie de problemas iterativos.

* Método de dominios de campo de fase activos e inactivos es un enfoque
simple y robusto para reducir el costo computacional. En este método, el
camino de fractura se predice primero con un modelo de malla gruesa, lue-
go el dominio se descompone en una region donde el grado de libertad del
campo de fase no estd definido (o se establece en cero) y una region donde
puede ocurrir la evolucion del campo de fase. Este método es sencillo y ren-
table, pero se recomienda para el modelo AT sobre el modelo AT2 debido
a que las condiciones de contorno se imponen en el dominio con un grado

de libertad de campo de fase activo. Este método ya ha sido probado en
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Abaqus [109] y puede extenderse a problemas multifisicos mds complejos.

Ademds, aunque el método de campo de fase se ha extendido exitosamente pa-
ra abordar fracturas compresivas, se requiere una investigacion adicional para
explorar las interacciones entre los modos de falla por traccion, compresion y
corte. El desdoblamiento basado en Bresler-Pister propuesto puede implementar-
se y probarse en diferentes estudios de caso, como el modelado de concreto bajo
carga multiaxial compleja. Ademds, el método generalizado propuesto se puede
utilizar para determinar la energia de deformacion para varios criterios de falla,

incluyendo:

* Criterio de Hoek-Brown [110] es un criterio empirico de resistencia am-
pliamente utilizado en mecdnica de rocas para estimar las caracteristicas
de resistencia y falla de masas rocosas fracturadas. El criterio de Hoek-
Brown es especialmente iitil en aplicaciones como el diseiio de tineles y
excavaciones subterrdneas, andlisis de estabilidad de taludes, y mds, pro-
porcionando una aproximacion realista de la resistencia de la masa rocosa,

particularmente en masas rocosas heterogéneas o fracturadas.

* Criterio de Griffith generalizado [60] es una extension del criterio de Grif-
fith aplicable para relaciones de resistencia arbitrarias, como se demuestra
en Section 3.1. Puede expresarse en términos de invariantes de esfuerzo,
permitiendo la determinacion del desdoblamiento de energia de deforma-
cion para estudios adicionales sobre el ensayo brasilefio utilizando el mé-

todo de fractura de campo de fase.

* Teoria de resistencia unificada (UST) es un marco integral en mecdnica y
ciencia de materiales que generaliza las teorias cldsicas de resistencia para
modelar materiales bajo estados de esfuerzo complejos [111-113]. La UST

supera las limitaciones de teorias tradicionales como Tresca, von Mises y
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Mohr-Coulomb al considerar el esfuerzo principal intermedio, esencial pa-
ra predicciones precisas en escenarios de esfuerzo 3D. Aplicable a diver-
sos materiales como metales, pldsticos, rocas y suelos, la UST es adaptable
mediante ajustes de pardametros. Su precision la hace valiosa en campos
como la ingenieria geotécnica y estructural, especialmente bajo condicio-
nes de esfuerzo triaxial. El modelo matemadtico de la UST integra esfuerzos
de corte y normales, mejorando las predicciones de falla de materiales en

entornos de esfuerzo multidimensional.

Ademds, el nuevo desdoblamiento de energia de deformacion basado en criterios
de falla puede aplicarse al avance de la fractura dictil elasto-pldstica utilizando
el método de campo de fase. El método de fractura de campo de fase se ha utili-
zado extensamente para modelar fracturas diictiles al tener en cuenta los efectos
de la plasticidad, con estudios recientes que demuestran como las energias de
deformacion eldstica y pldstica contribuyen distintivamente al modelado de frac-
turas [114-117]. Basdndose en esta metodologia, estudios adicionales podrian
aplicar un enfoque generalizado para el desdoblamiento de energia de deforma-
cion basado en criterios de falla (Section 3.4), permitiendo un modelado avan-
zado de fractura ductil cuando los criterios de falla y las superficies de fluencia
coinciden. Este enfoque busca representar mejor el comportamiento del material

al incorporar de manera integral la evolucion de dario y plasticidad.

El marco multifisico podria extenderse para acomodar problemas mds comple-
jos que involucren tres o mds variables de campo, como el modelado de energia
geotérmica [118], que integra ecuaciones mecdnicas, de campo de fase, de flu-
jo de fluidos y térmicas. Este acoplamiento puede realizarse mediante diversos
métodos, que pueden o no ser variacionalmente consistentes. Por ejemplo, los pa-
rametros de andlisis de material, fluido y calor podrian depender directamente de

la variable de campo de fase ¢, descomponiendo el dominio como se discute en
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Section 3.6.

Finalmente, el modelo actual podria desarrollarse aiin mds para incorporar efec-
tos dindmicos, permitiendo su extension a marcos de simulacion explicitos co-
mo Abaqus/Explicit [119]. La mayoria de las implementaciones existentes uti-
lizan una version explicita de una subrutina de elemento definida por el usuario
(VUEL), sin embargo, al introducir una analogia térmica para la fractura de cam-
po de fase, es posible usar subrutinas que funcionen a nivel de integracion, como
VHETVAL y VUMATHT. Este enfoque permite el modelado de problemas dindmi-
cos, incluyendo problemas multifisicos, en un entorno computacionalmente mds

robusto.
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ABSTRACT

The Brazilian test has been extremely popular while prompting significant debate. The main source of
controversy is rooted in its indirect nature; the material tensile strength is inferred upon assuming that cracking
initiates at the centre of the sample. Here, we use the Griffith criterion and finite element analysis to map
the conditions (jaws geometry and material properties) that result in the nucleation of a centre crack. Unlike
previous studies, we do not restrict ourselves to evaluating the stress state at the disk centre; the failure
envelope of the generalised Griffith criterion is used to establish the crack nucleation location. We find that the
range of conditions where the Brazilian test is valid is much narrower than previously assumed, with current
practices and standards being inappropriate for a wide range of rock-like materials. The results obtained are
used to develop a protocol that experimentalists can follow to obtain a valid estimate of the material tensile
strength. This is showcased with specific case studies and examples of valid and invalid tests from the literature.
Furthermore, the uptake of this protocol is facilitated by providing a MATLAB App that determines the validity

of the experiment for arbitrary test conditions.

1. Introduction

The Brazilian test, also known as the Splitting Tensile Strength
test, is arguably the most popular laboratory experiment for estimating
the tensile strength of rocks and other quasi-brittle materials.! It was,
independently, first proposed by Carneiro? and Akazawa® in 1943,
and has been considered a standardised test since 1978, when it was
included as a Suggested Method of the International Society for Rock
Mechanics (ISRM).* As shown in Fig. 1, the test is comprised of two
loading jaws, typically made of steel, and a disc-shaped sample. The
jaws are configured so as to contact the sample at diametrically-
opposed surfaces. Critical variables are the jaw radius, R;, the disk
radius, R,, the disk thickness 7, the measured reaction force P, and
the contact angle a.

Assuming isotropic, linear elastic material behaviour, Hondros®
derived an equation that relates the measured load P and contact angle
a with the maximum principal stress at the centre of the disk:

i(sina—%). &)

(61)x=0,y=0 = TR, ta

Thus, from the critical values of P and « at failure, one can use
Eq. (1) to estimate the material tensile strength o, upon assuming that
the maximum value of o, is attained at the centre of the disk: 6, =
(o )X=0,y=0. However, Eq. (1) is derived assuming the application of a

* Corresponding author.
E-mail address: e.martinez-paneda@imperial.ac.uk (E. Martinez-Pafieda).

https://doi.org/10.1016/j.ijrmms.2022.105227

uniform pressure. Moreover, being able to experimentally measure the
contact angle at failure is far from trivial. Consequently, standards are
built upon the assumption of a zero contact angle, simplifying Eq. (1)
to the case of a concentrated load:

P

(al)x=0¢y=0 = Kdl . for a—0. (2)

Eq. (2) is often referred to as the Hondros’s point load solution or
the Hertz solution.® Using Eq. (2), the material tensile strength can
be readily estimated from the critical load (P.): o, = ("l)x=0,y=o =
P./(zR,t). However, this indirect approach builds upon a number of
assumptions; most notably: (i) the load is assumed to be a concentrated
point load, and (ii) cracking initiates from the centre of the disk. In
practice, fulfilling these two assumptions depends on the choices of test
geometry and material. Numerical computations show the existence of
three regimes. Sufficiently low contact angles will satisfy Eq. (2) and
lead to a maximum value of ¢, at the disk centre. As the contact angle
increases, Eq. (2) is no longer satisfied, but the maximum magnitude
of the tensile principal stress is still attained at the centre. And finally,
if the contact angle is sufficiently large then not only is Eq. (2) not
satisfied but also the location of the maximum tensile stress moves
away from the disk centre. Thus, the validity of the Brazilian test
is sensitive to the contact angle at failure, which is itself dependent
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Available online 6 October 2022

1365-1609/© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).



Y. Navidtehrani et al.

Jaw

International Journal of Rock Mechanics and Mining Sciences 159 (2022) 105227

O, contact angle
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Fig. 1. Brazilian test configuration in the (a) undeformed, and (b) deformed states. The sketch shows the main variables: the jaw radius R;, the disk radius R;, and the contact

angle at failure a. A reaction force P is measured.

on the elastic properties of the disk and jaws (Young’s moduli E,,
E;; Poisson’s ratios vy, v;), the sample and jaw radii (R, R, and
the critical load (i.e., the material strength). Not surprisingly, this
sensitivity to material and test parameters has fostered significant
discussion in the academic literature. Despite the current popularity of
the Brazilian test, early studies highlighted the sensitivity of the crack
initiation location to the contact angle and questioned its use.”® The
debate is very much open and a myriad of papers have been published
trying to shed light on the validity regimes of the Brazilian test using
theoretical, numerical and experimental tools. Recent examples include
the work of Alvarez-Fernandez and co-workers’, who investigated,
experimentally and analytically, the influence of the contact angle in
the stress distribution and the failure load in slate. They reported that
contact angles in the range 23 — 32° were the most suitable to achieve
crack initiation near the disk centre. Markides and Kourkoulis'® used
analytical methods to evaluate the sensitivity of the stress state to the
jaw’s curvature, delimiting the conditions where Eq. (2) is applica-
ble. Gutierrez-Moizant et al.!'' conducted Brazilian tests in concrete
with various contact angles and recommended using a loading arc
of 20°. Bouali and Bouassida'? investigated the role of the contact
angle for both concrete and mortar, concluding that 20° was the most
suitable contact angle for concrete while 10° was recommended for
mortar. Garcia-Fernandez et al.'® conducted Brazilian tests in PMMA
samples, which enabled them to visualise the crack initiation process
and demonstrated the important role of the contact angle. Zhao and
co-workers'# used acoustic emission to investigate the role of the
experiment setup on the crack nucleation event. Aliabadian et al.'®
showed, using Digital Image Correlation (DIC), that the location of
crack nucleation was sensitive to the contact angle and estimated a
value of & = 25° as the most appropriate one for sandstone. Alternative
testing configurations have also been proposed (see, e.g., Refs. 16,
17 and Refs. therein). The aforementioned studies provide material-
specific estimations of test geometry (contact angles) that result in a
stress state where the maximum tensile stress is attained at the centre
of the disk. This can be achieved by using a sufficiently large jaw radius
(sufficiently small contact angle). However, small contact angles result
in high contact stresses that cause premature cracking near the loading
region.'® Thus, finding a suitable testing configuration involves striking
a balance between ensuring that the contact angle is both: (i) small
enough such that the maximum tensile stress is attained at the centre
and Eq. (2) is satisfied, and (ii) large enough such that cracking does not

occur in the compressive region beneath the jaw. This is not straightfor-
ward as it depends on a number of testing and material parameters and
even today technical standards differ in their recommendations (see,
e.g., Refs. 4, 19). There is a need for a generalised approach that will
enable mapping the regimes of validity of the Brazilian test for arbitrary
choices of material and test configuration.

In this work, we use the generalised Griffith criterion”?? to gain
insight into the location of crack initiation in the Brazilian test. By
considering the entire failure envelope, we ensure that not only is
the maximum tensile stress attained at the centre of the sample at
the moment of failure but also that this crack nucleation event is
not preceded by cracking elsewhere in the sample. Finite element
calculations are conducted to build maps that enable assessing the
experiment viability for any material and test geometry. First, we
analyse the stress state at the disk centre as a function of the load
and quantify the error associated with Hondros’s solutions, Egs. (1)
and (2), for relevant material properties and testing configurations.
Second, we map the conditions that lead to crack nucleation at the disk
centre and thus to a valid test. Calculations span the main classes of
rocks and assess the suitability of current testing standards. We find
that the range of conditions where a Brazilian test is valid is much
narrower than previously thought. A protocol is presented to ensure
that the experiment leads to a valid estimate of the material tensile
strength. This is exemplified with specific case studies and facilitated
by providing a MATLAB App that takes as input the test data and
provides as output the validity of the experiment and the magnitude
of the tensile strength.

2. Generalised Griffith criterion for crack initiation

Griffith?° studied the fracture of brittle materials under compressive
loads by assuming that the rupture process was driven by local flaws
within the material. As shown in Fig. 2, local tensile stresses will
develop near existing flaws when these are oriented at an angle relative
to the principal directions of the applied stress. Denoting the major and
minor principal stresses as ¢, and o3, respectively, Griffith’s?® two-part
criterion for the onset of fracture is given as follows,?

if 36,+03>0

6, =0, 3)
(6y —03)? = =80,(c; +03) if 30, +03<0

d A detailed derivation can be found in Ref. 21.
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Fig. 2. Local stress state in a Griffith micro-crack, with y denoting the crack inclination
angle. When the local tensile stresses reach the material tensile strength o,, wing cracks
nucleate near the edges of the original micro-crack.

with the initial crack orientation being respectively given by the angles:

w=x/2 if 36,+03>0

T R O i e :
w = ;cos (2(al+63)) if 30,+03<0

4

Two aspects must be emphasised. First, it is observed that for a
regime where o, is tensile and o5 is compressive with an absolute
value lower than three times o, conditions of purely tensile failure
take place, with cracks parallel to the original flaw®2. Second, the
criterion indicates that the material compressive strength o, is eight
times its tensile strength as Eq. (3)b gives 63 = 6, = —80, under
uniaxial compression (o; = 0). While this is of the right order of
magnitude, it limits the application of the criterion to materials with
a compressive-to-tensile strength ratio of 8. To overcome this and
generalise Griffith’s criterion, Fairhurst” proposed an extension to allow
for arbitrary compression-to-tensile strength ratios. This is achieved by
defining a parabolic Mohr envelope that encloses the uniaxial tensile
and compressive strength circles, with the former being touched at its
vertex and the latter being tangent to the envelope — see Fig. 3a.
Accordingly, defining » as the compressive-to-tensile strength ratio (n =
—o./0,), the relation describing the compressive strength circle is given
by,

no, )2 ) (mf, )2
+—=) +2= (= S
(‘7 2 ) "7 2 )
with ¢ and 7 respectively denoting the normal and shear stresses.

In terms of the principal stress space, the generalised Griffith crite-
rion reads:

o) =0, if m(m—2)o; +03>0

o3 =0, —(1=mPc, +2(1 —m)\/o, (6, - 6;) if mim—2)o,+03<0

(6)

where m is a material parameter defined as m = v/n+ 1. The failure
envelope is shown graphically in Fig. 3b. The generalised Griffith
criterion particularises to the original Griffith criterion (3) for n = 8
and otherwise extends it to arbitrary tensile and compressive material
strengths. It is worth noting that the adoption of the generalised Griffith
criterion necessarily implies that the Brazilian test is, generally, not a
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suitable experiment for measuring the tensile strength of materials with
n < 8; see Eq. ((6)a) and Fig. 3b and consider the fact that 3 ~ —30,
at the disk centre for zero or small contact angles.?!

3. The application of Griffith’s criterion to the Brazilian test

During the Brazilian split test, the material points in the disk un-
dergo a stress state that is characterised by two domains in the principal
stress state — see Fig. 4. In some regions, such as in the vicinity of the
jaws, material points exhibit compressive major and minor principal
stresses (6, < 0&o3 < 0). However, near the centre of the disk, the
stress state is characterised by a maximum principal stress in tension
(o), > 0) and a minimum principal stress in compression (o3 < 0).

As discussed in Section 1, the controversy surrounding the Brazilian
test is related to the crack initiation location. For the experiment to
provide a valid estimate of the material tensile strength, the onset of
cracking must take place at the centre of the disk and the relation
between the critical load and o, at the disk centre must be known. One
can use the failure envelope of the generalised Griffith criterion (Fig. 3)
to analyse the stress state in the disk and map the conditions of validity.
This is shown in a schematic manner in Fig. 5, where a cloud of points
is used to represent the potential stress states in a discrete number of
material points distributed within the disk, (o,03),). Two scenarios
can essentially occur. On the one hand, Fig. 5a, the test is invalid if the
first material point reaching the failure envelope is not located in the
centre of the disk. This is, for example, what happens when cracking is
observed close to the loading jaws. On the other hand, Fig. 5b, if the
failure envelope is reached first by the material point located at the
disk centre (x = 0, y = 0), then a valid estimate of the tensile strength
is obtained: o, = (¢) 0 )-

For a given applied load, test geometry and elastic properties of
jaws and disk, the validity of the test will be determined by the failure
envelope (i.e., the magnitude of ¢, and ¢,). Fig. 5¢ shows a scenario
where one of the conditions of validity of the Brazilian test has been
met: the centre of the disk (green dot) is in a stress state where
(6100 = o, However, the test is still not valid if the ratio o./0,
is sufficiently low — several material points are above the envelope,
implying that failure has occurred elsewhere at a smaller load. This
scenario is illustrated with a red dotted curve in Fig. 5c. If the ratio
o, /o, is sufficiently large (green dashed curve), then the only point in
contact with the envelope is the centre one, and the experiment is valid.

The limiting case is that where the failure envelope is met at two
or more points at the same time, one of which is located at the disk
centre. This is illustrated in Fig. 5c with an orange dash-dotted line
and provides the threshold of admissible ¢, /o, ratios for a Brazilian test
to be valid. Thus, for a given load, geometry and material parameters,
one can use numerical analysis to estimate the stress state at any point
in the disk (6}, 03),, and utilise the generalised Griffith criterion to
determine the compressive strength associated with a failure envelope
passing through that point; i.e., re-arranging Eq. (6)b:

2
(at - \/at (00 = (D) + \/‘71 (o - (63)(va))>

(O-c)(x,y) = —0; 0_12 -1

)

For the failure condition to be first met at the disk centre, the
maximum value of (s,), among all material points in the disk, as
estimated via Eq. (7), must be equal or smaller than the real material
compressive strength o,. Hence, since ¢, is a known material property
that can be measured independently, one can combine numerical anal-
ysis and the generalised Griffith’s criterion to map the conditions that
lead to failure initiation from the centre of the disk. In this way, the
two validity conditions of the Brazilian test — cracking initiating at the
centre (0,0) and (o), = 6, — can be incorporated in the analysis, as
shown below.



Y. Navidtehrani et al.

72 =
(m - 1)2Ot (Ut

‘O')

International Journal of Rock Mechanics and Mining Sciences 159 (2022) 105227

TA

O = —N0oy

gt >O-

Fig. 3. Generalised Griffith criterion. Mohr diagram showing the generalised parabolic failure envelope in terms of: (a) normal ¢ and shear 7 stresses, and (b) minor ¢; and major

o, principal stresses. Here, n = —o, /o, and m = \/n+ 1.
4. Analysis

We proceed to combine finite element analysis and the generalised
Griffith criterion to map the regimes of validity of the Brazilian test.

4.1. Preliminaries

The location of crack initiation in the Brazilian test is a function of
2 geometrical and 6 material parameters: the jaw radius (R i) the disk
radius (R,), the elastic properties of the disk (E,, v,) and jaws (E s vj),
and the tensile (6,) and compressive (c,) strengths of the material being
tested. Assuming that cracking initiates along the vertical middle axis
of the disk, the crack initiation location can be fully characterised by
a variable Y, equal to O at the centre and to R, at the edge. Then,
dimensional analysis dictates that the solution is a function of the
following non-dimensional sets:
L=F<ﬁ,ﬂ,vj,vd,&,i>, ®
R, R, Ey E; E4

Further assuming that crack nucleation takes place at the centre of
the disk (Y /R, = 0), as required for the test to be valid, then Eq. (8)
can be re-arranged to:
2:G<ﬁ,ﬂ,vj,vd,i>. ©
o R, E4 E,
Thus, conducting calculations over relevant ranges of the five non-
dimensional sets in Eq. (9) will enable mapping the conditions that lead
to cracking at the disk centre.

We use the GRANTA Material library?® to define a suitable range
of material properties. The Young’s modulus, Poisson’s ratio, tensile
strength and compressive strength of the most widely used rock-like
materials are shown in Figs. 6a—6¢. To conduct a comprehensive anal-
ysis, we vary the Young’s modulus of the disk from 5 to 150 GPa.
Also, Poisson’s ratio is varied within the range 0.1 to 0.4. The jaws
are typically made of steel and thus the following elastic properties
are assumed: E; = 210 GPa and v = 0.3. Given that E; and v; are
fixed (and known), the dimensional analysis conducted above suggests
that the two critical non-dimensional sets are o, /0, and o./E,. Thus,
we proceed to plot their relationship for a wide range of materials in
Fig. 6d. It can be observed that relevant ranges of ¢, /0, and ¢./E, are
approximately 2-30 and 0.0001-0.01, respectively.

To determine the stress state within the disk we conduct finite
element analysis of the contact between the jaws and the sample and
the subsequent material deformation. The commercial finite element
package ABAQUS is used. Only one quarter of the test is simulated,
taking advantage of symmetry. The radius of the disk equals R, =
10 mm while the jaw radius is varied from R; = 11 mm to the case of
a flat jaw geometry (R; — o0). Quadratic quadrilateral finite elements
with full integration are used to discretise the disk and the jaw. Plane
strain conditions are assumed. After a sensitivity analysis, a total of
28,241 elements are used to discretise the disk and between 4102
and 4459 elements are used for the jaw. The mesh is particularly
fine in the disk and in the regions of the jaw that are in contact
with the disk. A uniform negative vertical displacement is applied at
the top of the jaw and the resulting reaction force is measured. The
contact behaviour is modelled as follows. For the normal behaviour, we
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Fig. 4. Stress states and typical failure envelope for rock-like materials, emphasising the two regimes relevant to the Brazilian test. The stress states are shown in the principle
stress diagram, with tensile stresses being positive and o, and o; respectively denoting the major and minor principal stresses.

consider surface-to-surface hard contact, where Lagrangian multipliers
are used to ensure that the contact pressure and the contact constraint
minimise overclosure. For the tangential behaviour, frictionless contact
is generally assumed although the role of friction is also investigated
(see Section 4.3.4), revealing a negligible influence.

4.2. Mapping the stress state at the disk centre

We shall start by quantifying the relationship between the load P
and the stress state at the centre of the disk under a wide range of
conditions. The goal is to map the scenarios where Egs. (1) and (2) are
valid. We shall start by assessing the validity of Eq. (2), an intrinsic
assumption in the standards. The finite element results obtained are
shown in Fig. 7 in terms of the stress state at the centre of the disk
(x = 0,y = 0) versus the load for a wide range of E;/E, values
and selected choices of jaw radius, as given by the ratio R;/R,. In
terms of test geometry, three scenarios are considered: R;/R; = 1.1,
R;/R; = 15 (as in the ISRM standard) and flat jaws (one of the
configurations recommended by the ASTM standard). The limits of the
x-axis are chosen so as to encompass a wide range of realistic contact
angles; the upper limit (P/(zR,t) = 0.0003E;) corresponds to a tensile
strength of roughly 60 MPa if a steel jaw (E; = 210 GPa) is considered in
Eq. (2), which is sufficiently high to cover the vast majority of rock-like
materials.

The results reveal that Eq. (2) is only valid for low load magnitudes
and small E;/E, ratios. The error is particularly significant for low
R;/R, values — note the y axis limits in Fig. 7a. But even for the case
of flat jaws, as recommended by the ASTM standard, (a,),0,/(P/7 Ryt)
is only equal to 1 for low contact angles (low P) and small Young’s
modulus mismatch. Consider for example a sandstone with E; = 20 GPa
(E;/E,; = 10.5) and tensile strength ¢, = 20 MPa (P/(zR,;1) ~ 0.0001E)),
see Fig. 6; in all cases Eq. (2) is not fulfilled, with the errors being of
roughly 5%, 2% and 0.5% for, respectively, the cases of R;/R, = 1.1,
R;/R, = 15 (as suggested by ISRM) and flat jaws (as suggested by

the ASTM standard). The maximum errors observed for these three
configurations, relevant to materials with high tensile strength and low
stiffness, are respectively 36%, 13% and 5%. However, these maps
enable a precise determination of the stress state in the centre of the
disk and, accordingly, of the material tensile strength o,. One can use
them to assess if the error intrinsic to the adoption of the point load
equation is admissible, or directly as a replacement to Eq. (2), as these
maps enable determining the precise value of ¢, (= o,) at the disk centre
as a function of the material properties, test geometry and critical load.

The results obtained for a wide range of jaw radii are given in
Fig. 8. Maps are provided as a function of the normalised load, using
the Young’s modulus of the rock as normalising parameter. Two figures
are shown, corresponding to the lower and upper bounds of the elastic
modulus; E;/E, = 42 (E; ~ 5 GPa, Fig. 8a) and E;/E, = 14
(E; ~ 150 GPa, Fig. 8b). Maps for other scenarios are provided in
the Supplementary Material, so that experimentalists can accurately
determine the stress state at the disk centre for arbitrary materials and
test conditions. See also the Matlab App described in Appendix A. In
agreement with expectations and with the results shown in Fig. 7, stiffer
materials bring the stress state close to that fulfilling Eq. (2). Also, the
error is relatively small when large jaw radii are used, with the limiting
case being given by the flat jaws recommended by ASTM.'°

Let us assume that the contact angle can be experimentally deter-
mined and assess the accuracy of Hondros’s analytical solution for a >
0, Eq. (1). The finite element prediction of maximum principal stress at
the disk centre is shown in Fig. 9 normalised by Hondros’s analytical
solution for a uniformly distributed load. Results are shown for the
lower and upper bounds of the elastic modulus considered above, and
as a function of the jaw radius. Differences are overall small, as could
be expected from Saint-Venant’s principle. However, the assumption
of a uniform pressure, intrinsic to Hondros’s solution, leads to errors
above 3% for softer rocks and curved jaw configurations such as that
of the ISRM standard. As in Figs. 7 and 8, the error becomes negligible
for rocks on upper end of the stiffness spectrum and for jaws with
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Valid test

Crack initiation

/ point

@  Stress state at selected points in the disk, (01,03) (x,)

Stress state in the disk centre, (01, 03)(0,0)

o. threshold above which cracking
nucleates at the disk centre

Fig. 5. Stress state at a discrete number of material points within the Brazilian disk and failure envelopes based on the generalised Griffith criterion. (a) Conditions leading to an
invalid test; failure is attained outside from the disk centre. (b) Conditions leading to a valid test; o, = o, at the centre of the sample (0,0). (c) Validity of the test as a function
of the failure envelope (o,, o,) for a given stress state associated with a load P. A green dot is used to denote the stress state at the disk centre (0,0).

large radius. Notwithstanding, as discussed below, the use of a large
jaw radius favours the nucleation of cracking far from the disk centre,
making the test invalid.

4.3. Mapping the conditions that lead to cracking at the disk centre

Low contact angles lead to stress states that are close to the Hondros
equations. However, this is not sufficient for the test to be valid as
cracking can nucleate outside of the disk centre, as it is often reported
when flat or large-radius jaws are used (see, e.g., Refs. 12, 24, 25).
While the maps presented in Section 4.2 provide a relationship between
the critical load and the tensile strength (even if Eq. (2) is not met), this
is only meaningful if the critical load is associated with the initiation
of cracks at the disk centre and not elsewhere. To determine the
location of crack nucleation, we combine the generalised Griffith failure
envelope and finite element analysis (see Section 3). To achieve this,
we start by assuming that cracking initiates at the disk centre, where
o6, = o, and assess that assumption by comparing the compressive-
to-tensile strength ratio resulting from the test with the admissible
range of o,/c, ratios. If the latter is greater than the former, then
cracking initiates outside of the disk centre and the test is invalid.
Specifically, for each combination of material and test parameters, the
process is as follows. Firstly, a finite element analysis is conducted to
estimate the principal stresses (o, o3) at each integration point for a
wide range of load increments. Secondly, Eq. (7) is used to compute

the minimum admissible o, (i.e., the maximum o, among all material
points). Finally, from the threshold ¢, and the assumption (o)) = o,
a data point is established relating the material and test parameters to
the threshold of admissible o, /6, values. Each map, such as Fig. 10a, is
built using approximately 20,000 of these data points and interpolating
in-between. The process is automated by means of Python and MATLAB
scripts.2®

4.3.1. The influence of the jaw radius

We start by mapping the influence of the jaw radius on the validity
of the Brazilian test. Fig. 10 shows, following the procedure described
above, the relation between the jaw radius (as given by R;/R,), the
non-dimensional set 6,/E, and the minimum acceptable compressive-
to-tensile strength ratio. Maps are provided for two limit cases of disk
elastic properties: E;/E;, = 42 (i.e., E; ~ 5 GPa) and E;/E; = 14
(i.e., E; ~ 150 GPa), with the majority of rock-like materials expected
to fall between these two cases. By comparing Figs. 10a and 10b, it can
be seen that while E;/E, influences the results, the role appears to be
of secondary nature relative to the influence of the jaw radius.

The results reveal the following trends. First, for a given jaw radius,
the range of admissible ¢, /o, ratios increases with increasing o,./E,,
as valid tests (centre cracking) are those above the o,/c, threshold.
When the compressive strength increases, the likelihood of cracking
nucleating outside of the disk centre decreases. For example, consider
the specific case E;/E, =42 and R;/R; = 1.5. When ¢,/ E; = 0.002, the
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Fig. 6. Material property range of rock-like materials. Ashby charts showing the relations between (a) Young’s modulus (E) and compressive strength (c,), (b) Young’s modulus
(E) and tensile strength (s,), (c) compressive (6,.) and tensile (5,) strengths, and (d) ratio of compressive-to-tensile strength (o, /0,) and ratio of compressive strength to elasticity
modulus o, /E. The data is taken from the GRANTA Material library®® for granite, slate, marble, sandstone, limestone, concrete, cement and asphalt. The typical ranges for the
Poisson’s ratio of these materials are: granite v = 0.15 — 0.26, slate v = 0.22 — 0.3, marble v = 0.14 — 0.22, sandstone v = 0.22 — 0.29, limestone v = 0.2 — 0.26, concrete v = 0.1 — 0.2,

cement v =0.2 —0.24, and asphalt v = 0.35 — 0.36.

region of validity is o./6, > 28, whereas when o./E,; = 0.01, the ratio
o./0; needs only to exceed 11. Also, lower E, values result in larger
contact angles and thus less chances of cracking occurring nearby the
loading jaws. This is also observed by comparing Figs. 10a and 10b;
the stiffer the sample the more likely that cracking will occur in the
compressive regions. Importantly, the results provide o, /o, thresholds
below which it is not possible to obtain a valid Brazilian test. Thus, it
is not possible to obtain a valid result if 6, /o, < 7, independently of the
jaw radius. For ¢./E, ratios as high as 0.01, the ISRM (R;/R,; = 1.5)
configuration provides thresholds of ¢,/c, equal to 11 (Fig. 10a) and
8 (Fig. 10b). While the ASTM (flat jaws) configuration gives o,/c,
thresholds of 20 (Fig. 10a) and 14 (Fig. 10b). Hence, as it can be seen
in Fig. 6(d), conducting Brazilian tests in agreement with the ISRM and
(particularly) ASTM guidelines will lead to invalid results for a range
of rocky materials, independently of the jaw radius.

4.3.2. The influence of Young’s modulus

We proceed to report the effect of the Young’s modulus of the
sample (E,) for selected testing geometries. Specifically, results are
shown for a small jaw radius (Rj/Rd = 1.1) and the ISRM (Rj/Rd =1.5)

and ASTM (flat jaws) recommended configurations. The maps obtained
are presented in Fig. 11.

Several observations can be drawn. First, the flatter the jaws the
higher the sensitivity to the elastic stiffness of the sample. The map
is wider and more significant differences can be observed between the
admissible limits for a given ¢,/ E, value. A smaller range of admissible
o./o, ratios (i.e., lower threshold values) is predicted with increasing
jaw radius. This is consistent with expectations in terms of contact
angles; high contact angles can readily be achieved with curved jaws
while flat or large radius jaws can only do so if the disk is soft.
Second, the figure emphasises the limitations of current standardised
procedures. As shown in Fig. 6(d), many materials lie within the region
delimited by 0.001-0.004 ¢./E, and 5-15 ¢,/0,. However, the maps
obtained for the ISRM and ASTM standards fall above this region,
implying that the tests will necessarily result in estimates below the
admissible ¢, /o, threshold and thus cracking is predicted to occur in
the compressive region, rather than in the disk centre.

4.3.3. The influence of Poisson’s ratio
The role of the disk’s Poisson’s ratio is examined in Fig. 12. Two
limit values are considered, v; = 0.1 and v, = 0.4, and results are
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Fig. 7. Maps to quantify the stress state at the disk centre as a function of the material properties, test geometry and critical load. Normalised major principal stress versus
dimensionless load for a wide range of E;/E, values and the following test geometries: (a) R;/R; = 1.1, (b) R;/R; = 1.5 (as recommended by ISRM), and (c) flat jaws (as

recommended by ASTM). Poisson’s ratio in the disk is taken to be v, = 0.2.

obtained for limit cases of E;/E, and R;/R, so as to span all scenarios.
Overall, Poisson’s ratio seems to play a very secondary role. The effect
is negligible for low jaw radii (R;/R, = 1.1) and this appears to be
insensitive to the elastic modulus mismatch (E i/ E4). Some differences
are observed for jaws with a large radius, with smaller Poisson’s ratios
further reducing the range of admissible compressive-to-tensile strength
ratios. This implies that the appropriate value of Poisson’s ratio must be
used when assessing the validity of the Brazilian test in a configuration
with flat or large-radius jaws, as in the ASTM standard.'®

4.3.4. The influence of friction

To investigate the role of friction, simulations are conducted with a
friction coefficient of 4 = 0.8, an upper bound with respect to the values
that may be expected for rock/metal interfaces. A penalty method
is used to incorporate friction into the model. As in the Poisson’s
ratio study, we consider limit values of E;/E, and R;/R, to span all
relevant conditions. The results are shown in Fig. 13 for a Poisson’s
ratio of v; = 0.1; consistent with the observations above, other values
of the disk’s Poisson’s ratio led to identical conclusions. As it can be
observed, no noticeable differences are seen between the simulations

with and without friction. This also holds for other values of the friction
coefficient (results not shown) and is in agreement with the secondary
role of friction reported in the literature.?’-3° While friction is known
to influence the stress state of material points near the jaws,*! these
points appear to play a secondary role in our analysis of the validity of
the Brazilian test.

4.4. Representative case studies

Let us now showcase the importance of the maps presented above
by particularising them to the study of common rock materials. Fig. 14
shows the results obtained for granite, sandstone, limestone and mar-
ble. To build the maps, a Poisson’s ratio of v, = 0.2 is adopted in all
cases, while the Young’s modulus equals E; = 60 GPa (Ej /E; = 3.5)
for granite, E, = 20 GPa (E;/E, = 10.5) for sandstone, E, = 50 GPa
(E;/E; = 4.2) for limestone, and E; = 60 GPa (E;/E; = 3.5) for
marble. The space that these materials occupy in a compressive-to-
tensile strength ratio versus o./E,; plot is shown by means of ellipses,
based on the material properties available in the GRANTA Material
library?® (see Fig. 6(d)). As before, estimates of the admissible o, /s,
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Fig. 8. Maps to quantify the stress state at the disk centre as a function of the material properties, test geometry and critical load. Normalised major principal stress versus
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Fig. 9. Maps to evaluate the accuracy of Hondros’s analytical solution for a uniformly distributed load, Eq. (1). The finite element predictions of the maximum principal stress
at the disk centre are normalised by Hondros’s stress solution, denoted as ;. The results are obtained for a wide range of R;/R, values and the following bounds of the elastic

stiffness: (a) E;/E; =42, and (b) E;/E; = 1.4.

ratios are provided for jaw radii varying from R;/R, = 1.1 to the flat
jaws recommended by the ASTM standard.'®

Consider first the case of granite, Fig. 14a. Flaw radii from R;/R, =
1.1to R;/R,; = 2.2 can be used to obtain valid estimates for granite
materials within the upper estimates of compressive-to-tensile strength
ratios. This includes the ISRM configuration (R;/R; = 1.5), which
appears to be suited for some classes of granite. The number of suitable
testing configurations improves for sandstone, see Fig. 14b. Types of
sandstone can be adequately tested with jaw radius up to R;/R; =7
but the use of flat jaws would lead to an invalid result and no testing
configuration is suitable for sandstones with low o,/0c, ratios. In the
case of limestone, see Fig. 14c, only jaw radii from R;/R; = 1.1 to
R;/R,; = 1.3 can be used and these cover only those limestones with
high compressive strength. In this case, it is not possible to get a valid
estimate of o, with the ISRM testing configuration for any type of
limestone. Finally, the results obtained for marble (Fig. 14d) show that

only a small class of marbles can be adequately characterised with the
Brazilian test, and this requires using the smallest jaw radius considered
(R;/R, = 1.1). Again, as in the case of limestone, it does not appear to
be possible to measure the tensile strength of any class of marble using
the Brazilian test configuration suggested by the ISRM. Remarkably,
the flat jaws recommended by the ASTM standard are shown to be
generally unsuited to provide a valid estimate of the tensile strength,
across the wide range of granites, sandstones, limestones and marbles
considered.

The maps presented can be used by experimentalists to assess
the validity of the their testing configuration, as described below. To
facilitate this, we provide as Supplementary Material admissible ¢, /o,
maps for relevant ranges of material properties and testing parameters.
Moreover, as described in Appendix A, a MATLAB App is provided that
includes a convenient graphical user interface to readily confirm the
validity of the test, based on the criteria and analyses conducted here.
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5. A protocol for evaluating the validity of the Brazilian test

Identifying experimentally the location of crack nucleation in the
Brazilian split test is hindered by the brittle behaviour of rocks; the-
oretical endeavours are needed to map the conditions of validity of
the Brazilian test. The generalised Griffith criterion provides a suitable
platform to achieve this as its failure envelope is given by two material
properties: the tensile strength ¢,, which is estimated from the Brazilian
test, and the compressive strength ., which can be measured inde-
pendently. In the following, we use the maps presented in Section 4
to provide a protocol to assess the validity of the Brazilian test as a
function of the material and testing parameters. This is illustrated with
examples of valid and invalid tests taken from the literature.

The protocol is a two-step process. First, one has to determine what
is the maximum principal stress at the centre of the disk and second,
one has to assess if cracking nucleated at the disk centre or elsewhere.
Hondros’s equations provide an estimate for the first step, but we have
seen in Section 4.2 that these can be inaccurate. Thus, it is suggested
that the maps provided in Section 4.2 and in the Supplementary Mate-
rial are used instead to accurately determine the stress state at the disk
centre. This corresponds with the material tensile strength (¢, = o,)
if cracking initiated at the centre. The location of crack initiation is

11

assessed by using the maps presented in Section 4.3; since ¢, and E,
are known (they can be measured independently) we can estimate what
is the admissible compressive-to-tensile strength ratio ¢, /o, for a choice
of jaw radius R;/R,,. If the magnitude of ¢, /o, resulting from the test is
below this admissible threshold, then the test is invalid as cracking has
nucleated outside of the centre of the disk. Alternatively, one can use
this information before the test, using approximate expected values of
o, (e.g., taken from the literature) to decide what is the most suitable
testing geometry (R;/R,).

The protocol is exemplified with two examples of valid and invalid
tests, taken from the literature. Specifically, we take as case studies
the experiments by Sun and Wu®’ on sandstone using the ISRM test
configuration and the work by Duevel and Haimson®® on granite, also
using the ISRM recommended testing geometry. In both cases the jaws
were made of steel, with elastic properties E; = 210 GPa and v; = 0.3.
For the sandstone tested in Ref. 32, the reported elastic properties are
E,; =19.15 GPa and v; = 0.17 and the material compressive strength is
6, = 99.93 MPa. For the pink Lac du Bonnet granite study by Duevel and
Haimson, the elastic properties are given by E, = 74.2 GPa and v; =
0.25, while the compressive strength was found to be 6, = 219 MPa.3334
The Brazilian tests conducted in Ref. 32 and Ref. 33 led to tensile
strengths of 6, = 7.51 MPa and 6, = 11.4 MPa, respectively. Following
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Fig. 14. Maps to assess if cracking nucleates at the centre: application to: (a) granite, (b) sandstone, (c) limestone, and (d) marble. The figure shows admissible compressive-to-tensile
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the GRANTA Material library.”?

the protocol presented above, we shall start by assessing the stress state
at the disk centre at the critical load.

As described above, the first step lies in finding the maximum
principal stress o, at the centre for the critical applied load. Fig. 15
shows the maps presented in Section 4.2 particularised for the two case
studies considered here: a sandstone with E;/E; = 10.96 and v, = 0.17
(Fig. 15a) and a granite with E;/E; = 2.83 and v, = 0.25 (Fig. 15b).
The results of Fig. 15 reveal that, while in both case studies the stress
state in the disk centre is not described by the point load equation, this
approximation provides a good estimate. In the case of the sandstone
study by Sun and Wu>? the error relative to Eq. (2) is below 0.5%
while in the granite experiment by Duevel and Haimson®® the error
is roughly 0.2%. As shown in the figure, a better approximation can
be obtained with flat jaws. In any case, Fig. 15 provides a way of
obtaining an accurate estimate of the maximum principal stress at the
disk centre, which equals 6, = 7.47 and ¢, = 11.38 MPa for, respectively,
the sandstone and the granite under consideration. These magnitudes

12

correspond to the material tensile strengths, provided that cracking
nucleates at the disk centre.

The second and last step involves assessing the crack nucleation
location. For the test to be valid, cracking must begin from the disk
centre and, following the Griffith’s generalised criterion, this will only
happen if the compressive-to-tensile strength ratio is above the thresh-
old of admissible values. Thus, given that ¢, and E, are known, we can
take the o, value obtained from the experiment in step 1 and see where
the experimental data point lies in the maps presented in Section 4.3;
this is done in Fig. 16 for both case studies and the testing geometries
recommended by ASTM and ISRM, being the latter the one used in the
tests.

The results of Fig. 16 show that while the granite study of Duevel
and Haimson®® provides a valid estimate of the material tensile
strength, this is not the case for the sandstone experiment of Sun and
Wu.32 The experimental data point lies below the contour correspond-
ing to the testing geometry employed (R;/R, = 1.5), suggesting that
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Fig. 15. A protocol for assessing the validity of the Brazilian test. Step 1 - evaluating the stress state at the disk centre for (a) the sandstone tested by Sun and Wu,*? and (b) the
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(R;/R; = 1.5) and ASTM (flat jaws) testing configurations.
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Fig. 16. A protocol for assessing the validity of the Brazilian test. Step 2 - evaluating the crack nucleation location for (a) the sandstone tested by Sun and Wu,*? and (b) the granite
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and ASTM (flat jaws) testing configurations. The admissible compression-to-tensile strengths establishes the threshold below which cracking initiates outside of the disk centre and
the test becomes invalid.
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cracking has initiated outside of the centre of the sample. This was
also inferred from active and passive ultrasonic techniques in the study
by Sun and Wu®?, who concluded that cracking had initiated close
to the jaws. Their comprehensive analysis, including numerical and
experimental analysis of multiple testing configurations, showcased the
limitations of the Brazilian test. The protocol and maps provided here
(see also the Supplementary Material and Appendix A) enable estab-
lishing the conditions where the Brazilian test is valid, upon assuming
that crack propagation is well approximated by the generalised Griffith
criterion.

6. Conclusions

We have combined the generalised Griffith criterion and finite
element analysis to theoretically assess the validity of the Brazilian split
test. Maps have been provided to evaluate, as a function of material
properties and test geometry, the fulfilment of the two assumptions in-
herent to the indirect estimate of the material tensile strength provided
by the Brazilian test; that (i) the load is related to the maximum princi-
pal stress at the disk centre through Hondros’s equations, and that (ii)
cracking starts at the centre of the sample. The use of the generalised
Griffith criterion enables assessing (ii) using a failure envelope that is
solely a function of two material properties that can be independently
measured: the tensile (¢,) and compressive (c.) strengths. Our main
findings are the following:

For relevant contact angles, there is a noticeable deviation from
the stress solution for a point load. However, the error remains
small (below 5%) for a wide range of rock-like materials if flat or
large-radii jaws are used.

The use of the Hondros’s stress solution for a uniformly dis-
tributed load ensures that the error does not exceed 4% for rele-
vant ranges of stiffness mismatch and jaw radius. However, unlike
the maps provided, requires an experimental characterisation of
the contact angle at failure.

The use of jaws with large radii favours the initiation of cracking
in the compressive region, far from the disk centre, making the
test invalid.

The location of crack initiation is particularly sensitive to the
testing geometry and, to a lesser degree, to the stiffness of the
sample. Poisson’s ratio plays a negligible role in jaws with a small
radius but has an effect in the case of flat jaws. No influence of
friction is observed.

The analysis of the main classes of rocks reveals that the Brazilian
test is not a suitable experiment for a wide range of materials.
Only a small set of marbles and limestones (those with high ¢, /c,)
can be adequately characterised and this requires the use of jaws
with small radii. On the other hand, large-radius jaws can be used
to test a range of granites and sandstones. The ISRM configuration
(R;/R, = 1.5) appears to be solely suitable for these two latter
classes of rocks, while the ASTM test geometry (flat jaws) was
found to be unsuited to provide a valid estimate of tensile strength
for any of the rock-like materials considered.

These findings suggest that the regimes of validity of the Brazilian
test are much smaller than previously thought. To overcome these
shortcomings and determine the range of conditions that lead to a valid
Brazilian test, we have provided:
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» Maps that relate the critical load with the stress state at the disk
centre. These allow for accurately estimating the tensile strength
without the need of using the approximation provided by the
Hondros’s equations.

Maps that quantify the admissible compression-to-tensile strength
ratios above which cracking initiates at the centre of the disk.
These allow determining if the test is valid a posteriori or making
a priori decisions of adequate test geometries based on expected
o, values.

A two-step protocol that will allow experimentalists to determine
the validity of the test and accurately estimate the material tensile
strength. The protocol is demonstrated with examples of valid
and invalid tests from the literature. To facilitate uptake, this is
encapsulated into a MATLAB App with an easy user interface.
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Appendix A. BrazVal: A MATLAB App to assess the validity of the
Brazilian test

A Matlab App is provided to facilitate the assessment of the valid-
ity of the Brazilian test, as per the Griffith generalised criterion and
the analysis described in this manuscript. As shown in Fig. A.1, the
MATLAB App contains a simple graphical user interface where the
user provides as input variables the parameters related to the disk
sample (radius R,, Young’s modulus E,, Poisson’s ratio v,;, compressive
strength o, and thickness 1) and to the jaws (radius R;, Young’s modulus
E;, Poisson’s ratio v;), as well as the critical load measured P,. Upon
clicking the button Run, the App provides the material tensile strength
o,. If the test is deemed invalid, the message INVALID will be shown
instead. In addition, the App provides the user with the tensile stress
estimate based on Eq. (2), the actual tensile stress at the disk centre
(which will coincide with o, if the test is valid) and the maximum
allowable tensile strength, as determined from the threshold o, /5, ratio
that ensures that cracking nucleates earlier at the disk centre than
elsewhere.

The information provided by the App is based on a data grid
generated by performing finite element calculations such as those
described in Section 4. For scenarios for which data points do not
exist, an estimate is attained by using linear interpolation (MATLAB’s
function griddedInterpolant). The App can be downloaded from
www.empaneda.com/codes
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Fig. A.1. Graphical User Interface (GUI) of BrazVal, a MATLAB App to assess the validity of the Brazilian test, as a function of material and testing parameters. The App can be

downloaded from www.empaneda.com/codes.

Appendix B. Supplementary data

Supplementary material related to this article can be found online
at https://doi.org/10.1016/j.ijrmms.2022.105227.
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ABSTRACT

The phase field fracture method is attracting significant interest. Phase field approaches have enabled predicting
- on arbitrary geometries and dimensions - complex fracture phenomena such as crack branching, coalescence,
deflection and nucleation. In this work, we present a simple and robust implementation of the phase field frac-
ture method in the commercial finite element package Abaqus. The implementation exploits the analogy between
the phase field evolution law and the heat transfer equation, enabling the use of Abaqus’ in-built features and
circumventing the need for defining user elements. The framework is general, and is shown to accommodate dif-
ferent solution schemes (staggered and monolithic), as well as various constitutive choices for preventing damage
under compression. The robustness and applicability of the numerical framework presented is demonstrated by
addressing several 2D and 3D boundary value problems of particular interest. Focus is on the solution of paradig-
matic case studies that are known to be particularly demanding from a convergence perspective. The results
reveal that our phase field fracture implementation can be readily combined with other advanced computational
features, such as contact, and deliver robust and precise solutions. The code developed can be downloaded from
www.empaneda.com/codes.

1. Introduction

Modelling the morphology of an evolving interface is considered to
be a longstanding mathematical and computational challenge. Tracking
interface boundaries explicitly is hindered by the need of defining
moving interfacial boundary conditions and manually adjusting the
interface topology with arbitrary criteria when merging or division
occurs (Biner, 2017). Phase field formulations have proven to offer a
pathway for overcoming these challenges. In the phase field modelling
paradigm, the interface is smeared over a diffuse region using an
auxiliary field variable ¢, which takes a distinct value for each of the
two phases (e.g., 0 and 1) and exhibits a smooth change between these
values near the interface. The temporal evolution of the phase field
variable ¢ is described by a partial differential equation (PDE) and
thus the method enables the simulation of complex interface evolution
phenomena by integrating a set of PDEs for the whole system, avoiding
the explicit treatment of interface conditions.

The phase field paradigm has quickly gained significant traction in
the condensed matter and materials science communities, becoming
the de facto tool for modelling microstructural evolution (Provatas and

* Corresponding author.
E-mail address: e.martinez-paneda@imperial.ac.uk (E. Martinez-Pafieda).

https://doi.org/10.1016/j.apples.2021.100050

Elder, 2011). The change in shape and size of microstructural features
such as grains can be predicted by defining the evolution of the phase
field in terms of other fields (temperature, concentration, strain, etc.)
through a thermodynamic free energy. This success has been extended
to other interfacial problems, such as corrosion, where the phase
field smoothens the metal-electrolyte interface (Cui et al., 2021), or
fracture mechanics, where the phase field is used to implicitly track
the evolution of the crack-solid boundary (Bourdin et al., 2000). The
coupling of the phase field paradigm with the variational approach to
fracture presented by Bourdin et al. (2008) has opened new horizons in
the modelling of cracking phenomena, from predicting complex crack
trajectories to simulating inertia-driven crack branching. Moreover,
this can be achieved on the original finite element mesh, without
ad hoc crack propagation criteria, and for arbitrary geometries and
dimensions. Not surprisingly, the popularity of phase field methods
for fracture has rocketed in recent years; applications include the
prediction of fracture (and fatigue) in fibre-reinforced composites
(Quintanas-Corominas et al., 2019; Tan and Martinez-Pafieda, 2021),
hydrogen-embrittled alloys (Martinez-Pafieda et al., 2018; Kristensen
et al., 2020a), batteries (Klinsmann et al., 2016; Miehe et al., 2016),
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rock-like materials (Zhou et al., 2019; Schuler et al., 2020), solar-grade
silicon (Paggi et al., 2018), functionally graded materials (Hirshikesh
et al., 2019; Kumar et al., 2021), hyperelastic solids (Loew et al., 2019;
Mandal et al., 2020), piezo-electric materials (Abdollahi and Arias,
2012) and shape memory alloys (Simoes and Martinez-Pafieda, 2021)
- see (Wu et al., 2020b) for a comprehensive review.

The success of phase field fracture methods has also triggered a no-
table interest for the development of robust solution algorithms to solve
the coupled deformation-fracture problem (Miehe et al., 2010b; Gerasi-
mov and De Lorenzis, 2016; Wu et al., 2020a; Kristensen and Martinez-
Pafeda, 2020). The total potential energy functional, including the con-
tributions from the bulk and fracture energies, is minimised with respect
to the two primary kinematic variables: the displacement field u and the
phase field ¢. Thus, the phase field ¢, a damage-like variable, is solved
for at the finite element nodes, as an additional degree of freedom. This
requires performing the numerical implementation at the element level,
as opposed to local damage models, which are implemented at the in-
tegration point level. In the context of commercial finite element pack-
ages, solving for the phase field as a degree-of-freedom requires the de-
velopment of user element subroutines. The commercial finite element
package Abaqus has received particular attention in the phase field frac-
ture community, and a vast literature has emerged on the implementa-
tion of the phase field fracture method on this popular software suite
(Liu et al., 2016; Molnar and Gravouil, 2017; Fang et al., 2019; Molnar
etal., 2020b; Wu and Huang, 2020). These implementations require pro-
gramming an ad hoc finite element, effectively using Abaqus as a solver
and not being able to exploit most of its in-built features. In this work,
we circumvent this issue by exploiting the analogy between the heat
conduction equation and the phase field evolution law. This approach
enables using the vast majority of Abaqus’ in-built features, including
the coupled temperature-displacement elements from its finite element
library, which avoids coding user-defined elements and the associated
complications in meshing and visualisation (e.g., Abaqus2Matlab is fre-
quently used to pre-process input files, Papazafeiropoulos et al., 2017).
Moreover, the phase field implementation presented can accommodate
both staggered and monolithic solution schemes, ensuring convergence
in all cases. We demonstrate the potential and robustness of the im-
plementation presented by addressing several paradigmatic 2D and 3D
boundary value problems. The framework provided is general and can
be easily implemented in other finite element packages.

The remainder of this manuscript is organised as follows. In
Section 2 we describe the theory underlying the phase field fracture
method. The analogy with the heat transfer problem and the implemen-
tation details are given in Section 3. Representative results are shown
in Section 4. First, unstable fracture is addressed with the paradigmatic
benchmark of a cracked square plate under uniaxial tension. Secondly,
convergence under stable crack propagation conditions is investigated
using a cracked square plate subjected to shear. The performance of
monolithic and staggered schemes is compared. Thirdly, the screw
tension tests presented by Wick et al. (2015) are examined. Finally,
we simulate the so-called Brazilian laboratory test, which is widely
used for measuring the tensile strength of rock-like materials. A com-
prehensive 3D analysis is conducted, including the modelling of the
contact between the jaws and the specimen. The manuscript ends with
concluding remarks in Section 5.

2. Phase field fracture model

The phase field fracture method builds upon Griffith’s thermody-
namics framework (Griffith, 1920). In agreement with the first law
of thermodynamics, a crack can form (or grow) only if this process
causes the total energy of the system to decrease or remain constant.
Accordingly, a critical condition for fracture can be defined upon the
assumption of equilibrium conditions - no net change in total energy.
Consider an elastic solid containing a crack. In the absence of external
forces, the variation of the total energy £ due to an incremental increase
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in the crack area dA is given by

dé _ dy(ew)  dW,

A~ da Taa"? M
where W, is the work required to create new surfaces and y is the strain
energy density, which is a function of the displacement field u and the
strain field e = (VuT + Vu)/2. The last term in Eq. (1) is the so-called
critical energy release rate G.=dW,/dA, a material property that
characterises the fracture resistance. Thus, Griffth’s premise is a local
minimality principle for the sum of the elastic and fracture energies.
For an arbitrary body Q c R” (n € [1,2,3]) with internal discontinuity
boundary TI', this minimality principle can be expressed in a variational
form as (Bourdin et al., 2008),

E) = / w(ew)dVv + / G, ds, )
Q r

Thus, within this framework, crack growth along any trajectory can
be predicted without arbitrary criteria, driven by global minimality and
the transformation of stored energy into fracture energy. However, min-
imisation of the variational Griffith energy functional (2) is hindered
by the complexities associated with tracking the propagating fracture
surface I'. The problem can be made computationally tractable by em-
ploying an auxiliary phase field ¢ that enables tracking the crack in-
terface. The phase field ¢ can be interpreted as a damage-like variable
that goes from 0 in intact regions to 1 inside of the crack. Accordingly,
following continuum damage mechanics arguments, a degradation func-
tion g(¢) = (1 — ¢)? can be defined to reduce the material stiffness with
evolving damage. Hence, the regularised energy functional is given by,

gf(u,¢)=/9(1 —¢)2Wo(£(u))dV+/QGCW@)dV, (3)

where 7 is a length scale parameter that governs the size of the fracture
process zone and y, is the crack density function. A common choice for
v, reads,

_¢ 2
ve(d) = 7t 5|V¢| . 4

As rigorously proven using Gamma-convergence, the (u, ¢) sequence
that constitutes a global minimum for the regularised functional £, con-
verges to that of € for a fixed # — 0*. Thus, £ can be interpreted as a reg-
ularising parameter in its vanishing limit. However, for # > 0% a finite
material strength is introduced and thus # becomes a material property
governing the strength (Tanné et al., 2018); e.g., for plane stress:

G.E K )
0 X =
VT T

where K|, is the material fracture toughness. It has been shown that the
consideration of a finite # > 0" enables to accurately predict crack nu-
cleation, capturing its transition from strength-driven to fracture-driven
(Tanné et al., 2018), and in agreement with the predictions from the
coupled criterion in finite fracture mechanics (Molnér et al., 2020a).
We will restrict our analysis to the behaviour of linear elastic materi-
als, such that the strain energy density of the intact material is given by,

1
u/0=§e:C0:£, 6)
where C, is the (undamaged) linear elastic stiffness tensor. Accordingly,

the Cauchy stress tensor is defined as

oy (€)

o =(-dlog=(1-¢y—— ©)
13

where the undamaged Cauchy stress is given by o, = C;, : €.
Considering the constitutive choices just described and taking the

first variation of the £, with respect to the primal kinematic variables

u and ¢ renders,
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/Q [(1 — $)%0, : symVeéu — 2(1 — ¢) wo(e)d

+Gc<§5¢+fv¢-V5¢>] dv =0 8)

The local force balances can be readily derived by applying Gauss’
divergence theorem and noting that (8) must hold for any kinematically
admissible variations of the virtual quantities. Thus, the coupled field
equations read,

V- [(1-¢) 6] =0 in Q

q(%—mm>—%h¢wwdm=o in Q ©

The discretised forms of the field equations can be solved using a
monolithic scheme, where u and ¢ are solved simultaneously, or by
means of a so-called staggered scheme, where an alternate minimisation
strategy is used.

3. Finite element implementation

We shall describe the numerical framework proposed. First, we
introduce a history field to ensure damage irreversibility. Secondly, the
analogy with heat transfer is presented. Thirdly, the particularities of
the Abaqus implementation are described. Finally, we show how our im-
plementation can accommodate different solution schemes, and discuss
the advantages and limitations of the options available. For the sake of
brevity, we limit our description to the constitutive and implementation
choices inherent to the code provided, and describe in Appendix A other
potential extensions, which are considered in the numerical examples.

3.1. Damage irreversibility

A history variable field H is introduced to prevent crack healing,
ensuring that the following condition is always met

Drpnr = by, 10)

where ¢, ,, is the phase field variable in the current time increment
while ¢, denotes the value of the phase field on the previous increment.
For both loading and unloading scenarios, the history field must satisfy
the Kuhn-Tucker conditions

wo-H<0, H>0,  Hyy—H)=0. (1n

Accordingly, the history field for a current time ¢ can be written as:

H = m: . 12
rIél[c(l)3§]l//()(r) (12)

3.2. Heat Transfer Analogy

For a solid with thermal conductivity k, specific heat ¢, and density
p, the field equation for heat transfer in the presence of a heat source
r reads:

2 o _
kV T—pcpg_r, (13)
where T is the temperature field. Under steady-state conditions the rate
term vanishes and Eq. (13) is reduced to,

kV2T =r (14)

The analogy of this elliptic partial differential equation (PDE) with
the phase field evolution law is evident, with the temperature field
acting as the phase field T = ¢. Making use of the history field described
above, one can reformulate the phase field local force balance, Eq. (9)b,
as

¢ 2(-9¢)

Vip=— —
¢= Gt

H. 15)
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And thus (14) and (15) are equivalent upon assigning the value of
unity to the thermal conductivity (k = 1) and defining the following
heat flux due to internal heat generation,

¢ 2(0-9¢)

r ~z _

23

H. (16)

Finally, for the computation of the Jacobian matrix, one should also
define the rate of change of heat flux (r) with temperature (T = ¢),

or 1 2H

-7 Ge an

We have restricted ourselves to the steady-state scenario, treating
the phase field evolution law as rate-independent. This is, by far, the
most common formulation for phase field fracture. However, one can
also introduce a viscous regularisation term in the phase field equation
by exploiting instead the transient problem - Eq. (13). In such scenario,
the quantity pc, is analogous to a viscosity parameter (Miche et al.,
2010a). The heat capacity terms help stabilising the solution and thus
one might wish to address a rate-independent (steady-state) problem
by conducting instead a transient analysis over a long time. However,
as demonstrated in the numerical examples below, we do not see the
need to consider viscous regularisation to achieve convergence.

3.3. Abagqus particularities

The heat transfer analogy described can be readily implemented in
Abaqus by making use of user material (UMAT) and heat flux (HETVAL)
subroutines. The process is outlined in Fig. 1. Taking advantage of
the heat transfer analogy enables carrying out the implementation at
the integration point level, using in-built displacement-temperature
elements such as the Abaqus CPE4T type for the case of 4-node bilinear
quadrilateral elements. For a given element, Abaqus provides to the
integration point-level subroutines the values of strain and phase field
(temperature), as interpolated from the nodal solutions. Within each in-
tegration point loop, the user material subroutine (UMAT) is called first.
Inside of the UMAT, the material Jacobian C, and the Cauchy stress o
can be readily computed from the strain tensor. The current value of
the phase field (temperature) is then used to account for the damage
degradation of these two quantities. The strain energy density can be
stored in so-called solution dependent state variables (SDVs), enabling
to enforce the irreversibility condition (Section 3.1). The updated value
of the SDVs is transferred to the heat flux (HETVAL) subroutine; this
is used to transfer the current value of the history field H, without the
need for external Fortran modules. In the HETVAL subroutine we define
the internal heat flux r, Eq. (16), and its derivative with respect to the
temperature (phase field) dr/d¢, Eq. (17). The process is repeated for
every integration point, enabling Abaqus to externally build the element
stiffness matrices and residuals and assembling the global system of
equations, see Fig. 1. It is worth emphasising that the coupling terms in
the stiffness matrix are not defined: K, = K, = 0, making the stiffness
matrix symmetric. By default, Abaqus assumes a non-symmetric system
for coupled displacement-temperature analyses but this can be modified
by defining a separated solution technique. It should be noted that par-
allel calculations using versions of Abaqus older than 2016 only execute
the solver in parallel (if the separated solution technique is used).

To avoid editing the user subroutine, mechanical and fracture
property are defined in the input file only, as user material property,
and are then transferred between subroutines using solution dependent
variables. Consistent with the heat transfer analogy outlined above,
one must activate the heat generation option and define as material
property the thermal conductivity k, with a value of unity. Also, one
should assign an initial temperature distribution of T'( =0) =0V x.
No additional pre-processing or post-processing steps are needed,
all actions can be conducted within the Abaqus/CAE graphical user
interface and the phase field solution can be visualised by plotting the
nodal solution temperature (NT11).
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3.4. Solution schemes

The global system of equations, shown in Fig. 1, can be solved in
either a monolithic or a staggered manner. In a monolithic approach,
the displacement sub-system K,u = R, and the phase field sub-system
K¢ = R are solved simultaneously. On the other hand, a staggered
solution scheme entails an alternative minimisation approach, by which
the sub-systems are solved sequentially. Monolithic solution strategies
are unconditionally stable and, therefore, more efficient (in principle).
However, the total potential energy functional (3) is non-convex
with respect to u and ¢. As a consequence, the Jacobian matrix in
Newton’s method becomes indefinite, hindering convergence when
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Fig. 1. User subroutine flowchart for the im-
plementation of a coupled deformation - phase
field fracture model exploiting the analogy
with heat transfer.

Fig. 2. Phase field fracture solution flowchart
at each integration point for a specific in-
crement: (a) monolithic, and (b) staggered
schemes.

solving for the displacement and the phase field at the same time. It has
been recently shown that the use of quasi-Newton methods such as the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm enables the imple-
mentation of robust monolithic schemes that are very efficient and do
not exhibit convergence issues (Kristensen and Martinez-Pafieda, 2020;
Wu et al., 2020a) - see also (Kristensen et al., 2020b; Wu et al., 2021)
for application examples. Unfortunately, the quasi-Newton solution
scheme is not available in Abaqus for thermo-mechanical problems. Ac-
cordingly, we implement a conventional monolithic scheme, based on
Newton’s method, and a staggered scheme of the single-pass type. The
flowchart associated with each of these solution schemes is presented in
Fig. 2. In the staggered case, the residual and the stiffness matrix for the



Y. Navidtehrani, C. Betegén and E. Martinez-Parieda

phase field sub-system are built considering the history field of the pre-
vious increment H,; i.e., the history field is frozen during the iterative
procedure, facilitating convergence in demanding problems at the cost
of scarifying unconditional stability. A recursive iteration or multi-pass
staggered scheme can be implemented by using a Fortran module to
transfer the history field between the UMAT and the HETVAL. Thus, we
provide a general framework that provides flexibility to enhance robust-
ness or efficiency, as required for the problem at hand. This trade-off
between efficiency and robustness, and the differences in performance
between solution schemes, are addressed in the numerical examples
below.

4. Results

We shall show the robustness and capabilities of the present im-
plementation by simulating fracture in several paradigmatic boundary
value problems. First, crack initiation and growth in a notched square
plate is addressed under both uniaxial tension (Section 4.1) and shear
(Section 4.2). Then, the failure of screws subjected to tension, with
and without initial cracks, is simulated in Section 4.3. Finally, in
Section 4.4, a 3D model of the Brazilian test is developed, including the
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Fig. 3. Notched square plate under tension:
(a) geometry, dimensions and boundary condi-
tions, (b) finite element mesh, and (c) contour
of the phase field ¢ after rupture.

contact between the jaws and the sample, to determine the nucleation
and coalescence of cracks.

4.1. Notched square plate under tension

First, we shall consider the case of unstable crack growth in a notched
squared plate undergoing uniaxial tension. This is a paradigmatic bench-
mark in the phase field fracture community since the early work by
Miehe et al. (2010b). The geometry and boundary conditions are shown
in Fig. 3a. The sample is subjected to mode I fracture conditions, with a
vertical displacement being prescribed in the remote boundary. The me-
chanical behaviour is characterised by a Young’s modulus E = 210 GPa
and a Poisson’s ratio v = 0.3, while the fracture properties read ¢ = 0.024
mm and G, = 2.7 N/mm (Kristensen and Martinez-Pafieda, 2020). We
discretise the model using linear quadrilateral elements for coupled
displacement-thermal analyses, CPE4T in Abaqus terminology. A total
of 8,532 elements are used. As shown in Fig. 3b, the mesh is refined
along the expected crack path, such that the characteristic element size
is at least five times smaller than the phase field length scale #. For this
case study, the monolithic implementation is used and no strain energy
decomposition is assumed. The predicted crack path is showcased in
Fig. 3c by plotting the contours of the phase field variable ¢.
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Fig. 4. Notched square plate under tension. Number of iterations per increment,
with the force versus displacement curve superimposed.

The force versus displacement response predicted is shown in
Fig. 4. The result agrees with that of Kristensen and Martinez-Pafieda
(2020), which was obtained using a quasi-Newton solution scheme.
Cracking is unstable, with the crack extending through the ligament
instantaneously. This leads to a dramatic drop in the load carrying
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capacity, as shown in Fig. 4. However, despite this drastic change in the
structural response, convergence can be attained and the fracture event
is captured in one single load increment. Fig. 4 also shows the number
of iterations required to achieve convergence in each increment,
superimposed to the force versus displacement response. We use time
increments of constant size and resolve the analysis with a total of
100 load increments. Convergence throughout can be achieved with as
few as 10 increments, but using a larger number facilitates capturing
the sudden load drop with greater fidelity. An adaptive time stepping
scheme, such as the one developed by Kristensen and Martinez-Pafeda
(2020), can be easily incorporated. This will allow for the increment
size to increase or decrease as needed, enabling accurate results at an
even smaller computational cost. In any case, it can be observed that the
problem can be solved efficiently, with most time increments requiring
a small number of iterations to achieve convergence (10 or fewer).
However, resolving the fracture event requires a load increment with
over 400 iterations. Unlike other computational fracture methods, the
Newton-Raphson algorithm can converge after hundreds of iterations
in phase field models (Gerasimov and De Lorenzis, 2016). The solution
controls of Abaqus have to be edited to increase the maximum number
of iterations that are allowed before convergence is deemed unlikely
and the load increment is aborted (see the accompanying input file,
to be downloaded from www.empaneda.com/codes). It must be noted
that, despite the good performance observed, this boundary value

Fig. 5. Notched square plate under shear: (a)
geometry, dimensions and boundary condi-
tions, (b) finite element mesh, and (c) contour
of the phase field ¢ after rupture.
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problem can be resolved more efficiently using quasi-Newton solution
schemes (see Kristensen and Martinez-Paneda, 2020).

4.2. Notched square plate under shear

We shall now address the case of stable crack growth by simulating
the fracture of the notched square plate considered in Section 4.1, but
subjected to shear loading. As shown in Fig. 5a, a horizontal displace-
ment is prescribed at the top edge of the plate, while the bottom edge
is fully constrained u, = u, = 0. The dimensions of the initial crack and
the sample are identical to those considered for the uniaxial tension
case study. Also, the same material properties are assumed. On this
occasion, the volumetric-deviatoric split of the strain energy density
proposed by Amor et al. (2009) is adopted - see Appendix A. This is
implemented using the so-called hybrid approach by Ambati et al.
(2015), such that the displacement field equation remains as in Eq. (9
a). Based on the literature (see, e.g., Ambati et al., 2015; Kristensen
and Martinez-Pafieda, 2020), the crack is expected to deflect towards
the bottom-right corner. Accordingly, the mesh is refined in the bottom
half of the sample - see Fig. 5b. A total of 73,714 linear quadrilateral
elements with full integration are used, with the characteristic element
size being ten times smaller than the phase field length scale. The
phase field contours at the end of the analysis are provided in Fig. 5c,
showing the final crack trajectory. The crack path predicted agrees
with that observed in previous studies using the volumetric-deviatoric
split (Ambati et al., 2015; Kristensen and Martinez-Pafieda, 2020).

The force versus displacement response is shown in Fig. 6, along
with the size of each increment and the number of iterations that
were needed to achieve convergence. The crack propagates in a stable
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Fig. 6. Notched square plate under shear: (a)
Number of iterations per increment for the
monolithic scheme, with the force versus dis-
placement curve superimposed; (b) number
of iterations per increment for the staggered
scheme with 10,000 increments, with the force
versus displacement curve superimposed; and
(¢) cumulative number of iterations for both
staggered and monolithic results.

manner, leading to a progressive reduction in the reaction force. Again,
the results agree with those obtained by Kristensen and Martinez-
Paneda (2020) using a monolithic quasi-Newton solution scheme. This
boundary value problem is known to be particularly challenging from
a convergence viewpoint and is thus used to compare the monolithic
and staggered solution schemes. Consider first the monolithic analysis,
Fig. 6a. While the entire crack propagation process can be captured,
many increments require a very significant number of iterations to
achieve convergence - unlike in the uniaxial tension case where crack-
ing is unstable. It is clear that, for this boundary value problem, the
monolithic implementation struggles to converge and becomes ineffi-
cient. Now let us examine the output of the staggered case. The results
obtained with the single-pass staggered implementation also make use
of a uniform increment size, with the entire analysis being conducted
using 10* load steps. This is a sufficiently large number of increments
such that the solution is similar to that obtained with the uncondition-
ally stable monolithic model - see Fig. 6b. In the staggered case, all load
increments converge after two iterations. Notwithstanding, as discussed
before, this solution scheme is not unconditionally stable and results
can be sensitive to the number of time increments. We also conduct the
analysis using 10° load steps; the crack trajectory and the maximum
force attained agree with those predicted with the monolithic scheme
but the force versus displacement result differs in the softening region
(not shown). The staggered implementation appears to be more robust
and efficient than the monolithic one for this specific case study; as
quantified in Fig. 6c¢, the total number of iterations is larger in the
monolithic case. However, one should note that both implementations
are significantly outperformed by a monolithic approach based on
the quasi-Newton solution method. As shown in (Kristensen and
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Fig. 7. Screw tension tests: geometry, dimensions and boundary conditions.

Martinez-Pafieda, 2020), a precise solution to this specific boundary
value problem can be obtained with a number of iterations that is one
order of magnitude smaller than the accurate staggered solution.

4.3. Screw tension tests

We proceed now to simulate the fracture of a screw subjected to
tension, following the work by Wick et al. (2015). The geometry, dimen-
sions and boundary conditions mimic those of (Wick et al., 2015) and
are shown in Fig. 7. Three different cases are considered. First, we model
a screw with no initial damage; i.e., without the initial crack displayed
in Fig. 7. Secondly, we will assume that the screw contains an initial
short crack, with size a = 3 mm. Thirdly, a screw with a long crack will
be modelled, where a = 6 mm. In all cases, the initial cracks are intro-
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duced by defining as initial condition ¢ = 1. Moreover, the initial crack
is vertical, as shown in Fig. 7, has a thickness of 0.16 mm, and its bottom
tip is located at a distance of 7 mm to the bottom of the screw. Following
Wick et al. (2015), the material properties are taken to be E = 210 GPa,
v=03, £ =02 mm, and G, =2.7 N/mm. The screws are discretised
using approximately 70,000 linear quadrilateral elements. The samples
are meshed uniformly so as to remove any bias of the mesh on the crack
trajectory, with the characteristic element size being 5 times smaller
than the phase field length scale. Computations are conducted with the
monolithic scheme and no strain energy density split is considered.

The crack growth trajectories predicted for the three cases described
above are shown in Fig. 8, by plotting the phase field contours. The
results agree qualitatively with those obtained by Wick et al. (2015).
In the absence of an initial defect, crack nucleation takes place near the
head of the screw. This is in agreement with expectations, as the first
winding of the thread carries the highest load (see Kristensen et al.,
2020b). However, when an initial defect is present, two cracks branch
from it and propagate until reaching the sides of the screw.

The force versus displacement response is shown in Fig. 9a. In
agreement with expectations, the sample without an initial defect is
able to carry a larger load. In regard to the screws with an existing
defect, the stiffness of the solid is degraded faster in the case of a long
crack, relative to the sample with a smaller crack, but the magnitude
of the maximum force attained is similar in both cases. The number
of iterations required to achieve convergence is shown for every load
increment in Figs. 9b-d for, respectively, the case without an initial
defect, the case with an initial long crack and the case with an initial
short crack. In all three cases convergence can be readily attained. The
crack grows in an unstable fashion and the situation thus resembles
that of Section 4.1; convergence can be readily attained but one specific
increment requires more than 100 iterations to do so.

Finally, we investigate the role of using extrapolation to speed up
the solution. By default, Abaqus uses linear extrapolation to determine
the first guess of the incremental solution. Fig. 10 shows the accumu-
lated number of iterations for the case of a screw with a short initial
defect, as a function of the applied displacement and with the force
versus displacement response superimposed. It can be readily seen
that enabling extrapolation facilitates convergence before cracking
occurs, but eventually the solution without extrapolation becomes more
efficient as it requires less iterations to resolve the crack propagation
process. Thus, computational gains might be attained by deactivating
the extrapolation option.

4.4. 3D Brazilian test

Finally, we showcase the potential of the framework presented in
capturing structural failure in 3D solids. We do so by simulating the

Fig. 8. Screw tension tests: final phase field
contours for the cases of (a) a screw with no ini-
tial crack, (b) a screw with a short (¢ = 3 mm)
initial crack, and (c) a screw with a long (a = 6
mm) initial crack.
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Fig. 10. Screw tension test: assessing the influence of the extrapolation tech-
nique. Force versus displacement response and cumulative number of iterations
required to achieve convergence with and without extrapolation.

fracture of a brittle solid subjected to the Brazilian test. The Brazilian
test is a laboratory experiment widely used in the rock mechanics com-
munity to indirectly measure the tensile strength of brittle materials.
As shown in Fig. 11a, a circular disk is compressed between two jaws
until fracture occurs. Upon the assumption that failure occurs at the
centre of the disk, closed form expressions can be used to determine the
material tensile strength from the remote load (Garcia-Fernandez et al.,
2018). As shown in Fig. 11b, we take advantage of symmetry and model
one-eighth of the experiment applying suitable boundary conditions.
Thus, we prescribe u, =0 in the xy plane at z =0 for both the disk
and the jaw. To account for symmetry about a plane with x=constant,
we prescribe u, = 0 along the yz plane at x = 0 on the surfaces of the
disk and the jaw. Finally, to account for symmetry along the y axis,
we constrain u, = 0 on the bottom surface of the disk. The compressive
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Fig. 9. Screw tension tests: (a) force versus dis-
placement curve for each of the three cases con-
sidered, together with the number of iterations
per increment for (b) a screw with no initial
crack, (c) a screw with a short (¢ = 3 mm) ini-
tial crack, and (d) a screw with a long (a =6
mm) initial crack.

load state is achieved by prescribing a negative u, displacement on the
nodes located on the top surface of the jaw. This one-eighth part of the
complete testing configuration is discretised using 58,925 linear brick
elements. The characteristic element length equals 0.1 mm and the
calculations involved 254,384 degrees-of-freedom.

The material properties are defined as follows. On the one side, the
jaws are typically made of steel, for which E =210 GPa and v =0.3
are assumed. For the disk we consider a brittle solid with elastic
properties E =25 GPa and v = 0.2 and fracture properties # = 0.5 mm
and G, = 0.16 N/mm. The jaws radius to disk radius ratio is chosen to
be R;/R, = 1.5. The contact between the jaws and the disk is defined as
surface to surface contact with a finite sliding formulation. The normal
behaviour is based on a hard contact formulation, where the contact
constraint is enforced with a Lagrange multiplier representing the con-
tact pressure in a mixed formulation. The tangential contact behaviour
is assumed to be frictionless. To prevent damage under compression, the
spectral tension-compression decomposition by Miehe et al. (2010a) is
adopted - see Appendix A. Also, an anisotropic formulation is used,
such that the strain energy density split is accounted for in the balance
equation for the displacement problem (see Appendix A for details).

The results obtained are shown in Fig. 12 in terms of the phase field
contours for the different loading stages. The evolution of the phase
field is also shown in Video 1, provided in the online version of this
manuscript. Sub-figures 12 (a)-(c) show in red colour the phase field
contours where ¢ > 0.9. The crack appears to initiate at the centre of
the disk and propagates towards the jaws very fast. Also, smaller cracks
nucleate near the loading region. These calculations have been obtained
using 345 load increments and with the monolithic implementation, no
convergence issues were observed.

5. Conclusions

We have presented a simple and robust implementation of the
phase field fracture method in Abaqus. The framework developed does
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Fig. 11. 3D Brazilian test: (a) complete geome-
try of the test and (b) geometry, boundary con-
ditions and mesh of the computational model.
One-eighth of the problem is simulated, taking
advantage of symmetry.

Fig. 12. 3D Brazilian test: contours of the
phase field ¢ showcasing different stages of
the fracture process. Sub-figures (a)-(c) show
a transparent cross-section of the disk with
¢ > 0.9 contours for the the following values of
the remote displacement: (a) u, = —0.0668 mm,
(b) u, = —0.0670 mm, and (c) u, = —0.0676 mm.
Sub-figure (d) shows the complete phase field ¢
contours for a jaw displacement of u, = —0.0676
mm.
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not require the coding of user-defined elements and therefore enables
exploiting the majority of the in-built features of commercial finite
element codes. This is achieved by taking advantage of the similarities
between the heat transfer and the phase field evolution equations. The
model can be developed entirely in Abaqus’ graphical user interface
and the implementation can be accomplished by combining a user
material (UMAT) and a heat flux (HETVAL) subroutine. The code,
which is provided open-source at www.empaneda.com/codes, can be
used without changes for both 2D and 3D problems. The framework
is general and can accommodate a wide variety of solution schemes
and constitutive choices. Specifically, we incorporate both the spectral
tension-compression (Miehe et al., 2010a) and the volumetric-deviatoric
(Amor et al., 2009) strain energy decompositions. Moreover, we im-
plement both monolithic and staggered solution schemes, providing a
suitable trade-off between efficiency and robustness.

The potential of the framework is demonstrated by addressing four
2D and 3D paradigmatic boundary value problems. First, unstable
fracture is examined using a notched square plate subjected to tension.
Secondly, stable crack growth is investigated by subjecting the square
plate to shear loading. Thirdly, the fracture of screws with and without
internal cracks is investigated. Finally, the Brazilian test is simulated,
including the modelling of the contact between the jaws and the disk.
We observe that the monolithic standard Newton implementation pro-
vided is able to reach convergence in all cases. However, a single-pass
staggered scheme appears to be more efficient in convergence-wise de-
manding problems. Computations are efficient but both schemes seem
to perform worse than quasi-Newton methods (Kristensen and Martinez-
Pafeda, 2020; Wu et al., 2020a). We also find that the use of interpola-
tion schemes might not lead to efficiency improvements in phase field
fracture. The framework can be very easily extended to other material
models (e.g., plasticity) and damage mechanisms, such as fatigue.
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Appendix A. Additional details of numerical implementation

The framework can be easily extended to incorporate other
constitutive choices. Specifically, as shown in the results section, a
tension-compression split of the driving force for fracture should be
considered to prevent damage from developing under compressive
stresses. Alternative strain energy splits are described below, together
with an anisotropic phase field formulation where the split is incor-
porated into the linear momentum equation. All these extensions are
implemented in the user material (UMAT) subroutine.

Al. Strain energy density decomposition

The two most widely used strain energy splits are considered: the
Miehe et al. (2010a) tension-compression spectral decomposition and
the Amor et al. (2009) volumetric-deviatoric split. In both cases, the
strain energy density is decomposed as follows,

wo = (1= vy +vy, (A.D)
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and only y/a’ is considered in the evaluation of the history field H,
Eq. (12). In regard to the specific constitutive definition of w?, the
volumetric-deviatoric split assumes that the compressive part of the
volumetric strain energy does not contribute to the fracture process.
Accordingly,

vy = %K(tr(e))i +u(e &) (A.2)
_ 1 )
v, = 5K (tr(e)) (A3)

where K is the bulk modulus, u is the shear modulus, () denote the
Macaulay brackets, such that (a), = (a + |a|)/2, and €' is the deviatoric
part of the strain tensor, such that & =& —1r(e)1/3. Here, 1 is the
second-order unit tensor.

On the other hand, the spectral decomposition considers,

+=

vy = 3 (e + e[ (e*)] (A4)

-1 - -
vy = S KtrE)) + putr[e)’] (A5)
where 1 is the first Lamé constant and a spectral decomposition is
applied to the strain tensor, such that:

3
e= Y (e)n; ®n; (A.6)
=1
where ¢; and n; are the principal strains and principal strain directions
(with I = 1,2,3). The components ¢* and £~ are obtained by considering
in (A.6) the tensile and compressive principal strains, respectively.

A2. Anisotropic formulation

While the majority of the representative results presented are
obtained using the hybrid approach proposed by Ambati et al. (2015),
we have also extended our implementation to incorporate the so-called
anisotropic approach (Miehe et al., 2010a). Thus, the decomposition
into tension and compression components is also considered in the field
equation for the displacement problem, such that the Cauchy stress
(7) would instead read,

W) oy

12
c=0-9 3 3

(A7)

From an implementation perspective, this translates into a more
elaborate computation of the material Jacobian, C = do/de. Thus, the
material behaviour is characterised by the following 4th order elasticity
tensor:

C = A{[(1 = 9| H (tx(e)) + H (—tr(e) }T + 2u{[(1 = $)?| P + P}
(A.8)

where H, is the Heaviside function, such that H,(x) =1 for x > 0 or
H,(x)=0for x <0, and J = J;;; = 6;;8y,, with §;; being the Kronecker
delta. Also, the projection tensor P* = 9, [e +(s)] is computed as (Miehe,
1998)

- <£b>+
€4~ &

Rgily; (Raknp + npngr) (A9)

where n; is the i’ component of the principal strain directions vector n,.
On the other hand: P~ = I — P*, with I being the fourth-order identity
tensor. If ¢, = ¢, then Pl;fkl (A.9) cannot be evaluated. Under such cir-

cumstances we replace the term ((¢,), — (¢,), )/ (e, — €,) with H,(e,).
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Abstract: We present a simple and robust implementation of the phase field fracture method in
Abaqus. Unlike previous works, only a user material (UMAT) subroutine is used. This is achieved by
exploiting the analogy between the phase field balance equation and heat transfer, which avoids the
need for a user element mesh and enables taking advantage of Abaqus’ in-built features. A unified
theoretical framework and its implementation are presented, suitable for any arbitrary choice of
crack density function and fracture driving force. Specifically, the framework is exemplified with the
so-called AT1, AT2 and phase field-cohesive zone models (PF-CZM). Both staggered and monolithic
solution schemes are handled. We demonstrate the potential and robustness of this new implemen-
tation by addressing several paradigmatic 2D and 3D boundary value problems. The numerical
examples show how the current implementation can be used to reproduce numerical and experi-
mental results from the literature, and efficiently capture advanced features such as complex crack
trajectories, crack nucleation from arbitrary sites and contact problems. The code developed is made
freely available.

Keywords: Abaqus; phase field fracture; finite element analysis; UMAT; fracture mechanics

1. Introduction

Variational phase field methods for fracture are enjoying a notable success [1,2].
Among many others, applications include shape memory alloys [3], glass laminates [4,5],
hydrogen-embrittled alloys [6,7], dynamic fracture [8,9], fiber-reinforced composites [10-13],
functionally graded materials [14-16], fatigue crack growth [17,18], and masonry struc-
tures [19]. The key to the success of the phase field paradigm in fracture mechanics is
arguably three-fold. First, the phase field paradigm can override the computational chal-
lenges associated with direct tracking of the evolving solid-crack interface. The interface
is made spatially diffuse by using an auxiliary variable, the phase field ¢, which varies
smoothly between the solid and crack phases and evolves based on a suitable governing
equation. Such a paradigm has also opened new horizons in the modelling of other interfa-
cial problems such as microstructural evolution [20] or corrosion [21]. Secondly, phase field
modelling has provided a suitable platform for the simple yet rigorous fracture thermo-
dynamics principles first presented by Griffith [22]. This energy-based approach enables
overcoming the issues associated with local approaches based on stress intensity factors,
such as the need for ad hoc criteria for determining the crack propagation direction [23,24].
Thirdly, phase field fracture modelling has shown to be very compelling and robust from a
computational viewpoint. Advanced fracture features such as complex crack trajectories,
crack branching, nucleation, and merging can be captured in arbitrary geometries and
dimensions, and on the original finite element mesh (see, e.g., [25-28]). Also, computations
can be conducted in a Backward Euler setting without the convergence issues observed
when using other computational fracture methods. One reason behind this robustness
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is the flexibility introduced by solving the phase field, a damage-like variable, indepen-
dently from the deformation problem. So-called staggered solution schemes have been
presented to exploit this flexibility by computing sequentially the displacement and phase
tield solutions [29], avoiding computationally demanding phenomena such as snap-backs.

The success of phase field modelling has been, not surprisingly, accompanied by a
vast literature devoted to the development of open-source codes and finite element im-
plementations of variational phase field methods for fracture. These works have been
aimed at both commercial finite element packages, such as COMSOL [30], and open-source
platforms like FEniCS [31]. The development of phase field fracture implementations in the
commercial package Abaqus has received particular attention [32-38], due to its popularity
in the solid mechanics community. However, these works require the use of multiple
user subroutines, most often including a user element (UEL) subroutine. Abaqus’ in-built
elements cannot be employed due to the need for solving for the phase field ¢ as a nodal
degree-of-freedom. Having to adopt a user-defined finite element carries multiple limita-
tions; namely post-processing requires the use of a dummy mesh or ad hoc scripts, and most
in-built features of Abaqus cannot be exploited, as the software suite is effectively used as
a solver. In this work, we overcome these limitations by presenting a new implementation
that only requires the use of a user material (UMAT) subroutine. The simple yet robust
implementation presented is achieved by taking advantage of the analogy between the
phase field evolution equation and heat transfer. This not only greatly simplifies the use of
Abaqus for conducting phase field fracture studies but also enables taking advantage of
the many in-built features provided by this commercial package. In addition, we present
a generalized theoretical and numerical framework that encapsulates what are arguably
the three most popular phase field fracture models presented to date: (i) the so-called AT2
model [24], based on the Ambrosio and Tortorelli regularization of the Mumford-Shah
functional [39], (ii) the AT1 model [40], which includes an elastic phase in the damage
response, and (iii) the phase field-cohesive zone model PF-CZM [41,42], aimed at providing
an explicit connection to the material strength. Our framework also includes two strain
energy decompositions to prevent damage in compressive states: the spectral split [29] and
the volumetric-deviatoric one [43]—both available in the context of anisotropic and hybrid
formulations [44]. Moreover, the implementation can use both monolithic and staggered
solution schemes, enhancing its robustness. Two example codes are provided with this
work (www.empaneda.com/codes), both capable of handling 2D and 3D analyses without
any modification. One is a simple 33-line code, which showcases the simplicity of this
approach by adopting the most widely used constitutive choices (AT2, no split). The other
one is an extended version, with all the features mentioned above, aimed at providing a
unified implementation for phase field fracture. To the authors” knowledge, the present
work provides the simplest Abaqus implementation of the phase field fracture method.

The remainder of this manuscript is organised as follows. In Section 2 we provide
a generalised formulation for phase field fracture, which can accommodate a myriad of
constitutive choices. This is exemplified with the AT2, AT1 and CZ-PFM models. Then,
in Section 3, the details of the finite element implementation are presented, including the
analogy with heat transfer and the particularities of the Abaqus usage. The potential
of the implementation presented is showcased in Section 4, where several boundary
value problems of particular interest are addressed. Specifically, (i) a three-point bending
test, to compare with the results obtained with other numerical methods; (ii) a concrete
single-edge notched beam, to compare with experimental data; (iii) a notched plate with
a hole, to simulate complex crack paths, merging and nucleation; and (iv) a 3D gear,
where cracking occurs due to contact between the teeth. Finally, concluding remarks are
given in Section 5.

2. A Generalised Formulation for Phase Field Fracture

In this section, we formulate our generalised formulation, suitable for arbitrary con-
stitutive choices of crack density function and fracture driving force. Consider an elastic
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body occupying an arbitrary domain Q) C R” (n € [1,2,3]), with an external boundary
00 C R"~! with outwards unit normal n.

2.1. Kinematics

The primary kinematic variables are the displacement field vector u and the damage
phase field ¢. In this work, we limit our attention to small strains and isothermal conditions.
Consequently, the strain tensor & reads

&= % (VuT + Vu) . 1)

The nucleation and growth of cracks are described by using a smooth continuous
scalar phase field ¢ € [0;1]. The phase field describes the degree of damage, being ¢ = 0
when the material point is in its intact state and ¢ = 1 when the material point is fully
broken. Since ¢ is smooth and continuous, discrete cracks are represented in a diffuse
manner. The smearing of cracks is controlled by a phase field length scale . The aim of
this diffuse representation is to introduce, over a discontinuous surface I', the following
approximation of the fracture energy [24]:

&= / G dS ~ / Gey(¢, V) dV, for £ — 0, )
T O

where 1 is the so-called crack surface density functional and G, is the material tough-
ness [22,45]. This approximation circumvents the need to track discrete crack surfaces, a
well-known challenge in computational fracture mechanics.

2.2. Principle of Virtual Work. Balance of Forces

Now, we shall derive the balance equations for the coupled deformation-fracture
system using the principle of virtual work. The Cauchy stress o is introduced, which is
work conjugate to the strains e. Also, a traction T is defined on the boundary of the solid
0Q), work conjugate to the displacements u. Regarding fracture, we introduce a scalar
stress-like quantity w, which is work conjugate to the phase field ¢, and a phase field micro-
stress vector & that is work conjugate to the gradient of the phase field V¢. The phase
field is assumed to be driven solely by the solution to the displacement problem. Thus,
no external traction is associated with ¢. In the absence of body forces, the principle of
virtual work reads:

/0{0:5e+w5¢+z,-5v45}dv:/BQ(T-Ju)ds 3)

where 6 denotes a virtual quantity. This equation must hold for an arbitrary domain () and
for any kinematically admissible variations of the virtual quantities. Thus, by application
of the Gauss divergence theorem, the local force balances are given by:

V-oc=0
in Q, 4)
V-&-~w=0
with natural boundary conditions:
c-n=T
on 0Q. (5)
En=0

2.3. Constitutive Theory

The constitutive theory is presented in a generalised fashion, and the AT1 [40], AT2 [24]
and PF-CZM [41,42] models are then derived as special cases. The total potential energy of
the solid reads,

W(e(u), ¢, Vo) = y(e(u), g(¢)) + ¢(¢, V) )
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where 1 is the elastic strain energy density and ¢ is the fracture energy density. The former
diminishes with increasing damage through the degradation function g(¢), which must
fulfill the following conditions:

g(0)=1, g(1)=0, g'(p)<0for0<¢p<1. )

We proceed to formulate the fracture energy density as,

1
90, V9) = Ger(9, V) = Ge g (w(9) + £1Vgl?) ®)

where / is the phase field length scale and w(¢) is the geometric crack function. The latter
must fulfill the following conditions:

w(0)=0, w(l)=1  w'(p)>0for 0<¢p<1. )

Also, ¢y is a scaling constant, related to the so-called geometric crack function:

o= [ Jol@)de. (10)

Damage is driven by the elastic energy stored in the solid, as characterized by the
undamaged elastic strain energy density 1g. To prevent cracking under compressive strain
states, the driving force for fracture can be decomposed into active ¢ and inactive ¢
parts. Accordingly, the elastic strain energy density can be defined as [46]:

p(e(u), g(9)) = ¥ (2(u), @) + g (e(w)) = g(¢) ¢y (e(w)) + 9y (2(w)) (A1)

Also, damage is an irreversible process: ¢ > 0. To enforce irreversibility, a history field
variable H is introduced, which must satisfy the Karush-Kuhn-Tucker (KKT) conditions:

g —H <0, H >0, H(pg —H)=0. (12)
Accordingly, for a current time ¢, over a total time T, the history field can be defined as,

H = max;c(o Py (1) (13)
Consequently, the total potential energy of the solid (6) can be re-formulated as,

W=glpH+ oo (gule)+ (1792 (1)

4cy

Now we proceed to derive, in a generalised fashion, the fracture micro-stress variables
w and &,. The scalar micro-stress w is defined as:

_ aﬂ o Ge /
w =55 =8 @H+ 50 @), (15)
while the phase field micro-stress vector  reads,
oW 14
&= 7 EGCV(,D. (16)

Inserting these into the phase field balance Equation (4b), one reaches the following
phase field evolution law:

G w/(‘i’) 2 / -
= (M v ¢> IO =0 (17)
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We shall now make specific constitutive choices, particularising the framework to the
so-called AT2, AT1 and PF-CZM models.

Degradation function g(¢). Both AT2 and AT1 models were originally formulated using a
quadratic degradation function:

g@)=(1—-¢)+x (18)

where « is a small, positive-valued constant that is introduced to prevent ill-conditioning
when ¢ = 1. A value of x = 1 x 1077 is adopted throughout this work. Alternatively,
the PF-CZM model typically uses the following degradation function,

_ (1—¢)*
80 = A a1 4 5) as)
with, AEC
a= WI (20)

where E denotes Young’s modulus and f; is the tensile strength of the material. The choices
of b and d depend on the softening law employed. Two commonly used softening laws are
the linear one, with b = —0.5 and d = 2, and the exponential one, with b = 2(5/3) _ 3 and
d=25.

Dissipation function. The dissipation function is governed by the magnitude of w and,
consequently, c;,. For the AT2 model: w(¢) = ¢? and ¢ = 1/2. Since w’(0) = 0, this choice
implies a vanishing threshold for damage. An initial, damage-free linear elastic branch
is introduced in the AT1 model, with the choices w(¢) = ¢ and ¢ = 2/3. Finally, in the
PF-CZM case we have w(¢) = 2¢ — ¢? and ¢ = /4.

Fracture driving force ;. The variationally consistent approach, as proposed in the original
AT2 model, is often referred to as the isotropic formulation:

1 1
Pg () = € Cyp:e= E)\trz(e) +utr(e?), ¢y (e) =0. (21)
where Cj is the undamaged elastic stiffness tensor and A and y are the Lamé parameters.
In the context of the AT1 and AT2 models, damage under compression is prevented by
decomposing the strain energy density following typically two approaches. One is the
so-called volumetric-deviatoric split, proposed by Amor et al. [43], which reads

Pg () = %K(tr(s))i +u(e ), yy(e) = %K(tr(s))%. (22)

Here, K is the bulk modulus, (a)+ = (a =+ |a|)/2,and & = & — tr(&)I/3. The second one is
the so-called spectral decomposition, proposed by Miehe et al. [46], which builds upon the
spectral decomposition of the strain tensor et = 22:1 (e7)+n; ® ny, with ¢; and nj being,
respectively, the strain principal strains and principal strain directions (with I = 1,2, 3).
The strain energy decomposition then reads [46]:

I,U(:)t(e) = %A(tr(e))i + ytr{(ei)z} (23)

The split can be applied not only to the phase field balance law but also to the balance
of linear momentum. Considering the split only in the phase field balance (17) is typically
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referred to as the hybrid approach [44]. Alternatively, an anisotropic formulation can be used,
such that the damaged version of the stress tensor ¢ is computed as,

oy oy
o(o,g) = s(p) P01 Mo e, )

On the other hand, in the PF-CZM model the driving force for fracture is defined as [41]:

l/’(;r: 2E 4 (25)

with the other term of the split being given by,

_ 1
Py = 5E [01 (o) + (722 + 033 —2v(0p03 4 0103 + 01(72)} , (26)

where v is Poisson’s ratio and o; are the principal stresses, with 07 being the maximum
principal (undamaged) stress. The variational consistency is lost but the failure surface of
concrete under dominant tension can be well captured [41]. This formulation is only used
with the hybrid approach.

In addition, it is important to note that for the AT1 and PF-CZM models there is a
minimum value of the fracture driving force, which we denote as H,,;,. This is needed as
otherwise ¢ < 0, as can be observed by setting ¢ = 0 and solving the balance Equation (17).
The magnitude of H,,;, is then given by the solution of (17) for H under ¢ = 0. For the AT1
case: Hyin = 3G¢/ (16£); while for the PF-CZM model: H,,;, = 2G./(mal) = f?/(2E).

3. Finite Element Implementation

We proceed to present our finite element model. The unified phase field fracture
theory presented in Section 2 is numerically implemented in Abaqus using only a user
material (UMAT) subroutine; i.e., at the integration point level. This is achieved by taking
advantage of the similitude between the heat transfer law and the Helmholtz-type phase
field balance equation. The analogy between heat transfer and phase field fracture is
described in Section 3.1, while the specific details of the Abaqus implementation are given
in Section 3.2. The present implementation does not require the coding of residual and
stiffness matrix terms; however, these are provided in Appendix A for completeness.

3.1. Heat Transfer Analogy
Consider a solid with thermal conductivity k, specific heat ¢, and density p. In the

presence of a heat source 7, the evolution of the temperature field T in time ¢ is given by

the following balance law:
oT

g =
Under steady-state conditions the 0T /9t term vanishes and Equation (27) is reduced to,

kV2T — pcp —r, (27)
kV2T = —r (28)
Now, rearrange the phase field evolution law (17) as,

Vip=2 (i)gfz% + wzé? . (29)

Equations (28) and (29) are analogous upon considering the temperature to be equiva-
lent to the phase field T = ¢, assuming a unit thermal conductivity k = 1, and defining the
following heat flux due to internal heat generation,

r=_98 (‘Pg)éfzcw _ wzgf) ) (30)
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Finally, we also define the rate of change of heat flux (r) with temperature (T = ¢),

o __g'¢)H2cw _w"(¢)
op (G, 202 7 G1)

as required for the computation of the Jacobian matrix.

3.2. Abaqus Particularities

The analogy between heat transfer and phase field fracture lays the grounds for a
straightforward implementation of variational phase field fracture models in Abaqus.
Only a user material (UMAT) subroutine is needed, as it is possible to define within
the UMAT a volumetric heat generation source (30) and its variation with respect to the
temperature (31). It must be noted that a recent version of Abaqus should be used, as the
UMAT volumetric heat generation option does not function properly for versions older
than 2020. The alternative for versions 2019 or older is to combine the UMAT with a heat
flux (HETVAL) subroutine [38].

Abaqus’ in-built displacement-temperature elements can be used, significantly facil-
itating model development. The same process as for a standard Abaqus model can be
followed, with a few exceptions. The user should employ an analysis step of the type
coupled temperature-displacement, with a steady-state response. Also, one should define
as material properties the thermal conductivity k, the density p and the specific heat cp,
all of them with a value of unity. To avoid editing the UMAT subroutine, the mechanical
and fracture properties are provided as mechanical constants in the user material definition.
Also, one should define a zero-temperature initial condition T(t = 0) = 0V x. No other
pre-processing or post-processing steps are needed, everything can be done within the
Abaqus/CAE graphical user interface, and the phase field solution can be visualized by
plotting the nodal solution temperature (NT11). Inside of the UMAT, the material Jacobian
Cp and the Cauchy stress o are computed from the strain tensor. The current (undamaged)
stress-strain state is used to determine the driving force for fracture, . Both Cy and oy are
degraded using the current value of the phase field ¢ (temperature), which is passed to the
subroutine by Abaqus, such that C = g(¢)Cp and o = g(¢)oy. Finally, / and ¢ are used to
compute r (30) and dr/9¢ (31), defined as the volumetric heat generation and its derivative
with respect to the temperature. In its simplest form, the code requires only 33 lines.

The implementation also accommodates both monolithic and staggered schemes, en-
abling convergence even in computationally demanding problems. We choose not to
define the non-diagonal, coupling terms of the displacement-phase field stiffness matrix;
ie., Kyy = Kgy = 0. This makes the stiffness matrix symmetric. By default, Abaqus
assumes a non-symmetric system for coupled displacement-temperature analyses but one
can configure the solver to deal with a symmetric system by using the separated solution
technique. The current values of the phase field (temperature) and displacement solutions
are provided to the subroutine, so they can used to update the relevant variables (Cy, o, r
and dr/d¢), such that the deformation and fracture problems are solved in a simultaneous
(monolithic) manner. Conversely, one can use solution dependent state variables (SDVs) to
store and use the history field of the previous increment H;, effectively freezing its value
during the iterative procedure taking place for the current load increment. This is known
as a single-pass staggered solution scheme. Although single-pass staggered schemes are
very robust, unconditional stability no longer holds and one should conduct a sensitivity
analysis to ensure that the load increments employed are sufficiently small. Robustness and
unconditional stability can be achieved by using quasi-Newton methods [47,48], but such
option is not currently available in Abaqus for coupled temperature-displacement analyses.
Independently of the solution scheme, it is known that phase field fracture analyses can
achieve convergence after many iterations [48,49]. Thus, the solution controls are modified
to enable this (see the example input file provided in www.empaneda.com/codes).
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4. Results

We address several paradigmatic boundary value problems to showcase the various
features of the implementation, as well as its robustness and potential. First, we use
the PF-CZM model to simulate fracture in a three-point bending experiment and compare
the results with those obtained by Wells and Sluys [50] using an enriched cohesive zone
model. Secondly, we model mixed-mode fracture in a concrete beam to compare the crack
trajectories predicted by the AT2 model to those observed experimentally [51]. Thirdly,
cracking in a mortar plate with an eccentric hole is simulated to benchmark our predictions
with the numerical and experimental results of Ambati et al. [44]. Finally, the AT1 model
is used in a 3D analysis of crack nucleation and growth resulting from the interaction
between two gears.

4.1. Three-Point Bending Test

First, we follow the work by Wells and Sluys [50] and model the failure of a beam
subjected to three-point bending. In their analysis, Wells and Sluys combined the concepts
of cohesive zone modelling and partition of unity, using an exponential traction-separation
law [50]. To establish a direct comparison, we choose to adopt the so-called phase field-
cohesive zone model (PF-CZM) [41,42] using the exponential degradation function.

The geometry, dimensions and boundary conditions are shown in Figure 1la. A
vertical displacement of 1.5 mm is applied at the top of the beam, at a horizontal distance
of 5 mm to each of the supports. No initial crack is defined in the beam. Following
Ref. [50], the mechanical behaviour of the beam is characterized by a Young’s modulus of
E = 100 MPa and a Poisson’s ratio of v = 0, while the fracture behaviour is characterized
by a tensile strength of f; = 1 MPa and a toughness of G = 0.1 N/mm. Recall that in the
PF-CZM model the material strength is explicitly incorporated into the constitutive response
and, as a consequence, results become largely insensitive to the choice of phase field length
scale, which is here assumed to be £ = 0.1 mm. The model is discretised using 4-node
coupled temperature-displacement plane strain elements (CPE4T in Abaqus notation).
As shown in Figure 1b, the mesh is refined in the center of the beam, where the crack is
expected to nucleate and grow. The characteristic element is at least five times smaller
than the phase field length scale and the total number of elements equals 5820. Results are
computed using the monolithic scheme.
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0.0 0.1 0.2 03 04 0.5 0.6 0.7 0.8 09 1.0

Figure 1. Three-point bending test: (a) geometry, dimensions and boundary conditions, (b) finite
element mesh, and (c) phase field contour at the end of the analysis.

In agreement with expectations and with the results by Wells and Sluys [50], a crack
nucleates at the bottom of the beam, in the center of the beam axis. The crack then
propagates in a straight manner until reaching the top, as shown in Figure 1c. The resulting
force versus displacement response reveals a quantitative agreement with the predictions
by Wells and Sluys [50]—see Figure 2.
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Figure 2. Three-point bending test: force versus displacement response. The results obtained with
the present phase field fracture framework are compared with the results computed by Wells and
Sluys [50] using an enriched cohesive zone model.

4.2. Mixed-Mode Fracture of a Single-Edge Notched Concrete Beam

We proceed to model the failure of a concrete beam containing a notch. The aim is to
compare the predictions obtained with the AT2 model with the experimental observations
by Schalangen [51]. Schalangen subjected a concrete beam to the loading configuration
shown in Figure 3. The beam is supported at four locations, and each support is connected
to a girder beam through a rod. The cross-sections of the outer rods are smaller than those
of the inner rods, to ensure an equal elongation. The load is applied to the center of the
girder beams and then transferred through the rods to the concrete beam. The resulting
fracture is stable and mixed-mode.

Figure 3. Mixed-mode fracture of a concrete beam: experimental testing configuration, following
Ref. [51].
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The geometry and boundary conditions of our finite element model aim at mimicking
the experimental configuration, see Figure 4a. Two rigid beams are defined, tied to the
reference points RP1 and RP2, where the boundary conditions are applied. Both girder
beams can rotate around their reference points. The steel rods and supports are modelled
and assigned a Young’s modulus E = 210 GPa and a Poisson’s ratio equal to v = 0.3.
The cross-section of the inner rods equals 1000 mm? while the cross-section of the outer
rods is taken to be ten times smaller, in agreement with the experimental configuration.
As shown in Figure 4a, both horizontal and vertical displacements are constrained at the
reference point RP1, while RP2 has its horizontal displacement constrained but is subjected
to a vertical displacement of 0.5 mm.

Fracture is simulated using the AT2 model. To prevent failure of elements under com-
pression, the strain energy density is divided into tensile and compressive parts employing
the strain spectral decomposition proposed by Miehe et al. [29], using the anisotropic formu-
lation (24). The material properties of the concrete beam are taken to be: Young’s modulus
E = 35 GPa, Poisson’s ratio v = 0.2, and toughness G, = 0.1 N/mm. The phase field
length scale is assumed to be equal to £ = 2 mm and, consequently, the characteristic size
of the elements along the potential crack propagation region equals 0.5 mm (see Figure 4b).
The rods are modelled using truss elements, while the concrete beam is discretised with
a total of 28,265 linear quadrilateral coupled temperature-displacement plane strain ele-
ments. The results obtained are presented in Figure 5. Both experimental (Figure 5a) and
numerical (Figure 5b) results are shown. A very good agreement can be observed, with the
crack initiating in both cases at the right corner of the notch and deflecting, following a
very similar trajectory, towards the right side of the bottom support.

TyO.S mm

u,=0

Beam

RP2
Outer Rod
Inner Rod

| 440 |

‘ l | Steel

Concrete 5

100 20 180 40 180

¢ 180

Inner Rod I uy=0 Outer Rod

s¢!
|

‘ RP1 Beam ‘
| 220 \

(b)

Figure 4. Mixed-mode fracture of a concrete beam: (a) geometry, dimensions (in mm) and boundary
conditions, and (b) finite element mesh.
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Figure 5. Mixed-mode fracture of a concrete beam: (a) Experimental crack patterns [51], and (b)
predicted crack trajectory, as given by the phase field contour.

4.3. Notched Plate with an Eccentric Hole

In this case study, we demonstrate the capabilities of the framework in capturing the
interaction of cracks with other defects, and in predicting crack nucleation from arbitrary
sites. This is achieved by using the monolithic scheme and without observing convergence
issues. Specifically, we chose to model the failure of a mortar plate, which has been
experimentally and numerically investigated by Ambati et al. [44]. As shown in Figure 6a,
the plate contains a 10 mm notch and an eccentric hole of 10 mm radius. Mimicking the
experimental setup, the plate contains two loading pin holes; the bottom one is fixed in
both vertical and horizontal directions, while a vertical displacement of 2 mm is applied
to the top one. The material properties are E = 5982 MPa, v = 0.22, / = 0.25 mm and
G: = 2.28 N/mm. The AT2 phase field model is considered, with no split applied to
the strain energy density. We discretise the plate with 56,252 linear plane stress coupled
displacement-thermal elements (CPS4T, in Abaqus notation). The characteristic element
length in the regions surrounding the notch and the hole is five times smaller than the
phase field length scale.

The results obtained, in terms of the crack trajectory, are shown in Figure 6. A very
good agreement with the experimental observations is attained (Figure 6b). As shown in
Figure 6c, the crack starts from the notch tip and deflects towards the hole. The location of
the point of interaction between the hole and the crack originating from the notch appears
to be the same for experiments and simulations. Upon increasing the applied load, a new
crack eventually nucleates from the right side of the hole, and propagates until reaching
the end of the plate. The resulting force versus displacement response is shown in Figure 7,
where various images of the crack path have been superimposed to facilitate interpretation.
The curve exhibits a linear behaviour until crack nucleation occurs (4 =~ 0.28 mm), when a
sudden drop in the load carrying capacity is observed. The interaction between the crack
and the hole induces mixed-mode conditions and crack deflection, which is reflected in
the force versus displacement curve. Once the crack has reached the hole, the applied
displacement can be further increased without a drop in the load. This is observed until
the nucleation of the second crack, which leads to the complete failure of the plate.
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Figure 6. Notched plate with an eccentric hole: (a) geometry, dimensions (in mm) and boundary
conditions, (b) experimental observation [44], and predicted phase field ¢ contours at (c) # = 0.4 mm
and (d) u = 2 mm.
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Figure 7. Notched plate with an eccentric hole: force versus displacement curve, with several
snapshots of several cracking events superimposed.

4.4. 3D Analysis of Cracking Due to the Contact Interaction between Two Gears

Finally, we proceed to showcase the abilities of the model in simulating complex
3D boundary value problems, involving advanced features such as contact. It should be
emphasized that the same subroutine is used for both 2D and 3D analyses as the implemen-
tation is conducted at the integration point level. We chose to simulate the nucleation and
growth of cracks in the teeth of two interacting gears, a problem of important technological
relevance. The geometries of the two gears are shown in Figure 8, with dimensions given
in mm. The circular pitch equals 8 mm, the pressure angle is 20° and both the clearance
and the backlash equal 0.05 mm. Both gears have a thickness of 3 mm. The boundary
conditions are also depicted in Figure 8. The inner hole of each gear is tied to the gear
center point. The center of the small, right gear is subjected to a rotation of 1 radian, while a
linear rotational spring is considered at the center of the large, left gear. The stiffness of the
rotational spring is 7 x 10° N-mm/rad.

Figure 8. Cracking in interacting gears: geometry, dimensions (in mm) and boundary conditions.
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The modelling requires a non-linear geometrical analysis and the use of a contact
algorithm to simulate the interaction between the gear teeth. Frictionless contact is assumed
for the tangential contact behaviour, which is enforced by making the Lagrangian multiplier
equal to zero. The normal contact behaviour is considered to be a hard contact with a
surface-to-surface interaction. The penetration of the slave surface into the master surface
is minimised under hard contact conditions. The normal contact constraint is enforced
through a Lagrangian multiplier. The material properties read E = 210 GPa, v = 0.3,
¢ = 0.25 mm, and G, = 2.7 N/mm. Fracture is predicted using the AT1 model and no
split is used for the strain energy density. The model is discretised with more than 120,000
three-dimensional coupled temperature-displacement brick elements. The results obtained
are shown in Figure 9, in terms of phase field ¢ contours. Cracking initiates from the root
of one of the teeth from the smaller gear and propagates towards the opposite root until
the rupture of the gear teeth.

@)

(b) (© (@)

M | .

0.0 0.1 0.2 03 04 0.5 0.6 0.7 0.8 09 1.0

Figure 9. Cracking in interacting gears: phase field contours, (a) overall view at an advanced stage of
cracking, and detail at (b) 0.028 + 2 x 10~7 rad, (c) 0.028 +5 x 10~7 rad and (d) 0.028 +9 x 10~7 rad.

5. Conclusions

We have presented a unified Abaqus implementation of the phase field fracture
method. Unlike previous works, our implementation requires only one user subrou-
tine, of the user material type (UMAT). This enables avoiding the use of user elements,
with the associated complications in pre- and post-processing, as well as exploiting most
Abaqus’ in-built features. The implementation is compact, requiring only 33 lines of
code in its simpler form, and can be used indistinctly for 2D and 3D problems. It is
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also robust, as both staggered and monolithic solution schemes have been incorporated.
Moreover, the implementation can accommodate any constitutive choice of phase field
model. We present a unified theoretical framework that resembles the code, and par-
ticularize it to three of the most widely used phase field models: AT1, AT2 and PF-CZM.
In addition, several strain energy splits are considered, in the framework of both hybrid
and anisotropic formulations.

We have demonstrated the robustness and capabilities of the framework presented by
addressing several boundary value problems of particular interest. First, we showed that
the PF-CZM version leads to an excellent agreement with the enriched cohesive zone model
analysis by Wells and Sluys [50] of crack nucleation and growth in a beam subjected to three-
point bending. Secondly, we validated the crack trajectories predicted by the AT2 model
with the experimental observations by Schalangen [51] on a concrete beam exhibiting mixed-
mode fracture. Thirdly, we simulated the failure of a mortar plate with an eccentric hole to
showcase the capabilities of the framework in capturing the interaction between cracks
and other defects, as well as the nucleation of secondary cracks. The simulations agree
qualitatively and quantitatively with the results obtained by Ambati et al. [44]. Finally, we
used the AT1 version to model cracking due to the interaction between gears to showcase the
capabilities of the model in dealing with 3D problems incorporating complex computational
features, such as contact and geometric non-linearity. The codes developed have been
made freely available, with examples and documentation at www.empaneda.com/codes.

Author Contributions: Conceptualization, E.M.-P,, Y.N., C.B.; methodology, Y.N.; software, E.M.-
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Appendix A. Weak Formulation and Finite Element Implementation

The heat transfer analogy enables implementing the phase field fracture method in
Abaqus using only an integration point level user subroutine. Thus, the definition of the
element stiffness matrix K¢ and the element residual vector R® are carried out by Abaqus
internally. However, both are provided here for the sake of completeness. Consider the
principle of virtual work presented in Section 2. Decoupling the deformation and fracture
problems, the weak form reads,

/Q { [g(¢) + ] o : 5e}dv —0. (A1)

' 1 1
/Q{g’(gb)&pH + EGC {Mw’up)&p - ngv&p} } dv =0. (A2)

Now let us proceed with the finite element discretisation. Adopting Voig notation, the
nodal variables for the displacement field 1, and the phase field ¢ are interpolated as:

u = Z Niﬁi, (P = i NiqBi ’ (A3)
i i=1

where N; is the shape function associated with node i and N; is the shape function matrix,
a diagonal matrix with N; in the diagonal terms. Also, m is the total number of nodes per
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element such that &; = {uy, uy, uZ}T and ¢; respectively denote the displacement and
phase field at node i. Consequently, the associated gradient quantities can be discretised
using the corresponding B-matrices, containing the derivative of the shape functions,
such that:

i
o

Il
—_

m
B!y, Vo =) Bif;. (A4)
i=1

Considering the discretisation (A3)—(A4), we derive the residuals for each primal
kinematic variable as:

R = [ {ls(9)+rl(BY o0} av, (45)
R? = /(){g’((j))NiH + chg [wlé(l’) N; + £2 (Bi)Tng] }dV. (A6)

Finally, the consistent tangent stiffness matrices K are obtained by differentiating the
residuals with respect to the incremental nodal variables as follows:

JRY
Ki =G = @ +amn’cosrfav, (A7)
4’781{?7 " Ge AT Gl Th.
K =5 - /Q{ (g (O)H + g (¢)) NN 5 B B]} dv, (A8
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ARTICLE INFO ABSTRACT
Keywords: In this work, we describe our contribution to the Purdue-SANDIA-LLNL Damage Mechanics
Phase field fracture Challenge. The phase field fracture model is adopted to blindly estimate the failure characteris-

Damage mechanics challenge
Brittle fracture

Rock fracture

Finite element analysis

tics of the challenge test, an unconventional three-point bending experiment on an additively
manufactured rock resembling a type of gypsum. The model is formulated in a variationally
consistent fashion, incorporating a volumetric—deviatoric strain energy decomposition, and the
numerical implementation adopts a monolithic unconditionally stable solution scheme. Our
focus is on providing an efficient and simple yet rigorous approach capable of delivering
accurate predictions based solely on physical parameters. Model inputs are Young’s modulus
E, Poisson’s ratio v, toughness G, and strength o, (as determined by the choice of phase field
length scale ). We show that a single mode I three-point bending test is sufficient to calibrate
the model, and that the calibrated model can then reliably predict the force versus displacement
responses, crack paths and surface crack morphologies of more intricate three-point bending
experiments that are inherently mixed-mode. Importantly, our peak load, crack trajectory and
crack surface morphology predictions for the challenge test, submitted before the experimental
data was released, show a remarkable agreement with experiments. The characteristics of the
challenge, and how changes in these can impact the predictive abilities of phase field fracture
models, are also discussed.

1. Introduction

This work presents our contribution to the Damage Mechanics Challenge organised by Purdue University, Sandia National
Laboratories and the Lawrence Livermore National Laboratory. The aim of the Damage Mechanics Challenge is to assess and showcase
the ability of computational methods to predict (as opposed to fit) the failure of rock-like materials. As detailed below, a certain
degree of information was provided on the deformation and fracture characteristics of the material under consideration, a 3D-printed
rock, and then participants were asked to predict — using the computational approach of their choosing — the failure behaviour (force
vs displacement response, crack trajectory and morphology) in a new test configuration.

We chose to employ the phase field fracture model [1,2] to predict the fracture behaviour of the additively manufactured
rock samples, due to its robustness and rigorous physical basis. The phase field fracture model has been enjoying an ever-
growing popularity in recent years. Grounded on Griffith’s energy balance [3], the phase field model enables predicting complex
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cracking phenomena based on the thermodynamics of fracture, including arbitrary crack branching, coalescence and arbitrary crack
trajectories. The approach is also known to be mesh objective and computationally robust [4,5]. Hence, not surprisingly, phase field-
based fracture models have been developed to simulate material failure across a wide range of engineering applications, including
dynamic fracture [6-8], hydrogen embrittlement [9,10], fatigue damage [11,12], fibre-reinforced composites [13-15], functionally
graded materials [16,17], smart materials [18-20], and Li-Ion battery degradation [21,22]. Notably, phase field fracture methods
have been recently applied to study crack propagation in rock-like materials [23-27] and glaciers [28,29].

In the following, we proceed to describe how we have successfully predicted the required experimental outcome of the Damage
Mechanics Challenge using the phase field fracture model and the provided experimental calibration data. The aim was to demonstrate
robust predictive capabilities with minimal model complexity. As such, a conventional phase field fracture model (so-called AT2
model [2]) is employed, such that predictions depend only on four material properties: Young’s modulus E, Poisson’s ratio v, fracture
energy G,, and strength o, with the last one being indirectly defined through the choice of phase field length scale #. It is worth
emphasising that this contribution deals with a piece of work that was conducted as part of the standard Damage Mechanics Challenge;
i.e., the results presented are blind predictions, which were submitted to the challenge organisers before the experimental data of
the benchmark test was released.

2. Approach: Phase field fracture modelling

In the following, we proceed to describe the numerical approach employed and the characteristics of the boundary value problem
under consideration. This study was carried out by three researchers based at the University of Oviedo, University of Oxford, and
Vanderbilt University with previous collaborative experience in related endeavours.

2.1. A phase field description of fracture

2.1.1. Background
The phase field fracture model builds upon Griffith’s foundational thermodynamic framework [3]. In concordance with the
principles of the first law of thermodynamics, the initiation or propagation of a crack is contingent upon the proviso that
the total energy of the system either diminishes or remains constant. Thus, the condition for fracture is critically determined
through equilibrium considerations, whereby the overall energy remains unaltered. Consider an elastic solid including a crack,
the perturbation in the total energy £ attributable to infinitesimal growth in the crack area, denoted as dA, can be articulated as:
de _dm W, _dvem) AW, dw. o
dA dA dA dA dA dA
where W, denotes the energy expenditure required to generate two new surfaces, and I7 is the total potential energy supplied by
the internal strain energy ¥ and the external forces W,. The last term in Eq. (1) is the so-called fracture energy or critical energy
release rate, G, = dW,/dA; a constant, material-specific parameter characterising its resilience against fracture. The internal strain
energy ¥ is a function of the strain field &, which is itself a function of the displacement field; for small strains, € = (VuT + Vu) /2.
Thus, in the case of prescribed/fixed displacements, although no external work is done on the body (W, = 0), a crack would
grow if the energy stored in the solid equates to the energy required to create two new surfaces. As such, Griffith’s hypothesis
describes a localised principle of minimality governing the cumulative stored and fracture energies. Within an arbitrary domain
£ cIR” (n € [1,2,3]) encompassing an internal discontinuity boundary I, this principle of minimality can be expressed through a
variational representation as:

€(u)=/w(£(u))dV+/GCdS—/b-udV—/ T -udsS &)
Q r Q 0Q

where the external work is characterised by the body force b and the external traction vector T, and their dot product with the
displacement vector u. Thus, the trajectory of crack growth can be predicted devoid of arbitrary criteria, grounded in the principles
of global minimality and the conversion of stored energy into fracture energy. Nonetheless, minimising the Griffith energy functional
(2) is hindered by the intricacies associated with the tracking of the advancing fracture surface I'. This computational challenge can
be addressed by making use of a scalar phase field variable ¢, which can be interpreted as a damage field variable, transitioning
from 0 in undamaged regions to 1 within the confines of the crack. In alignment with the rationale of continuum damage mechanics,
a degradation function g(¢) = (1 — ¢)? is also used, so as to modulate the material stiffness in accordance with the evolving damage.
Consequently, the regularised energy functional takes the form:

Sf(u,qb)=/(1—¢)21//0(£(u))dV+/chf((b)dV—/b'udV—/ T -udS 3)
0 Q Q0 0.

Q

where y, is the so-called crack density function, which for the conventional AT2 model reads [2]:
P 2
=— 4+ = |Vo|°.
ve (@) =77+ 5IVel 4)

The crack density function includes the gradient of the phase field order parameter and accordingly a length scale £, which enables
mesh objectivity. This phase field length scale ¢ is directly related to the material strength, as can be illustrated by plotting the
solution to the homogeneous, 1D coupled deformation-phase field fracture problem, which gives a maximum stress of,

27EG,
% =\ 2567 )




Y. Navidtehrani et al. Engineering Fracture Mechanics 301 (2024) 110046

Accordingly, for plane stress conditions, o, « \/GCT/ = Ky, /\/;, and the choice of ¢ will define the material strength for a
given Young’s modulus E and critical fracture energy G, (or fracture toughness K; ). The ability of the phase field fracture model
to go beyond Griffith’s fracture and incorporate the concept of material strength is essential to predict crack nucleation [30], and
as a result, the phase field fracture model can capture the transition from toughness-driven failures to strength-driven failures [31],
naturally encompassing the transition flaw size concept. Thus, the structure of the phase field model ensures its alignment with
conventional fracture mechanics theory and this has been shown computationally (see, e.g. Refs. [30-32]) and theoretically - e.g., I'-
convergence studies have shown that the regularised functional (3) converges to the Griffith functional (2) in both discrete and
continuous systems [33,34].

One relevant aspect to consider is that the conventional phase field fracture model, akin to Griffith’s work, assumes a symmetric
fracture behaviour in tension and compression. To break this symmetry and hinder cracking in compressive regions, a number of
authors have proposed modifications to the model that aim at decomposing the fracture driving force, the strain energy density.
Accordingly, the (undamaged) strain energy density, which is typically defined as follows for elastic solids,

wole @) = 36 1 Cy & e (w, ©)

with C,, denoting the undamaged stiffness tensor, can be decomposed into a tensile part, w()* , and a compressive part, vy such that

wo(e(w) =y (e(w) + vy (e(w)), )
Herein, we adopt the so-called volumetric—-deviatoric split [35], rendering

v (€)= 2K (@) + (@ : &) ©
8
vy (ew) = 3 K(rew))?,

where K denotes the bulk modulus, u represents the shear modulus, and () are used to denote the Macaulay brackets, defined as
(a), = (a=|a|)/2. Furthermore, £ (u) is the deviatoric part of the strain tensor, defined as €' (u) = &(u) — tr(¢(u))1/3, where 1 denotes
the second-order unit tensor.

2.1.2. Balance equations

We now proceed to formulate the relevant partial differential equations of the modelling framework in their weak and strong
forms. To this end, it is convenient to define the elastic strain energy density, considering the volumetric—deviatoric split considered
above,

w(eW) = (1 - ¢y l//0+(6(ll)) +y, (e(w)). 9
Then, in a variationally consistent fashion, the Cauchy stress is defined as,
_ Oy () _

1 , 0wy () dyy (e()
°= 0e(u) =1-9 oe(u) Je(u)

=(1-¢) 0o} +0j, (10)

where "(J)r denotes the positive part of the undamaged Cauchy stress tensor, which undergoes degradation due to the evolution of
damage, while o represents the corresponding negative counterpart. Then, considering both the strain energy decomposition (7)
and the choice of crack density function (4), the regularised functional (3) can be expressed as,

& (u, ) = /!2 [(1 = &) w (e () +wy (e )] AV

+/GC<L¢2+£|V¢|2) dV—/b-udV—/ T uds 11)
v 2¢ 2 Q 00

Consequently, taking the stationary of the functional (11), using Gauss’ divergence theorem and noting that the resulting expression
must hold for any kinematically admissible variations of virtual quantities, the local balance equations of the problem are obtained
as follows:

V- [1-¢)’c} +05]+b=0 in Q

G, (% —qua) -2 -y (e@)=0 in Q 12)

Finally, one should note that crack healing is possible in the absence of supplementary constraints in the phase field evolution
Eq. (12)b. To preclude this phenomenon, a history field 7 can be introduced, H = max,¢o, ¥, (¢), replacing w; as the fracture
driving force [4]. Also, a residual stiffness can be added to the degradation function to prevent ill-conditioning in fully damaged
regions, such that g(¢) = (1 — ¢)* + k, where « is a small number (x = 1 x 1077).
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Fig. 1. Damage Mechanics Challenge data: calibration and to-be-predicted experiments. The calibration data included force versus displacement measurements
for: (a) four three-point bending configurations (of equal dimensions but different notch configurations), (b) unconfined compressive tests, and (c) Brazilian disk
tests. Based on this information, participants were asked to blindly estimate the cracking characteristics (peak load, crack trajectory and morphology) of an
unconventional three-point bending test with an inclined, unsymmetric notch (d).

2.1.3. Numerical implementation

The coupled system of equations is solved using the finite element method. As described in Appendix A, the components of
the stiffness matrix and the residuals can be obtained from Eq. (11) using the finite element discretisation. Here, the focus is on
simplicity and accordingly, the model is implemented in the commercial finite element package Abaqus without the need for an
element-level implementation. As shown in Appendix B, the phase field evolution equation, Eq. ((12)b), takes the form of Poisson’s
equation, such that one can exploit the analogy with the steady-state heat transfer equation and use in-built Abaqus capabilities. By
treating the phase field variable ¢ akin to the temperature field and applying the crack driving force via an appropriate (nonlinear)
heat source, one can easily implement the phase field model at the integration point level, using a user material (UMAT) subroutine.
Details of the implementation are provided in Appendix B and Refs. [36,37]. A monolithic solution scheme was used to solve the
coupled displacement and phase field equations, ensuring unconditional stability and thus maximising efficiency.

2.2. Numerical experiments: defining the boundary value problem

2.2.1. Challenge data, requisitions and characteristics

The phase field fracture model was used to conduct numerical experiments with the aim of benchmarking model predictions
against calibration data and providing a blind estimate of the required outputs. The samples needed for the challenge experiment and
the calibration data were manufactured by the hosts of the Damage Mechanics Challenge using additive manufacturing. The material
employed was a special type of gypsum, which resulted from the bonding of calcium sulphate hemihydrate layers (bassanite powders
with a deposition layer thickness of 0.1 mm) with a proprietary water-based binder (ProJet X60 VisiJet PXL). For consistency, all
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Fig. 2. Three-point bending tests used for generating calibration data: geometry, dimensions and boundary conditions. The tests included a conventional three-
point bending experiment, denoted as HC (a), two tests where the notch was placed eccentric, HB (b) and HA (c), and a fourth experiment where the notch
was inclined 45° along the thickness, requiring a 3D analysis, H45 (d).

samples were obtained from the same 3D printing build. As summarised in Fig. 1, the calibration data included: (i) three-point
bending tests on four types of notched samples, differentiated by the location of their notch, (ii) uniaxial loading tests to measure
the unconfined compressive strength (UCS), and (iii) Brazilian tests to measure the tensile strength. Based on this information,
participants were provided with the geometry of the challenge test, a three-point bending test with an inclined notch — see Fig. 1d,
and asked to numerically predict:

+ The force versus displacement response.
+ The crack trajectory to benchmark against Digital Image Correlation (DIC) images.
+ The crack surface morphology to benchmark against laser profilometry measurements.

Because the growth of a pre-existing notch in a three-point bending test is likely to be driven by tensile stress states, we
disregarded the UCS values measured in the calibration unconfined compressive tests. However, these experiments can be useful in
providing a rough estimate of the material’s Young’s modulus E. Specifically, the data provided in Fig. 1b can be well-fitted with
E values between 900 and 1100 MPa. Nevertheless, it is important to emphasise that this is likely to be a higher value than that
relevant to tensile loading, due to the additional stiffness provided by existing defects under compression. The Brazilian test data
provided was also disregarded. While the Brazilian test is an experiment frequently used to estimate a material’s tensile strength,
the analysis of the experiment with the BrazVal App [38] revealed that the conditions of validity of the test were not fulfilled. As
elaborated in Ref. [38], jaws with sufficiently small radii must be used to ensure that cracking initiates in the disk centre. If this is not
the case, the tensile strength obtained from the peak load measurement is an underestimation of the real material tensile strength.
As a result, the tensile strength corresponding to the average peak load in the Brazilian tests conducted (5200 N, ¢, ~ 2.5 MPa)
is deemed to be an unsuitable value and can only serve as a lower bound. Accordingly, the calibration three-point bending tests
were used to estimate the three parameters of our phase field fracture model: Young’s modulus E, strength ¢, and toughness G..
Poisson’s ratio was assumed to be equal to v = 0.2 as is commonly the case in rock-like materials and calculations with other values
(results not shown here) indicate negligible differences. While a mode I fracture experiment can serve to independently calibrate
each of these parameters, it is important to emphasise that they all have a physical meaning and can be independently measured.

Three-point bending tests were conducted on five types of samples, with the results obtained for four of them provided as
calibration data. These samples are illustrated in Fig. 2, providing details of their geometry and boundary conditions. All the samples
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Fig. 3. Finite element discretisation of the three-point bending tests used for generating calibration data. The model HC (a) employs a total of 8888 bi-linear
quadrilateral elements, the model HB (b) uses 11,242 bi-linear quadrilateral elements, the model HA (c) uses 14,622 bi-linear quadrilateral elements, and the
three-dimensional model H45 employs 1,953,053 linear tetrahedral elements. Since the crack trajectory is not known a priori, the mesh is strategically refined
in regions of potential crack growth.

had the following dimensions: 25.4 mm X 76.2 mm x 12.7 mm. The tests denoted HC correspond to a standard three-point bending
configuration, with the notch located in the centre of the sample and aligned with the applied load. In tests HB and HA the notch was
placed eccentric to break the symmetry of the beam and induce mixed-mode fracture conditions. A fourth calibration test, denoted
H45, included a notch inclined 45° along the thickness, requiring full 3D analysis. On the other hand, the challenge experiment
was based on a more intricate geometry, containing a crack that was not only inclined along the out-of-plane direction but also
exhibited a variation in notch depth along the sample thickness — see Figs. 1d and 4. An important point to emphasise is that, as
will be shown below, the mode I HC three-point bending experiment suffices to estimate the parameters of the phase field fracture
model; the model can predict (without any additional fitting) the mixed mode behaviour of the remaining three-point bending as
crack trajectories are naturally captured following the path of maximum energy release rate.

2.2.2. Computational details

The finite element meshes employed for each of the calibration three-point bending tests are given in Fig. 3. Plane strain
conditions were assumed for calibration tests HA, HB and HC, whereas a 3D model has to be employed for H45. Three and four
degrees of freedom per node are respectively employed in the 2D and 3D models, involving the components of the displacement
vector and the scalar phase field variable. A key computational advantage of the phase field fracture model is its ability to deliver
mesh-independent results, due to its non-local nature. However, this requires a mesh sufficiently fine to resolve the phase field
length scale 7. Specifically, it has been shown that the characteristic element size has to be five times smaller than # to ensure
mesh objectivity [31]. This rule is followed in all our calculations, requiring the use of a refined mesh along the potential crack
propagation region. Since the crack path is not known a priori, the mesh is refined over a relevant, sufficiently large region near
the notch — see Fig. 3.

Four-node quadrilateral elements with full integration are employed for the 2D case studies, while four-node linear tetrahedral
elements are used for the 3D benchmark. For the sake of comparison, both tetrahedral and brick elements are used in the predictions
of the challenge test, as discussed below. As quantified in the caption of Fig. 3, the finite element meshes range from 8000 to 15,000
elements, in the 2D cases, while close to 2 million elements are employed for the 3D analysis. Calculation times go from 30 min for
the 2D analyses (using a single core) to eight days for the 3D model (using 8 cores). A direct linear solver is employed. In the case
of the challenge test, the total number of DOFs was close to 4 million, and calculations exceeded ten days on an Intel(R) Xeon(R)
Gold 6242R workstation using 16 cores. These calculation times are intrinsically related to the choice of a fully monolithic scheme,
which provides accuracy and unconditional stability at the expense of poor convergence. Calculation times can be very significantly
reduced through the use of staggered or BFGS-based monolithic approaches. The geometry, mesh and boundary conditions of the
challenge test are provided in Fig. 4.
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Fig. 4. Details of the challenge test: (a) Geometry, dimensions and boundary conditions, and (b) finite element discretisation, employing a total of 904,429
linear brick elements.
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Fig. 5. Using the mode I three-point bending experiment (HC) to estimate the three input parameters to the phase field fracture model: Young’s modulus E,
toughness G, and phase field length scale ¢ (or strength ¢.). Numerical force versus displacement results, and comparison with experiments, for varying (a) E,

(b) ¢, and (c) G.. Lastly, (d) shows the prediction obtained with the choices E = 600 MPa, v = 0.2, G, = 0.13 kJ/m? and ¢ = 0.5 mm. These choices give a
strength of o, = 4.05 MPa.

2.2.3. Calibration of the material parameters

Preliminary calculations were conducted to estimate the values of the three input parameters of the model: Young’s modulus E,
toughness G, and strength o, with the last one being fixed by an appropriate choice of the phase field length scale #. As discussed
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Fig. 6. Numerical predictions of the force versus displacement response of the three-point bending tests provided as part of the challenge data. Four types of
tests have been conducted: (a) HC, (b) HB, (¢) HA, and (d) H45. A black dashed line is used for the finite element results and solid coloured lines are used for
the experimental data consisting of four replicate experiments per testing configuration.

above, the mode I three-point bending test (denoted HC) suffices to calibrate these variables, and the quality of the calibration was
then benchmarked by predicting the failure of the other three three-point bending tests, which are more intricate and inherently
mixed-mode. The calibrated and verified model was then used to deliver a blind estimate for the test challenge.

Let us consider first the case of Young’s modulus E. As shown in Fig. 5a, the numerical results obtained show that the range
of values inferred from the UCS experiments (900-1100 MPa) overestimates the stiffness shown in the three-point bending tests.
Instead, a value of E = 600 MPa appears to provide a much better agreement. As discussed above, these discrepancies between the
stiffness of tensile and compressive tests are likely to be related to the influence of defect dilation in the former (as opposed to
defect closure and friction in the latter). We proceed then to determine the fracture parameters, G, and o, (or #). Recall that the
choice of # defines the strength, as per Eq. (5). A higher sensitivity to the choice of G, is expected because the samples contain large
pre-existing defects and thus failures are likely to be toughness-controlled (as opposed to strength-controlled) [31]. This is shown
in Figs. 5b and 5¢; doubling the value of G, brings an increase of 42% in the critical load, while the critical load only changes by
10% when the value of # is halved. But qualitatively, changes in G, and # have the same effect — changing the magnitude of the
critical load. Accordingly, we make a judicious choice and pick a pair of G, and # values that provide a good agreement with the
experimentally measured peak load while falling within the range of expected values for rock-like materials. These are G, = 0.13
kJ/m? and 6, = 4.05 MPa (¢ = 0.5 mm). As discussed below, this choice of parameters gives a remarkable agreement with the
other (mixed-mode) four three-point bending tests and with the challenge test, in terms of peak load, crack trajectory and crack
morphology.

3. Results

We proceed to showcase the numerical results obtained using the model and boundary value problems described in Section 2.
First, from a set of parameters calibrated with the mode I three-point bending test, we examine the ability of the model to predict
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Fig. 7. Numerical and experimental estimations of the critical (peak) load for the three-point bending tests provided as part of the challenge data. The experimental
data is reported as the average peak load with an error bar.

cracking in the four mixed-mode three-point bending data calibration experiments (Section 3.1). Then, we provide blind estimates
of the failure characteristics of the challenge test (Section 3.2).

3.1. Model benchmarking against calibration data

Numerically predicted force versus displacement responses for the four three-point bending calibration tests are given in Fig. 6,
next to the experimental results (4 repeated tests per configuration). The fit is particularly good for the HC case, unsurprisingly as it
was used as a calibration benchmark, but a good agreement is overall attained both in terms of peak load and critical displacement. A
more quantitative comparison is provided in Fig. 7, where the peak load is shown for both simulations and experiments. In the latter,
the average of the four experiments conducted per test is reported and error bars have been included to quantify the experimental
scatter. While the agreement is overall good, numerical simulations of test HA and H45 appear to respectively overestimate and
underestimate the peak load. Nevertheless, even in those cases, numerical predictions deviate only ~10% from the average peak
load and the error is less than 7% from the closest experimental measurement. This level of differences is arguably to be expected
considering that the model assumes that the 3D-printed rock is homogeneous and isotropic.

Next, crack trajectories are compared with DIC measurements. In addition, the predicted crack morphology in the 3D case study
(H45) is also compared to the laser profilometry profile. The results are shown in Fig. 8. Fig. 8b shows the predicted 2D crack
trajectories, with red colour denoting the regions with ¢ = 1 (i.e., cracks), and Fig. 8c overlaps the experimental (Fig. 8a) and
computational (Fig. 8b) results. This overlap reveals an almost perfect agreement between the two, showcasing the ability of the
model to capture complex crack trajectories that have not been predefined. A good agreement is also attained in the predictions of
crack morphology for the 3D analysis (case H45), as shown in Fig. 8d, with the predicted crack morphology exhibiting the same
shape and contortions as the laser profilometry-based measurements.

3.2. Blind predictions of the challenge test

Finally, we use our phase field model to deliver blind estimates of force versus displacement behaviour, crack trajectory and
crack surface morphology for the challenge test. Our results, submitted to the challenge prior to the release of the corresponding
data, are shown here and compared to the outcome of the laboratory tests. It should be noted that calculations were conducted with
two types of elements (brick and tetrahedral) and while the results were similar, some differences were found, which are discussed
in Appendix C. The results presented in this Section correspond to those calculated using brick elements. After a mesh sensitivity
study, the 3D model employed uses a total of 904,429 8-node trilinear brick elements, with the mesh being selectively refined in
the regions of potential crack growth (see Fig. 4b).

First, we compare our numerical predictions of the macroscopic force versus displacement response; the results are shown in
Fig. 9. The numerical model appears to succeed in predicting with reasonable accuracy the force versus displacement behaviour,
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Fig. 8. Numerical and experimental results of crack trajectories and morphology for the three-point bending tests provided as part of the challenge data: (a)
experimental crack paths, (b) phase field fracture model predictions, (c) overlap between experimental and numerical results, and (d) comparison of crack
morphologies for H45.

providing a peak load and a critical displacement that lie within the experimental data. As shown in Fig. 9b, the peak load appears
to be slightly lower than the test average but falls within the experimental scatter.

The crack path predictions are provided in Fig. 10, as depicted by the phase field ¢ contours. The experimental results are also
provided (Fig. 10a), together with an overlap of model and experimental crack trajectories (Fig. 10c). The results show a remarkable
agreement between computations and experiments, showcasing the ability of the phase field fracture model presented to deliver
accurate blind estimations.

Finally, model predictions are benchmarked against the last piece of data provided: crack surface morphology, as measured using
laser profilometry. The experimental data, provided as asperity data for 250 rows and 120 columns in 0.1 mm intervals, is plotted
using MATLAB. The results are compared in Fig. 11. As can be observed, the crack surface morphology predicted with the phase
field model appears to be in good agreement with the experimentally determined crack surface profile, which was released after
the submission of the model predictions.

4. Summary, conclusions and outlook

We have described our contribution to the Damage Mechanics Challenge, which exploited the strengths of the phase field fracture
model [2] to deliver blind estimates (i.e., predictions submitted before the challenge data was released). Phase field fracture models
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Fig. 9. Comparison between phase field fracture predictions and experimental data, released a posteriori, for the challenge test: (a) force versus displacement

response, showing numerical results (dashed line) and four replicate experiments, and (b) peak load, with the experimental data reported as the average peak
load with an error bar.

(a)
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(c)

Fig. 10. Crack trajectories. Comparison between phase field fracture predictions and experimental data, released a posteriori, for the challenge test: (a)
experimental results, (b) phase field contours, and (c) overlap of numerical and experimental results.
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Experiment Model

Fig. 11. Three-dimensional crack surface morphology. Comparison between phase field fracture predictions and experimental data, as measured with laser
profilometry.

are grounded on Griffith’s energy balance and the thermodynamics of fracture, and accordingly deliver predictions in agreement
with the conventional fracture mechanics theory. The aim was to demonstrate the predictive potential of simple, physically-sound
models based on a well-established theory. Maximising computational efficiency and simplifying implementation were also targets
of this work, which used an unconditionally stable monolithic solution scheme and straightforwardly implemented the model in a
commercial finite element package by exploiting the analogy between heat transfer and the phase field evolution equations [36,37].

Our model predictions relied only on four parameters, with a clear physical interpretation: Young’s modulus E, Poisson’s ratio
v, toughness G, and strength o,, with the last one being defined through the choice of phase field length scale # [30,31]. Our study
showed that a simple, mode I three-point bending test was sufficient to calibrate the model parameters, with the calibrated model
accurately predicting the failure characteristics of the other three three-point bending experiments provided as calibration data,
which were more intricate and intrinsically mixed-mode. A very good agreement with experiments was observed across all available
data: force versus displacement response, crack trajectory and 3D crack morphology. Furthermore, the submitted predictions for the
challenge test were shown to deliver a remarkable agreement with the experimental data, released a posteriori. The agreement was
found to be excellent across all the data provided: force versus displacement response, crack propagation paths and surface crack
profile.

The results presented further showcase the ability of phase field fracture models to capture complex cracking phenomena in a
physically sound fashion. Only the force versus displacement curve of one conventional, mode I three-point bending test sufficed
to calibrate a model that could deliver reliable predictions not only for the challenge test but also for the remaining calibration
data, across a wide range of scenarios, data (load carrying capacity, crack paths and morphology) and loading configurations. This
is despite the challenge being based on an additively manufactured material (a type of gypsum mortar) that is rare and for which little
information is available. Phase field approaches link damage and fracture mechanics, providing the computational robustness of non-
local damage models while delivering predictions based on well-established fracture parameters and in agreement with decades of
fracture mechanics development and understanding. However, one could envisage ways to complicate the challenge that would have
potentially showcased the limitations of phase field fracture modelling and other state-of-the-art computational models. For example,
rocks are typically heterogeneous porous materials yet material heterogeneity played a secondary role in this challenge. Within this
realm, several classes of heterogeneous rocks have been shown to exhibit distinct mode I and mode II critical energy release rates
(GI, GIT). This was not observed in the challenge data, where cracks appear to grow according to the direction of maximum
energy release rate. In any case, phase field models have been recently developed to account for material anisotropy [39,40] and
shear fracture characteristics [26,41]. Additionally, conventional phase field models assume a failure surface that is symmetric
over the tensile and compressive regimes. This was appropriate for this challenge, as the chosen loading configuration (three-point
bend testing) resulted in crack growth due to tensile stress states. However, rock-like materials are known to exhibit asymmetric
failure surfaces and these would have played a role under more intricate loading conditions. Fortunately, recent years have seen
the development of phase field models capable of accommodating arbitrary failure surfaces, such as Drucker-Prager [42,43]. A new
edition of this challenge, which could potentially test these complex regimes, would be very welcomed.
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Appendix A. Finite element implementation of phase field fracture

For the sake of facilitating reproducibility, in the following we proceed to describe the characteristics of a finite element imple-
mentation of the phase field fracture model. It is emphasised that this information, required for an element-level implementation,
is not required if the heat transfer analogy approach is followed, as discussed in Section 2.1.3.

We start by taking into account the outlined constitutive selections, including the definition of a history field H, and calculate
the stationary of £, with respect to the primal variables u and ¢; the resultant expression takes the form:

e ) oypew)
f(u,qb)—/g{ (=7 =S+ gm | 96 =20~ #)o

+ G, [%¢6¢+£V¢-V&¢]—b-5u}dV—/ T-6udS=0. (A1)
002

where 6u and 6¢ are arbitrary fields (test functions). Then, considering the stress definition, Eq. (10), one can reformulate Eq. (A.1)
into two coupled weak form equations

/{2{[(1—¢)200++0'6] :6£(u)—b-5u}dV—/mT-5udS=0 (A.2)
/{—2(1—¢)6¢H+GC [%¢5¢+£V¢V§¢]} av =0, (A.3)
Q

We define a finite element discretisation to formulate the element stiffness matrix K° and the residual vector R°. Using Voigt
notation, the nodal variables for the displacement field, denoted as i, and the phase field ¢, are interpolated as follows

N, (A.49)

™=

m
u= Y N, b=
i=1

1

where N, represents the shape function associated with node i, and N is the shape function matrix. Additionally, m denotes the
total number of nodes per element, while @i, and ¢, respectively represent the displacement and phase field at node i. In a similar
manner, the associated gradient quantities can be discretised using the corresponding B-matrices, which contain the derivatives of
the shape functions;

e=Y B'Wy, Vo= B (A.5)
i=1
The discretised residuals for each of the primal kinematic variables are then expressed as:
R" = / {(1 ~ ¢ (BY) ot + (BY)" 0'5} v —/ (N b av - / (N9 T ds, (A.6)
Q Q o2y,

Rf’:/ {—2(1—¢)NiH+GC
Q

%N,.d) +¢ (B;”)T Vqs] } av (A7)

The consistent tangent stiffness matrices K are then determined by differentiating the residuals with respect to the incremental
nodal variables:

K“—aR;l— 1 2(BH'CH B+ (BYTC- B} dv A.8

ij = auj - o ( _¢)( [) 0 j+( [) 0 j ’ ( )

K¢—0R?— 2H Ge\ NN G.¢B'B. \ dv (A.9)

i=3%  Jo + 2 | NiN;+ G B; B, ; .
J

where C:—; = 00'3' /0e(u) are the tangent matrices for the positive and negative parts.
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Fig. C.1. Assessing the role of the element type: load versus force results for the challenge test, as obtained using tetrahedral and brick elements.

Appendix B. Heat transfer analogy

As elaborated in Refs. [36,37], one can leverage the analogy with heat transfer to simplify the numerical implementation of the
phase field evolution equation in commercial finite element packages. In the presence of a heat source denoted as r, the steady-state
equation for heat transfer takes the following form:

kV2T = —r (B.1)

where, T represents temperature, and k is the thermal conductivity. Eq. (B.1) is analogous to the phase field evolution equation
((12)b) upon assuming T = ¢, k = 1, and defining the nonlinear heat source r as follows

_21-9H ¢
"7, T~ (B.2)

Finally, to determine the Jacobian or tangent matrix, we must provide the gradient of the heat source with respect to the phase
field (temperature), which reads
ar 2H 1
o __ 2 B.3
op  £G, 2 (B-3)

Appendix C. On the influence of the element type

To investigate the sensitivity of model predictions to numerical discretisation choices, calculations for the challenge test were
conducted using two types of elements, linear tetrahedral elements and linear brick (hexahedral) elements. Overall, a small influence
was found, as is to be expected when using sufficiently fine meshes. However, given the size of the 3D models, with millions of
degrees-of-freedom (DOFs), an effort was made to use a finite element mesh as coarse as possible outside of the regions of crack
growth, and this can result in some sensitivity to the element choice. Thus, to assess this, calculations were conducted with two
models, one employing 2,438,970 linear tetrahedral elements (1,673,512 DOFs) and another one employing 904,429 linear brick
elements (3,735,636 DOFs). The results obtained are compared in Fig. C.1 in terms of their predicted force versus displacement
responses. The experimental results, released a posteriori, are also included. While small, some differences can be observed; the
tetrahedral response is stiffer and this leads to a slightly higher peak load. This is to be expected, to a certain extent, as linear
tetrahedral elements are known to display stiffer responses if the mesh is not sufficiently fine [44]. Nonetheless, both sets of
numerical results provide a good agreement with experiments.
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ARTICLE INFO ABSTRACT
Keywords: Due to its computational robustness and versatility, the phase field fracture model has become the preferred
Phase field fracture tool for predicting a wide range of cracking phenomena. However, in its conventional form, its intrinsic

Fracture driving force
Brittle fracture
Drucker-Prager criterion
Strain energy split

tension-compression symmetry in damage evolution prevents its application to the modelling of compressive
failures in brittle and quasi-brittle solids, such as concrete or rock materials. In this work, we present a
general methodology for decomposing the phase field fracture driving force, the strain energy density, so
as to reproduce asymmetrical tension—compression fracture behaviour. The generalised approach presented
is particularised to the case of linear elastic solids and the Drucker-Prager failure criterion. The ability of
the presented model to capture the compressive failure of brittle materials is showcased by numerically
implementing the resulting strain energy split formulation and addressing four case studies of particular
interest. Firstly, insight is gained into the capabilities of the model in predicting friction and dilatancy effects
under shear loading. Secondly, virtual direct shear tests are conducted to assess fracture predictions under
different pressure levels. Thirdly, a concrete cylinder is subjected to uniaxial and triaxial compression to
investigate the influence of confinement. Finally, the localised failure of a soil slope is predicted and the results
are compared with other formulations for the strain energy decomposition proposed in the literature. The
results provide a good qualitative agreement with experimental observations and demonstrate the capabilities
of phase field fracture methods to predict crack nucleation and growth under multi-axial loading in materials
exhibiting asymmetric tension—compression fracture behaviour.

1. Introduction functionally graded materials [12,13], fatigue damage [14,15] and
hydrogen embrittlement [16,17], among others (see Refs. [18,19] for

The application of the phase field paradigm to fracture mechanics an overview).
has enabled predicting cracking phenomena of arbitrary complexity [1, Most frequently, the phase field is defined to evolve in agreement
2]. These include not only hitherto complex crack trajectories but also with Griffith’s energy balance [20] - crack growth is predicted by the
crack branching, nucleation and merging, without ad hoc criteria and exchange between elastic and fracture energies. While thermodynami-

cumbersome tracking techniques, in both two and three dimensions [3, cally rigorous, this leads to a symmetric fracture behaviour in tension
4]. In phase field methods, the crack-solid interface is not explicitly
modelled but instead smeared over a finite domain and characterised
by an auxiliary phase field variable ¢, which takes two distinct values
in each of the phases (e.g., ¢ = 0 in intact material points and
¢ = 1 inside of the crack). Hence, interfacial boundary conditions
are replaced by a differential equation that describes the evolution
of the phase field ¢. Phase field fracture methods have become the
de facto choice for modelling a wide range of cracking phenomena.
New phase field formulations have been presented for ductile frac-
ture [5,6], composite materials [7-9], shape memory alloys [10,11], compression symmetry is unrealistic as compressive-to-tensile strength

and compression, implying that crack interpenetration can occur in
compressive stress states, and that the compressive strength is assumed
to be equal to the tensile strength. In metals, which often fail in
compression by buckling, crumbling or 45-degree shearing, this leads
to nonphysical predictions of crack nucleation in compressive regions,
such as the vicinity of loading pins in standardised experiments like
three-point bending or compact tension. For brittle and quasi brittle
solids, such as concrete or geomaterials, the assumption of tension—
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ratios typically range between o, /0, = 2 and 6, /0, = 25 [21]. In brittle
materials, compressive failure takes place due to the linkage of pre-
existing micro-cracks growing under local tensile stresses [22], while
tensile brittle fractures are typically due to unstable crack propagation.
Thus, extending the use of phase field to the prediction of compressive
failures in brittle solids requires the development of new formulations
that can accommodate appropriate failure surfaces. To achieve this
goal, we here present a general approach for decomposing the phase
field fracture driving force, the strain energy density. We then partic-
ularise such approach to the case of a Drucker—Prager failure surface
and numerically show that it can adequately capture cracking patterns
in concrete and geomaterials.

2. The variational phase field fracture framework

We shall begin by providing a brief introduction to the variational
phase field fracture formulation; the reader is referred to Ref. [1] for a
comprehensive description. Considering a body 2 with a crack surface
I', where the displacement field u might be discontinuous, the energy
functional can be formulated as the sum of the elastic energy stored in
the cracked body and the energy required to grow the crack [23]:

6’:/u/(£(u))dV+/ch1", (€8]
Q r

where y is the elastic strain energy density, which is a function of the
strain tensor ¢ (u), and G, is a measure of the energy required to create
two new surfaces, the material toughness. Eq. (1) postulates Griffith’s
minimality principle in a global manner and its minimisation enables
predicting arbitrary cracking phenomena solely as a result of the ex-
change between elastic and fracture energies. However, minimising
Griffith’s functional € is hindered by the unknown nature of the crack
surface I'. This can be overcome by the use of the phase field paradigm;
diffusing the interface over a finite region and tracking its evolution by
means of an auxiliary phase field variable ¢. Accordingly, Eq. (1) can
be approximated by the following regularised functional:

5f=/gg(¢)luo(£(11)) dV+/ch(¢,V¢,f) dv, @
Vv

where y;, denotes the elastic strain energy density of the undamaged
solid, g(¢) is a degradation function to reduce the stiffness of the solid
with increasing damage, and y (¢, V¢, ¢) is the so-called crack density
function. For simplicity, and without loss of generality, we adopt the
constitutive choices of the so-called conventional or AT2 phase field
model [24], such that

g =(-¢7 and y@V.0) = ¢+ SIVoP ®)

where ¢ is the phase field length scale, inherently arising due to the
non-local nature of the model. The strong form of the balance equations
can be derived by taking the first variation of £, with respect to the
primal kinematic variables (u, ¢) and making use of Gauss’ divergence
theorem, rendering

V- [1-¢) o) =0 in Q
¢

Gc<;—fvz¢>—2(1—¢)lllo=0 in Q @

where o, is the undamaged stress tensor. As seen in (4)b, the evolution
of the phase field is governed by the (undamaged) elastic strain energy
density which, for linear elastic isotropic solids, is given by

u/0=%ﬂtr(£)2+/4£ T €, 5)

where 4 and p are the Lamé coefficients. It follows that the phase field is
insensitive to the compressive or tensile nature of the mechanical fields
(tension—-compression symmetry in damage evolution). To enforce a
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distinction between tension and compression behaviour, several formu-
lations have been proposed. Initially, the motivation was the need to
avoid crack interpenetration and achieve the resistance to cracking un-
der compression observed in some materials such as metals. Examples
of strain energy decompositions formulated with this objective include
the volumetric—deviatoric split by Amor et al. [25], the spectral decom-
position by Miehe and co-workers [26], and the purely tensile splits
(so-called ’'no-tension’ models) of Freddi and Royer-Carfagni [27,28]
and Lo et al. [29]. On the other hand, rising interest in using phase
field methods to model fracture in concrete and geomaterials has led
to the development of driving force definitions that accommodate non-
symmetric failure surfaces [30]. Zhou et al. [31] and Wang et al. [32]
developed new driving force formulations based on Mohr-Coulomb
theory. And very recently, de Lorenzis and Maurini [33] presented an
analytical study where the strain energy split was defined based on a
Drucker-Prager failure surface. The majority of these works adopt the
following structure. The elastic strain energy density is decomposed
into two parts: (i) a part affected by damage, y,, and (ii) a stored
residual elastic part y,, which is independent of the damage variable
and thus not susceptible to dissipation. Accordingly,

vo(e) =y (&) +y,(e), and (e, ) =g(P)y,(e)+y,(e), (6)

which necessarily implies,

v, d)=g@wy &)+ -g(d)y,(e) . )

And this decomposition of the strain energy density gives rise to an
analogous decomposition of the Cauchy stress tensor, such that

0 0
oe.$) = g(®) ”’g;e) N "’5;‘” — e @d)o 4o ®

where ¢¢ and o° respectively denote the damaged and non-degraded
parts of the Cauchy stress tensor.

The aim of this work is to present a generalised approach to identify
v, (¢) (and subsequently y, (¢)) as a function of the failure surface
and the constitutive behaviour of the pristine material. This is pre-
sented below, in Section 3, where the framework is exemplified with a
Drucker-Prager [34] failure surface.

3. A general approach for decomposing the strain energy density
based on failure criteria

We proceed to present a general approach for decomposing the
strain energy density so as to incorporate any arbitrary failure criterion
in the phase field fracture method. As the strain energy density is
the driving force for fracture, a suitable choice of strain energy de-
composition can enable reproducing the desired failure surface. Such
a choice must satisfy the failure criterion assumed while recovering
the constitutive behaviour of the pristine material. Here, for simplicity,
we choose to focus on solids exhibiting linear elastic behaviour in the
undamaged state. However, the framework is general and can be ex-
tended to other constitutive responses, such as hyperelasticity. We shall
first derive the partial differential equation (PDE) that characterises the
possible solutions for the non-dissipative stored strain energy density
v, in linear elastic solids. Then, we consider the failure envelope
function that provides the constraint required to obtain a solution to
this PDE. The process is exemplified with a Drucker-Prager failure
surface, and the section concludes with brief details of the numerical
implementation.

As in Ref. [27], the Theory of Structured Deformations [35] is applied
to a damaged continuum solid. We confine our attention to infinitesi-
mal deformations, such that the total strain tensor can be estimated
from the displacement vector as,

€= % (VuT + Vu) 9
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Fig. 1. Meso-scale Representative Volume Element (RVE) of a damaged solid, showing regions of micro-cracks and intact material in the: (a) undeformed, and (b) deformed states,

with the latter emphasising the effect of micro-crack opening and sliding.

A Representative Volume Element (RVE) can be defined, see Fig. 1,
such that the meso-scale representation of the material involves regions
of intact material and micro-cracks. In this context, the phase field ¢
is akin to a damage variable, and describes the integrity of the RVE
(the extent of dominance of intact and cracked regions, within the two
limiting cases of ¢ = 0 and ¢ = 1). The macroscopic deformation is
then the sum of two contributions: an elastic straining of the intact
material regions, and the opening and sliding of micro-cracks, that can
coalescence into macroscopic cracks. Accordingly,

e=¢"+¢&, 10$)

where €° are the elastic (recoverable) strains due to the deformation
of the undamaged structure, while ¢’ denotes the inelastic strains
associated with microscopic damage mechanisms.

The elastic strain tensor &° is related to the Cauchy stress tensor
through the inverse of the elastic stiffness matrix ¢ = (C‘O)_1 o and, if €
and £ are orthogonal, the stored and damaged strain energy densities
of effective configuration (see Section 2) can be estimated as,

v, = %eecoee and
with the total strain energy density y being computed from y, and y,
using Eq. (6). Now, let us consider the strain energy density of pristine
material as a function of the effective stress invariants (1, (o), J,(0());

vy = %edcoed an

Vo(®) = = I(oy(e) + ih(oo(e)), 2

where K is the bulk modulus, x is the shear modulus, I, is the first
invariant of a tensor, and J, is the second invariant of the deviatoric
part of a tensor. Eq. (12) holds for any linear elastic isotropic solid.
The stiffness and material behaviour associated with the non-degraded
strain energy density y* and stress ¢° corresponds to that of intact
material and, accordingly,

_ 1
T 18K
Then, for any choice of y(I,(€), J,(€)), it is possible to describe the
relation between the invariants of strain and stress as follows (see
Appendix A):

) (e
hie@) =335 BJ2(5)>

By substituting Eq. (14) into Eq. (13), one can obtain the PDE for
the stored strain energy density,

L1 ow N L (0w,
""‘_ﬁ<all<e)> T o <a-’2(8)> 1>

s 1 N
W, (o) + 5Jz(o ). (13)

14

Jy(o(e)) = Jy(€) (

Upon the appropriate constraints and boundary conditions, one can
solve the PDE (15) to obtain the non-dissipative stored part of the
strain energy density for any level of material damage. The additional
constraint needed comes from the definition of the failure criterion
under consideration. Any arbitrary failure envelope can be defined in
terms of the stress invariants for the fully damaged state. For illus-
tration, let us consider a failure surface defined in terms of I; and
Jy; e, f(I(67), J5(67)) = 0, where 6/ = 6(e,¢p = 1). Accordingly,
considering Eq. (14), the following failure envelope function can be
defined:

f (0%(6)’ 61//5(6)) —0 a6

ol (g) 09J,(¢)
and y, can be found from the common solution to Egs. (15) and
(16) upon the application of appropriate boundary conditions. This is
showcased below for a Drucker—Prager failure envelope.

3.1. Particularisation to the Drucker—Prager failure surface

Drucker-Prager’s  failure  criterion was developed for
pressure-dependent materials like rock, concrete, foams and poly-
mers. In terms of invariants of stress, the Drucker—Prager criterion is
expressed as follows,

\7,(6) = A+ BI,(0), a7

where A and B are a function of the uniaxial tensile (¢,) and compres-
sive (o.) strengths, such that

A:i< 0.0, >; B:L<O'r_°'c>_ (18)
\/3 c.+o, \/3 c.+o,

A material point sitting inside the Drucker—Prager failure envelope
can be assumed to behave in a linear elastic manner, with damage-
driven non-linear behaviour being triggered when the stress state
reaches the failure surface. Assuming that the same degradation func-
tion g(¢) applies to the tensile and compressive strengths, then the
sensitivity of the parameters A and B to the phase field variable is
characterised by,

A== <gg("’)"ﬂ> = gp= <l> = 2P A =0)

\/5 (¢)0_c + g(¢)01 \/g o, + 0y (19)
B = — <—g(¢)"’ — 8o, > =L <_"t - "C> = B(p=0)
V3 \&@o, +e@o; )~ 5 \octo

Accordingly, for the fully damaged state (¢) = 1), the Drucker—Prager
parameters read,

Alp=1)=0; Bg=1)=B(¢=0). (20)
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Fig. 2. Stress states in the (ll(o-), \/J2(6)>. Three loading paths have been schematically incorporated to showcase the three potential scenarios discussed in Egs. (27) and (28),

and colour contours denote the magnitude of the total strain energy (increasing as we move away from the origin). Circles with an outer black domain denote fully damaged

states (¢ = 1).

Le., A is degraded as the phase field evolves, while the parameter
B is insensitive to the damage state. This can be physically inter-
preted through the cohesion parameter ¢ and the friction angle 6
of Mohr-Coulomb’s criterion, and their relationship with Drucker—
Prager’s coefficients:

6¢ cos 6 . B@O) = 2sin 6 )
V33 +sin0) V33 +sin )

As seen in Eq. (21), B is only a function of the friction angle, while A
is also a function of ¢, exhibiting a linear relationship with the cohesion

A@B,c) = 21)

parameter. Since damage translates into a loss of cohesion, both A and
¢ degrade with evolving damage, and eventually vanish in fully cracked
state.

In addition, consistent with Eq. (17), the stress state in the fully
damaged configuration satisfies,

NRACHES:INCON

as the stress state goes back to the failure envelope for ¢ = 1 (see Fig. 2).

As discussed above, our general approach requires a function de-
scribing the failure condition in terms of the strain energy density and
the strains—see Eq. (16). This can be achieved by combining Eqgs. (14)
and (22), reaching

7 (6%(5) 01//5(6)) _ mﬁws@) 1B

oI,(e)" aJ,(e) aJ,(e)

(22)

oy, (e) 0
ol (e)

(23)

An isotropic linear elastic material must satisfy Eq. (15) and, if
obeying the Drucker—Prager failure criterion, also Eq. (23). Hence, the
common solution to these two PDEs will give us the stored (elastic)
strain energy density w,. Let us obtain this common solution by first
finding the general solution of Eq. (23), which is of the form

2
v, =a (1, e+ 6B\/J2(e)> +a,

where a; and a, are unknowns. These can be estimated by applying
suitable boundary conditions and substituting the general solution into
the second PDE. Hence, considering the boundary condition v (I, (¢) =
0, J,(¢) = 0) = 0, one finds that a, = 0. Then, the remaining unknown
is obtained by deriving Eq. (24) with respect to I,(¢) and J,(¢) and
substituting into Eq. (15), rendering
__ Ku

T 18B2K +2u

(24

a (25)

Accordingly, upon substitution in Eq. (24), the stored (elastic) strain
energy density associated with the Drucker-Prager failure envelope is

found to be:
- Ku )
Y = m (11(6) +6B Jz(E)) (26)

However, one should note that Eq. (26) is only valid for stress states
that are above the failure envelope. Three potential scenarios exist: (1)
the first invariant of stress is positive, I;(c) > 0; (2) the stress state is
above the failure criterion, \/m > BI,(0); and (3) the stress state
is below the failure criterion, \/m < BI(6). With scenarios (2) and
(3) being only relevant when I, (¢) < 0. We then proceed to generalise
Eq. (26) to encompass those three regimes (see Appendix B), such that

0 for —6B+\/Ty(e) < I,(¢)

2
v e (11(8) +6B\/J2(e)) for —6B\/T,e) > I,(e)
& 2u\/T5() > 3BKI, ()
LK) +2ud(0) for 2u/Ty© < 3BKI,(e)

27)

And the damaged part of the strain energy density can be readily
estimated using Eq. (6), rendering

for —6B+/J,(e) < I,(¢)

for — GB\/W > 1,(e)

& 2u+/T5(e) = 3BKI,(¢)

0 for 2u+/J,(e) < 3BKI,(€)

(28)

§K1f(e) +2ud,(€)

2
” m(—?sBK[l(s)-}-Z;n/Jz(e))
=

The different stress states are illustrated in Fig. 2 in terms of their
location in the (1 (o), \/J2(0)> space, where the colour contours denote
the magnitude of the total strain energy (increasing as we move away
from the origin). The loading path illustrated with blue dots, path
(a), illustrates the case where the first invariant of stress is positive
I,(6) > 0. In such a scenario, the failure process is driven by y,, with
the fully damage state achieved by returning to the origin (where the
loading path intersects the Drucker-Prager failure criterion). In regards
to the stress states on the left side of the figure (/;(6) < 0), their
behaviour is differentiated by their location relative to the Drucker—
Prager criterion, which is represented by the \/W = BI (o) line.
Thus, the red loading path (b) is above the Drucker—Prager criterion
and both y, and y, are active, see Egs. (27)b and (28)b. Eventually, the
loading path intersects again the \/m = BI (o) line, reaching the
fully damaged state and the associated residual strain energy density
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Fig. 3. Sketch showcasing the dilatancy effect on geomaterials, also known as Reynolds dilatancy. Bulk expansion takes place due to the lever motion that occurs between

neighbouring grains as a result of interlocking.

y,. Finally, loading paths within the I,(6) < 0 domain can also lie
below the failure criterion, as showcased by the purple circles, path
(c). In this case, y,; = 0, see Eq. (28)c, and consequently ¢ = 0. As
shown in Fig. 2, changes in stress state associated with the loading
path might lead to an intersection with the Drucker—Prager failure line,
in what would constitute a micro-fracturing nucleation event (¢ > 0).
Subsequently, final rupture (¢ = 1) would be attained when the loading
path intersects again with the failure line, rendering a residual strain
energy density v,.

This phase field fracture formulation built upon Drucker-Prager’s
failure criterion is numerically implemented using the finite element
method. Retaining unconditional stability, we solve in a monolithic
fashion the coupled system of equations that results from restating the
local force balances,

v [(1—¢)2M+ ‘)"’S‘e)] —0 in Q
de Je
Q(;-fV%)-ﬂl-@H:o in Q (29)

into their weak form. Here, H = maxyy,(?) is a history field introduced
to enforce damage irreversibility [26]. As described in Appendix C,
we take advantage of the analogy between the phase field evolution
law and the heat transfer equation to implement the model into the
finite element package ABAQUS using solely a user-material subroutine
(UMAT) (see Refs. [36,37]).

4. Representative results

Now, we shall illustrate the potential of enriching the phase field
fracture description with a failure envelope of our choice. Specifically,
through numerical examples, we will showcase how a formulation
based on the Drucker-Prager failure criterion can capture the com-
pressive failure of brittle materials such as concrete or geomaterials,
along with capturing frictional behaviour and the dilatancy effect.
Firstly, in Section 4.1, we gain insight into the material behaviour
resulting from the Drucker—Prager strain energy split adopted by inves-
tigating the response of a single element undergoing shear. Secondly,
numerical experiments using the Direct Shear Test (DST) configuration
are conducted in Section 4.2. The goal is to investigate the fracture
predictions obtained under the conditions relevant to the determination
of the failure properties of frictional materials. The third case study,
shown in Section 4.3, involves conducting virtual uniaxial and triaxial
compression tests on concrete, so as to investigate the confinement
effect. Finally, in Section 4.4, the predictions obtained from three
strain energy splits are compared in the modelling of the localised
failure of a soil slope. Our finite element calculations extend the very
recent analytical study by de Lorenzis and Maurini [33], where a
Drucker-Prager failure surface was also adopted.

Fig. 4. Configuration of a single element under pressure and shear stress.

4.1. Single element under shear deformation

We begin our numerical experiments by conducting shear tests on
a single element. The aim is to investigate the ability of the Drucker—
Prager based formulation presented in capturing frictional behaviour
and the dilatancy effect. The latter is the volume change observed
in granular materials subjected to shear deformations, due to the
interlocking between grains and interfaces (see Fig. 3).

As shown in Fig. 4, a single plane strain element is considered
undergoing both shear and uniaxial pressure. Specifically, a vertical
constant pressure is first applied, followed by shear displacement at
the top and bottom edges. In this and all other case studies, the
Neumann boundary condition V¢ -n = 0 is adopted for the phase field.
The constitutive behaviour of the element is characterised by linear
elasticity, with a Young’s modulus of E =25 GPa and a Poisson’s ratio
of v =0.2. The fracture behaviour is described by a material toughness
of G, = 0.15 kJ/m? and a phase field length scale of # = 2 mm.

We aim at assessing the frictional behaviour of the model, for which
it is convenient to formulate the relation between the shear strain ¢,,
and the shear stress o,,, as a function of the pressure and Drucker—
Prager’s B parameter. For the fully damaged state (¢ = 1), this relation
reads

oy, (€) Ku 1,(¢)
= = B
(Gf)xy dgxy 9B2K + U ( /_Jz(E) +6 > Exy (30)

First, let us consider the case of no pressure (P = 0). Fig. 5(a)
shows the shear stress versus shear strain curves obtained for different
B values. The role played by damage evolution can be readily observed,
with calculations obtained for low absolute B values exhibiting a peak
in the shear stress response. For the fully cracked state (¢ = 1), the
shear stress drops to zero only if B = 0. Hence, the expected influence
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Fig. 5. Single element under shear deformation. Results obtained without vertical pressure (P = 0 MPa) for selected choices of B: (a) shear stress o, versus shear strain ¢, and

b) 1, (5)/@(5) versus shear strain ¢,
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Fig. 6. Single element under shear deformation. Shear stress versus shear strain predictions as a function of P for selected values of the B parameter: (a) B =0, (b) B=-0.1, (c)

B=-03, and (¢) B=-0.57.

of dilatancy on the stress—strain curve is attained for B # 0, and the
effect increases with increasing its absolute magnitude (| B|). This load
bearing capacity that is retained after reaching the fully cracked state
due to dilatancy arises due to two contributions. One is the term 6B
in Eq. (30). The second one is the term I,(g)/ \/J_z(e) - as shown in
Fig. 5(b), it attains a positive constant value for ¢ = 1 and B # 0.
However, the relation between B and I,(¢)/ \/J_z(e) is non-linear.

Next, the influence of vertical pressure is examined. The results
obtained for selected values of P and B are shown in Fig. 6. For the case
of B =0 (Fig. 6(a)), the shear stress shows a negligible sensitivity to the
vertical pressure and no frictional effect (o,, drops to zero as ¢ — 1).
The peak stress value shows some sensitivity to P due to the interplay
between damage and the applied pressure. The results seen for B = 0
contrast with those obtained for non-zero B values (Figs. 6b-d). For
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Fig. 7. Single element under shear deformation. Volumetric strain versus shear strain predictions as a function of P for selected values of the B parameter: (a) B=0, (b) B=-0.1,

(¢) B=-0.3, and (c) B =-0.57.

B # 0, friction plays a noticeable role with the shear stress increasing
with P. Also, the slope of the shear stress-strain curve increases with
the absolute value of B.

The ability of the Drucker-Prager based split model to capture the
dilatancy effect is further explored by plotting the predictions of volu-
metric strain €,,; = €, +¢,, + €, for selected values of the parameter
B and the applied pressure P. As shown in Fig. 7, the volumetric strain
€,, increases with the shear strain ¢,, in all cases except for that of
B = 0. The effect of dilatancy is clear in all B # 0 calculations (Fig. 7b—
d). In addition, the results show that higher pressures lead to reductions
in volume as a result of material damage.

4.2. Virtual Direct Shear Tests (DST)

Next, the Direct Shear Test (DST) is simulated to evaluate the model
behaviour in an experimental configuration that is widely used for
finding the frictional parameters of soil and rock materials, such as
cohesion and friction angle. The geometry and boundary conditions
of the model are shown in Fig. 8. A vertical pressure P is applied at
the top edge, followed by a horizontal displacement u, over a 24 mm
long region of the left edge. We consider three scenarios to assess
the role of the vertical pressure: P = 20 MPa, P = 10 MPa and no
pressure (P = 0). The elastic properties are taken as £ = 25 GPa and
v = 0.2, while the fracture parameters are given by G, = 0.15 kJ/m?
and # = 0.2 mm. The model is discretised with approximately 80,000
4-node plane strain quadrilateral elements with full integration. The
mesh is refined along the expected crack propagation region, such that

P
VLT

Uy 24 mm
<EE 50 mm
<8
24 mm

<B

AN AN

598 598 598 598 598 598 S SR

50 mm

Fig. 8. Direct shear test (DST) model. Geometry and boundary conditions.

the characteristic element size is at least half of the phase field length
scale 7.
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Fig. 9. Direct shear test (DST). Shear load versus applied displacement results as a
function of the applied pressure P.

The results obtained are shown in Fig. 9, in terms of the shear
force versus the applied displacement u,, and as a function of the
applied pressure P. The case of no pressure shows a complete drop of
the load carrying capacity as a result of damage, in agreement with
experimental DST observations on geomaterials. However, a residual
load is retained when a vertical pressure is applied, and this increases
with the magnitude of P. Also, in all cases some oscillations can be seen
in the force versus displacement response, which can be attributed to
the effect of grain interlocking.

Finally, the predicted crack trajectories are shown in Fig. 10, as a
function of P, by plotting contours of the phase field order parameter ¢.
The results reveal an influence of the applied pressure on the cracking
pattern. The lower the vertical pressure the more tortuous the crack
path. Also, increasing the applied pressure leads to an accumulation of
damage at the edges of the loading region, which are then connected
through a crack that propagates across the sample.

4.3. Uniaxial and triaxial compression testing of concrete

The third case study involves the failure of concrete samples under-
going uniaxial and triaxial compression. The aim is to investigate the
abilities of the Drucker-Prager formulation presented to capture the ef-
fect of confinement. Mimicking the commonly used experimental setup,
a cylindrical specimen is subjected to a compressive displacement at
the top, while its surface is subjected to a confinement pressure. In the
numerical model, we take advantage of axial symmetry and simulate a
2D section of the sample. The dimensions and loading configuration

(a) P =0 MPa

(b) P =10 MPa
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of the model are given in Fig. 11. To reproduce with fidelity the
experimental conditions, we choose to simulate the contact between
the jaws and the concrete sample. The jaws are assumed to be made
of steel, with elastic properties E = 210 GPa and v = 0.3. The contact
between the jaws and the disc is defined as a surface to surface contact
with a finite sliding formulation. The tangential contact behaviour is
assumed to be frictionless while the normal behaviour is based on a
hard contact scheme, where the contact constraint is enforced with
a Lagrange multiplier representing the contact pressure in a mixed
formulation. The material properties of concrete are taken to be E =
25 GPa, v =02, ¢ = 04 mm, G, = 0.15 kJ/m2, and B = —0.12. Linear
quadrilateral axisymmetric elements are used to discretise the model.
In particular, approximately 35,000 elements are used to discretise the
concrete sample while 1500 elements are employed in each of the jaws.
The characteristic element size in the areas of interest is below 0.2 mm,
half of the phase field length scale. The ratio between the applied
pressure and the prescribed displacement equals P/u, = 10 MPa/mm.

The force versus displacement responses predicted with and without
a confinement pressure are shown in Fig. 12. It can be seen that, in
agreement with expectations, the application of a confinement pressure
increases the magnitude of the critical load. The ultimate strength of
the sample with confinement is found to be almost 40% higher than
the unconfined one. Also, a more brittle behaviour is observed in the
unconfined sample, with a sharper drop in the load carrying capacity
at the moment of failure.

Qualitative differences are found between the cracking patterns
observed for the confined and unconfined experiments. As shown in
Fig. 13, in the unconfined specimen the crack starts from the edge
and propagates gradually towards the centre, creating a cone shape
fracture. This is in agreement with the cracking patterns observed
experimentally for brittle solids in the absence of confinement [38,39].
However, in the confined specimen, see Fig. 14, the crack nucleates
at the centre of the sample and then propagates towards the surface,
exhibiting a double shear failure mode. Such a cracking pattern has
also been reported in experiments conducted under confinement pres-
sures [39]. Of interest for future work is the analysis of the influence
of friction between the sample and the compression plates, which can
be readily be incorporated into the present framework and has been
argued to influence cracking patterns [28,40].

4.4. Localised failure of a soil slope

Finally, in our last case study, we compare the predictions of
the Drucker—Prager strain energy decomposition formulation to those
obtained with what are arguably the most widely use strain energy
decompositions in the literature: the volumetric—deviatoric split by
Amor et al. [25] and the spectral decomposition by Miehe and co-
workers [26]. First, the damaged and stored (elastic) strain energy

¢

(c) P =20 MPa

Fig. 10. Direct shear test (DST). Predicted cracking patterns, as shown through contours of the phase field ¢ for selected values of the applied pressure: (a) P =0, (b) P =10 MPa,

and (c) P =20 MPa.
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Fig. 11. Compressive failure of concrete. Model geometry, dimensions and boundary
conditions.
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Fig. 12. Compressive failure of concrete. Predicted load versus displacement curves for
a sample without confinement pressure and one with a confinement pressure-prescribed
displacement ratio of P/u, = 10 MPa/mm.

densities are defined for these two approaches, following the terminol-
ogy of Section 2. Thus, the volumetric—deviatoric split is characterised
by,

va© = SKE@R +u(e 1€). w© = KwE). @)

Here, (a), = (a+ |a|) /2, and €’ = & —tr (¢) I /3. While the strain energy
decomposition by Miehe et al. [26] reads,

va© =34 @2 +ute ()] @ =3iw@2 +urfE )], (32)
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where a spectral decomposition is applied to the strain tensor, such that
£t = Zi:] (e;),n;®ny, with £; and n; being, respectively, the principal
strains and principal strain directions (with 7 = 1,2,3).

The boundary value problem under consideration is inspired by
the work by Regueiro and Borja [41], where a strong discontinuity
approach was used to predict the stability of a soil slope. This problem
was also recently investigated by Fei and Choo [42] using a phase field-
based frictional shear fracture model. The geometry, dimensions and
boundary conditions are given in Fig. 15. A rigid foundation is placed
at the crest of the slope, as shown in Fig. 15. First, a gravity load is
applied, followed by a vertical displacement that is prescribed at the
centre of the rigid foundation. The material properties of the soil are
given by E = 10 MPa, v = 04, # = 0.1 m, G, = 0.2 kJ/m?, and
B = 0.12. Approximately 50,000 quadrilateral linear elements are used,
with the mesh being refined in the crack propagation region through
an iterative process. In all cases, the characteristic size of the elements
in the damaged region is five times smaller than the phase field length
scale 7.

The results obtained are given in Fig. 16. The cracking patterns are
shown for each of the three strain energy decompositions considered,
by means of contours of the phase field order parameter ¢. As shown in
Fig. 16a, the volumetric—-deviatoric split by Amor et al. [25] predicts a
localised failure under the rigid foundation. The spectral decomposition
by Miehe and co-workers [26] is also unable to adequately capture
the localised failure of the soil slope. As shown in Fig. 16b, damage
accumulates under the rigid foundation, showing a V-type of failure.
On the other hand, the Drucker-Prager formulation presented in Sec-
tion 3 is able to appropriately simulate the localised failure of the soil
slope. Cracking initiates from the right corner of the foundation and
propagates towards the edge of the slope, in a very similar pattern to
that reported by other numerical experiments [41,42].

5. Discussion

The aim of the present work is to present a general approach to
decompose the phase field fracture driving force, the strain energy
density, so as to encompass any arbitrary choice of failure criteria. One
important motivation for this work lies in the need to enrich the phase
field fracture method to go beyond its assumed symmetric tension—
compression fracture behaviour to adequately predict crack nucleation
and growth in multi-axial stress states. The potential of the general
methodology presented is demonstrating by particularising it to the
Drucker-Prager failure surface. In doing so, we establish a connection
with the recent work by De Lorenzis and Maurini [33]. De Lorenzis
and Maurini [33] showed analytically that phase field fracture can be
generalised to accommodate arbitrary multiaxial failure surfaces and
thus faithfully predict crack nucleation without the need to recur to
non-variational models. They also chose to particularise their approach
to a Drucker-Prager failure surface. Thus, both works reach the same
theoretical outcome from different angles. Since our paper also includes
a numerical implementation, it complements and extends the work
by De Lorenzis and Maurini [33], confirming their findings. It is also
worth noting that our analysis is not limited to nucleation but also
considers the propagation of cracks until failure. To achieve this, it
is here assumed that the same surface in the multiaxial stress space
characterises the limit of the elastic domain (¢ > 0) and the fully
damaged state (¢ = 1). Several numerical experiments are reported
to showcase the ability of the model to predict crack nucleation and
growth in boundary value problems exhibiting multi-axial loading and
mixed-mode fracture conditions. An alternative approach is that pro-
posed by Kumar et al. [43], where an external driving force is defined
to recover a Drucker-Prager failure surface. However, this comes at the
cost of losing the variational consistency.
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(a) (b)

Fig. 13. Compressive failure of concrete. Cracking patterns for the unconfined sample, as described by the phase field ¢ contours: (a) axisymmetric 2D results, and (b) 3D
visualisation.

(a) (b)

Fig. 14. Compressive failure of concrete. Cracking patterns for the confined sample, as described by the phase field ¢ contours: (a) axisymmetric 2D results, and (b) 3D visualisation.
The ratio between the applied pressure and the prescribed displacement equals P/u, = 10 MPa/mm.
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Fig. 15. Localised failure of a soil slope. Geometry and boundary conditions.

6. Conclusions

We have presented a general framework for determining the strain
energy decomposition associated with arbitrary choices of constitutive
behaviour and failure criterion. This is of importance for phase field
fracture modelling as it opens a new avenue for incorporating multi-
axial failure surfaces and thus appropriately capturing crack nucleation
in a wide range of materials. In particular, this is needed to predict the
compressive failure of brittle and quasi-brittle solids such as concrete
and geomaterials. Accordingly, we chose to illustrate our framework
by particularising it to the case of a Drucker-Prager failure surface.
We numerically implemented the resulting formulation for the strain
energy decomposition and used it to simulate fracture phenomena in
brittle materials. Specifically, the potential of the Drucker—Prager based
formulation presented was showcased by addressing four paradigmatic
case studies. The behaviour of a single element undergoing shear
deformations and vertical pressure was investigated first. The results
showed that the model is capable of capturing the role of friction and
dilatancy. The magnitude of the shear stresses attained was highest

(a) Volumetric-deviatoric split
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for higher values of the pressure and of Drucker-Prager’s parameter
B. Direct Shear Tests (DST) were subsequently simulated showing a
noticeable influence of the applied pressure. The lower the pressure,
the more tortuous the crack path and the lower the magnitude of
the residual load predicted. Thirdly, the failure of cylindrical samples
under uniaxial and triaxial compression was investigated. The results
revealed a qualitative impact of the confinement pressure on both the
cracking patterns and the force versus displacement response predicted.
Cracking predictions appear to agree with experimental observations,
shifting from a cone shape fracture to a double shear failure mode
with increasing confinement. Finally, we simulated the localised failure
of a soil slope using three different strain energy splits: our Drucker—
Prager approach and the widely used volumetric-deviatoric [25] and
spectral [26] decompositions. The results show that only the Drucker—
Prager based formulation is able to adequately predict the fracture
behaviour. Accordingly, the present work: (i) opens a new avenue
for incorporating multi-axial failure criteria in phase field fracture
modelling, and (ii) demonstrates the potential of Drucker—Prager based
phase field formulations for predicting compressive failures in materials
exhibiting asymmetric tension-compression fracture behaviour.
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Fig. 16. Localised failure of a soil slope. Failure patterns as described by the contours of the phase field order parameter for: (a) the volumetric—deviatoric split, Eq. (31), (b) the
spectral decomposition, Eq. (32), and (c) the Drucker—Prager based split presented, Eqgs. (27)-(28).
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Appendix A. The relation of stress and strain invariants

In the following, we shall show how Eq. (14) can be derived for any
choice of strain energy density in the form of w([,(¢), J,(¢)). First, let
us express the Cauchy stress as:

_ oy (8), Jr(e))

o(e) =
de
_ oy (e), Jr(e)) 01,(e)  dy(I(€), J,(£)) aJ5(€) (A1)
- o1,(¢) O 0J,(€) de ’

The variations of the first two invariants of the strain tensor are
written as,
dal (e dJ, (€
ohe© _, ohE _
de de
where I denotes the identity tensor and ¢’ is the deviatoric part of strain

tensor. On the other side, the first invariant of the Cauchy stress tensor
is given by

(A.2)

5

I,(c) = tr(6) = tr <w>

_ (&), e (oli(e)
B oI, (e) o

oy (11(8), /(&) (512(6)

aJ,(¢) o€ ) (A-3)

Eq. (A.3) can be simplified by considering tr (01,(¢)/0e) = 3 and
tr (0J,(¢)/9e) = 0, such that

ow(1(¢), J,(€))
ol,(¢)

which corresponds to Eq. (14)a, the equation relating the first invariant
of stress I,(c) with the first invariant of strain I,(e). Next, we use
Egs. (A.1) and (A.4) to formulate the deviatoric part of the Cauchy
stress tensor ¢’ as

I(6)=3 (A4

, Op I (e), Jp(e)

aJ,(e) (A-5)

6’:0‘—%&(0’)[:8
Then, Eq. (14)b, relating the second stress invariant J,(c) with its
strain-based counterpart J,(¢) can be obtained by substituting Eq. (A.5)
into the definition of J,(c), rendering

ow(I(¢e), J; 2

ow (I, (), J,(€) >2

PTRE (A.6)

= Jy(e) <
Appendix B. Strain-based mapping of the stress state scenarios

Any relevant stress state can be classified as one of three potential
scenarios in the (7;(c), 1/J,(0)) stress space. However, for numerical
reasons, the stored (reversible) y, and damaged y, strain energy
densities are formulated in terms of the strain tensor &, see Egs. (27)-
(28). Thus, for completeness, we proceed to describe the derivation of
Egs. (27)-(28) for the stress scenarios discussed in Section 3.

Consider first the third regime, given by Egs. (27)c and (28)c, where
I,(6) < 0 and the stress state is below the failure envelope. Under these
conditions, damage does not evolve and consequently the stored part of
the strain energy density equals the total one y(¢) = y,(¢). Specifically,
the stress state in this regime fulfils the following:

VI(6) < BI,(c) and I,(c)<0. (B.1)
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Where the stress invariants can be written as,

_ L 0p(e) oy (€) B oy, (€)
Ii(o) = 3011(5) =3 g(¢) FTAT +30 g(q&))a]l(e) ,
_ aw© )\ _ ap(e) )
1y(6) = Jy(e) ( 37, (8)> = g(@)J(e) ( © > (B.2)
9 2
e —g(qs))Jz(e)(%fS) .
2

Considering that, in this scenario, y(¢) = y,(¢) and inserting Eq. (B.2)
into the first condition of Eq. (B.1), one reaches

VhEXE g

0J,(€)

w(e)

AT (B.3)

Now, recalling the definition of y,, Eq. (13), Eq. (B.3) can be re-
formulated as

2p7\/J,(e) < 3BK1(¢)

On the other side, the second condition of Eq. (B.1) can be described
as a function of the strain tensor as follows,

(B.4)

Iy (€)

FIRE) <0 (B.5)
Implying that I,(¢) < 0. However, this has already been satisfied by
Eq. (B.4) as 1/J,(¢) is a positive value and the parameter B is always
zero or negative, such that I,(e) must be negative to satisfy Eq. (B.3).

The second regime in the (I, (o), 1/J,(0)) stress space corresponds to
that where I,(o) < 0 and the stress state is above the failure criterion;
ie.,

VJ»(o) > Bl (o)

Given that Eq. (B.3) provides the strain condition for the case where the
stress state is below the failure criterion, it follows that the relevant
condition for the second regime where the stress state is above the
failure criterion is given by

and 1I,(6) <0. (B.6)

2u7/J5(€) = 3BI,(¢) (B.7)
Then, the second condition in Eq. (B.6) can be expressed as:

Ky
(K1 (e) + m(l —&(®) (11(6) + 6B/ Jz(€)> <0. (B.8)
Which, considering that g(¢ = 1) = 0, can be reduced to,
1,(e) £ —6By/Jy(¢) (B.9)

Accordingly, the conditions for the second regime, in terms of the strain
tensor, are given by (B.7) and (B.9).

The remaining conditions are applicable for the first regime in the
stress space, where [, (o) is positive:

uy\/Jr(e) > 3BKI,(¢); —6B+/J,(e) < I(¢e), (B.10)

where the first condition can be neglected as it is satisfied by the second
one.

Appendix C. Additional details of the finite element implementa-
tion
C.1. Strong and weak formulations

Considering Eq. (2) and the constitutive choices in Eq. (3), Griffith’s
regularised energy functional can be formulated as,

ef=/w5<e<u>>+<1—¢>2wd<e<u>> dV+/Gc(§¢2+§|V¢|2> av
0 14

(Cn
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The stationary of £, with respect to the primal kinematic variables
renders,

08, = / {[(1 % d"’d © +a"§ (6)]5e—2(1—¢>5¢w(e>
Q E

+G, [%qﬁéd) +Vg - v5¢] } av

(C.2)

Accordingly, the strong form can be readily derived by considering
the variation in the external work,

Wy = / b - sudV + / h - sudA (C.3)
Q 09,
enforcing equilibrium of the external and internal virtual works,
0E, — W, =0 (C.4
and making use of Gauss’ divergence theorem,
d d
[( —gp ) (5)] tb=0 in Q
o€
G, <§—fvz¢> -2(1-¢p)y; =0 in Q (C.5)

C.2. Heat transfer analogy

As discussed in Refs. [36,37], we exploit the analogy with heat
transfer to facilitate the numerical implementation of the phase field
evolution equation. In the presence of a heat source r, the steady state

equation for heat transfer has the following form,
kV2T = —r (C.6)

where T is the temperature, and k is the thermal conductivity. Eq. (C.6)
is analogous to the phase field evolution equation ((C.5)b) upon as-

suming T = ¢, k = 1, and defining the heat source r as follows:
_20-9H ¢
==7s. 7 (C.7)

where, as discussed in Section 3, H = maxyy,(r) is a history field
introduced to enforce damage irreversibility. Finally, the variation of
the heat source with respect to the phase field (temperature) is derived
as,
or
a¢

2H 1

C.8
G 7 C8)

C.3. Finite element discretisation

By exploiting the heat transfer analogy, one can implement the
phase field formulation described in this paper into the finite element
package ABAQUS using only a user material subroutine (UMAT). Le.,
there is no need to explicitly define and implement the element stiffness
matrix K¢ and the element residual vector R®. However, these are
derived here for completeness. Consider the equilibrium of the external
and internal virtual works presented in Appendix C.1. Decoupling the
displacement and phase field problems, the weak form equations read,

/{[ ¢>20w(e)+m] :5£—b-6u}dV—/ h-éudA =0.
Q o 02,

(C.9)

/Q {—2(1 — )6 H +G, [éqﬁéqﬁ + qubV&ﬁ] } av =o0. (C.10)

Now, consider the following finite element discretisation. Adopting
Voigt notation, the nodal variables for the displacement field @, and the
phase field ¢ are interpolated as:

m m
u=Y N, b= N, (C.11)
i=1 i=1

13

Theoretical and Applied Fracture Mechanics 121 (2022) 103555

where N; is the shape function associated with node i and N; is
the shape function matrix, a diagonal matrix with N; in the diagonal
terms. Also, m is the total number of nodes per element and #&; and
$, respectively denote the displacement and phase field at node i. In
a similar manner, the associated gradient quantities can be discretised
using the corresponding B-matrices, containing the derivative of the
shape functions, such that:

m
Vo= B, (C.12)
i=1
The discretised residuals for each primal kinematic variable are then

given by:

u_ _ 2 uTaWd(E)
R = [ {a-or @y 2

T oy (€)
()" 252} av

—/(Ny)deV—/ (N*)" hdA, (C.13)

Q 02,

Rj’:/ {—2(1—¢)N[H+Gc [lNi¢+f<B?)TV¢]}dV (C.14)
Q f

And the consistent tangent stiffness matrices K are obtained by
differentiating the residuals with respect to the incremental nodal
variables:

JR"
u _ L _ 2 pu T u u\T u
Ky = 5 /Q{(l 9B C, BL+(BYTC, B}V,  (C15)
. IR? G,
Ki.=—’=/{<2H+—>NN +GfBTB}dV, (C.16)
i 0 Jo ¢

Here, the material Jacobian C, can be defined as:

0 for —6B+/J,(e) < I,(¢)

oy,
= CPP for —6B\/J,(e) > I,(e) & 2u+/J,(€) 2 3BKI,(¢)

57 deoe

Cy for 2u+/J,(e) < 3BKI,(¢)

(C.17)
where C, is undamaged elastic tangent stiffness and C f’ P can be written
as:

(CPP) Ku 611 3B 6J2 all 3B aJ, +
s kT gy +pu ‘/ 05,1 aek, T 5 OEKi
6Ba, (1, +6B\/J2) ( 251 o aJ2>
Vi, 0g;;0ey  2J, 0g;; dgyy
(C.18)
Finally, C, is obtained by exploiting the fact that y,; = y; — y,:
ay, oy, oy

=2 =0 _ 5 _C,-C, (C.19)

dede  Oede  O€de
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ARTICLE INFO ABSTRACT
Keywords: We present a novel, generalised formulation to treat coupled structural integrity problems
Phase field by combining phase field and multi-physics modelling. The approach exploits the versatility

Multiphysics modelling
Abaqus

Hydraulic fracture
Thermo-mechanical fracture
Stress corrosion cracking

of the heat transfer equation and is therefore well suited to be adopted in commercial
finite element packages, requiring only integration point-level implementation. This aspect is
demonstrated here by implementing coupled, multi-variable phenomena through simple UMAT
and UMATHT subroutines in the finite element package Abaqus. The generalised theoretical
and computational framework presented is particularised to four problems of engineering and
scientific relevance: thermo-mechanical fracture, hydraulic fracture, hydrogen-assisted cracking
and metallic corrosion. 2D and 3D problems are considered. The results reveal a very good
agreement with experimental data, and existing numerical and analytical solutions. The user
subroutines developed are made freely available at https://mechmat.web.ox.ac.uk/codes.

1. Introduction

Phase field models are enjoying remarkable popularity. Grounded on the foundational work by John W. Cahn and John E.
Hilliard [1], the phase field paradigm exploits a diffuse representation of otherwise sharp interfaces to capture complex morphologies
and transitions, based on variational principles. The versatility of phase field models has led to their widespread adoption across
science and engineering disciplines, including solidification and phase transformations [2], general microstructural evolution
problems [3], voiding in all-solid-state batteries [4], and fluid—structure interactions [5]. This success has also reached the discipline
of structural integrity, with phase field formulations opening new horizons in the modelling of fracture mechanics [6-8] and
corrosion [9,10]. In the case of phase field fracture models, the phase field order parameter ¢ regularises the crack - undamaged
material interface, while for the corrosion ones, ¢ describes the evolution of the corrosion front (i.e., the corrosive electrolyte -
metal interface). Corrosion and fracture phase field models have been developed independently although we will show here how
both classes of phase field models can be encapsulated within a generalised framework. The success of phase field models in the
area of structural integrity has been notable, spanning nearly all engineering and natural materials; these include fibre-reinforced
composites [11,12], shape memory materials [13,14], metals [15,16], ice-sheets [17,18], rocks [19-21], concrete [22,23], and
functionally graded materials [24,25].

One of the key strengths of phase field models is their seamless integration into coupled multi-variable problems, as the phase
field (interface) equation can be easily combined with differential equations describing various physical phenomena. Interfacial
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Nomenclature
My

(e)

ap

ar

ar

Material Jacobian in the principal direction of the second phase
Biot’s coefficient

Biot’s coefficient in the reservoir domain
Thermal expansion coefficient

Principal tensile strain tensor

Principal strain tensor

Stress tensor

Effective stress tensor

Stress tensor in the undamaged configuration
Strain tensor

Elastic strain tensor

Plastic strain tensor

Thermal strain tensor

Transpose of the direction cosines matrix for the principal directions

Elasticity tensor

Tangential stiffness matrix in the principal direction
Elastic stiffness tensor in the undamaged configuration
Elastic tensor of the first phase

Elastic tensor of the second phase

Identity tensor

Stiffness matrix

Permeability tensor

Permeability tensor in the fracture domain
Permeability tensor in the reservoir domain
The ith of the principal vectors of the strain tensor
Hydrogen damage coefficient

Fracture domain indicator field

Reservoir domain indicator field

Gibbs free energy

Kronecker delta

Phase field fracture length scale

Interface thickness

Interface energy

Body force vector

Heat flux vector

Flux vector of the diffusion field

Flux of metal ions

Flux of hydrogen atoms

Residual vector

Surface traction

Displacement vector

Fluid velocity vector

Regularised energy functional

History field in phase field fracture
Chemical potential of metal ions

Chemical potential of hydrogen atoms
Fluid viscosity

Laplace operator

Poisson’s ratio

Domain of the system

Height of the double-well potential
Fracture domain
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Evol

Csat
CSe

Csolid

Reservoir domain

Transition domain

Boundary of the domain

Positive part of the undamaged strain energy density
Negative part of the undamaged strain energy density
Chemical free energy density

Chemical free energy density of the liquid phase
Chemical free energy density of the solid phase
Strain energy density

Strain energy density of the first phase

Strain energy density of the second phase
Undamaged strain energy of solid phase

Elastic energy density of the solid phase

Plastic energy density of the solid phase

Mass density

Mass density of the fluid

Flow stress

Hydrostatic stress

Yield stress

Hydrogen coverage

Equivalent plastic strain

Critical strain for film rupture

Volumetric strain

Diffusion field

Mass fluid content

Curvature of the free energy density

Length of the initial crack

Transient parameter

Normalised concentration of metal ions

First constant for domain indicator fields
Second constant for domain indicator fields
Concentration of dissolved ions

Hydrogen concentration

Environmental hydrogen concentration

Fluid compressibility

Normalised equilibrium concentration for the liquid phase
Normalised concentration of the liquid phase
Saturation concentration

Normalised equilibrium concentration for the solid phase
Concentration of atoms in the metal
Normalised concentration of the solid phase
Specific heat

Diffusion coefficient of metal ions

Diffusion coefficient for hydrogen transport
Young’s modulus

Young’s modulus for plane strain

Bulk free energy density of the first phase

Bulk free energy density of the second phase
Diffusion field flux

Critical energy release rate

Corrosion current density

Corrosion current density of the bare metal
Bulk modulus
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k Film stability coefficient

ko Thermal conductivity of the pristine material
ko Mechanocorrosion coefficient

kr Thermal conductivity

L Interface kinetics coefficient

L, Reference interface kinetics coefficient
M Mobility coefficient

N Strain hardening exponent

N; shape functions of node i

- Porosity in the reservoir domain

ny, Porosity

p Fluid pressure

De Critical fluid pressure

Am External fluid source

4 Flux of the diffusion equation
s Flux of the diffusion field

qr Heat source

R Gas constant

r Heat source

S Storage coefficient

T

t

Temperature
Time
T, Initial temperature
to Time interval before corrosion decay begins in a repassivated metal
Ty Absolute temperature
T, Ambient temperature
ty Drop time during a film rupture event
U Internal heat energy
U, Internal energy of diffusion equation
Vo Partial molar volume
Vi Partial molar volume of hydrogen
Vi Bulk volume of porous medium
Vo Volume of pores in porous medium
B; Representative field variable
n Relaxation time constant
K Gradient energy coefficient
B Set of field variables
n Outward unit normal vector
F Free energy
Foulk Bulk free energy
Fint Interface free energy
\Y Gradient operator in a spatial frame
1) Phase field
/o Bulk free energy density
Sint Interface free energy density
g Degradation function
12 Volume occupied by the first phase
Veve Volume of a representative volume element
w Double-well potential
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electro-thermo-chemo-mechanical phenomena can be captured within a single, thermodynamically-consistent framework. As such,
phase field-based models have been developed to tackle a wide range of coupled fracture problems, including hydraulic fracture [26,
271, Li-Ion battery degradation [28,29], hydrogel fracture [30,31], concrete corrosion-induced cracking [32,33], thermo-mechanical
fracture [34,35], hydrogen-assisted cracking [36,37], and electro-mechanical fracture [38,39]. More recently — and independently —
phase field models have been developed to tackle the long-standing challenge of predicting corrosion, both uniform and localised; see
Ref. [40] for a review. Different from their fracture counterparts, phase field corrosion models are built following the framework used
for phase transformation problems (solidification, microstructural evolution). This hinders the coupling of phase field fracture and
corrosion models, as needed to tackle important technological problems such as corrosion-fatigue and stress corrosion cracking [41].
Hence, there is a need to establish a unified framework and move beyond ad hoc numerical implementations; the aim of this work.
Thus, the novelty of the work is two-fold. To start with, we present a theoretical and computational formulation that encapsulates
a wide range of coupled phase field problems, for the first time providing a common root for phase field fracture and corrosion
models. This generalised formulation enables a versatile and straightforward numerical implementation, allowing us to present the
first integration point-level implementation of coupled problems such as thermo-mechanical fracture, corrosion, hydraulic fracture
and hydrogen embrittlement. This is demonstrated in the commercial finite element package Abaqus through simple user material
(UMAT and UMATHT) subroutines, which are freely provided. The remainder of this manuscript begins with the presentation of
a generalised phase field formulation that encapsulates both fracture and corrosion models (Section 2). Then, this formulation is
extended to general coupled (multi-physics) problems (Section 3). In Section 4, details of the numerical implementation are provided,
which is done at the integration point level by exploiting the thermal analogy, as demonstrated with user material subroutines in the
commercial finite element package Abaqus. Representative results are presented in Section 5 and concluding remarks are given in
Section 6. The main body of text is complemented by Appendices aiming at providing additional theoretical and numerical details.

2. A generalised phase field model

We establish a generalised treatment of phase field fracture and phase field corrosion models from the Allen—Cahn equation, a fun-
damental mathematical framework in phase transition modelling [1,42]. The Allen—Cahn equation typically models non-conserved
order parameters, distinguishing it from the Cahn-Hilliard equation, which is used for conserved quantities.

The total free energy of a system involving two phases can be expressed as the sum of the bulk free energy 7y, and the interface
free energy Fj,. For a given body Q2 c R” (where n € {1,2,3}), the total free energy is given by:

F = Fouik + Fine = /!2(fb({ﬁi}, O+ fine (VD)) AV, @

where f,({;}, ¢) is the bulk free energy density, depending on the phase field (order parameter) ¢ and a set of field variables
B = {p,h,,.... B | B; € B}, related to mechanical or chemical processes. The interface free energy density fi,(V¢) depends on the
gradient of the phase field V¢.

The bulk free energy density f;,({$;},¢) can be defined as:

B}, ) = g(D)fpa({Bi D) + (1 — g(@) fpa({Bi}) + w(eh), (2

where f},; and f}, represent the free energy densities for the first and second phases, respectively. By assuming that each material
point is a mixture of the first and second phases, the function g(¢), known as the degradation or interpolation function, defines the
volume fraction of the first phase in a representative volume element (RVE):

Vi
g(P) = 3

Vave
where V) is the volume occupied by the first phase and Vyyg is the volume of the RVE. The double-well potential w(¢) ensures that
the order parameter favours distinct phases by penalising intermediate values.
The interface energy density is defined as:

S V) = 5 1V, @)

where « is the gradient energy coefficient, which controls the energetic cost associated with creating interfaces. Substituting Egs. (2)
and (4) into the total free energy expression (1), we obtain:

F = /Q(g(@fm({ﬁi}) + (1 = g(@) fralBi D) + w(g) + g |V¢|2> dv. )

The last two terms in Eq. (5) represent the Allen-Cahn energy, capturing the energetic cost of phase interfaces. This energy
reflects the tendency of a system to minimise interface area during phase transitions [43]. The Allen—-Cahn equation describes the
evolution of the phase field by applying the following relaxation law, which drives the system towards equilibrium:

9% _ _SF _
ot T T se
Here, 7 is the relaxation time constant, which characterises the rate at which equilibrium is approached. The Neumann boundary
condition is defined as:

kV2i—w'(d) — &' @) (for({B) — foa({B D) - (6)

Vé-n=0 on 02, )

where n is the outward unit normal vector on the surface of the domain Q.
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2.1. Phase field fracture method

Let us now show how the Allen—Cahn-based framework introduced so far can encompass existing phase field fracture models.
In phase field fracture modelling, the phase field variable ¢ is taken to be a representation of damage, in a continuum mechanics
sense, and thus degrades the material stiffness. Consider a body 2 with two phases of materials undergoing mechanical deformation:
the first phase represents the material with pristine stiffness (¢ = 0), while the second phase corresponds to the fully damaged
configuration (¢ = 1). We shall then define a material toughness or critical energy release rate G, describing the material’s resistance
to fracture, and a characteristic length scale # which governs the size of the interface thickness and the fracture process zone. Then,
considering (for illustrative purposes) the original AT2 phase field fracture model [7], expressions for the double-well potential and
the gradient energy coefficient in Eq. (5) can be found:

G, ¢* _ G,
2w T2

Let us denote the bulk free energy due to mechanical work as wM. Thus, for each phase we can write fi;(u) = zpf"(e(u)) and
Spa(u) = y/é"[(e(u)). Based on Eq. (5), the total potential energy of the deformation-fracture system can be written as:

w(¢) = ®

2
Fr= /Q [Gc (glwlz + %) + 8@y} () + (1 - g(@)wh' ()| V. ©)

In this expression, u/f’[ and y/év[ denote the strain energy densities for the pristine (first phase) and fully degraded (second phase)
materials, respectively. The displacement vector is denoted by u, and the strain tensor is defined as £ = (Vu® + Vu) /2. The volume
fraction of the first phase, referred to as the degradation function, is given by the quadratic form g(¢) = (1 — ¢)%. Assuming that the
second phase has no stiffness and consequently no strain energy (y/évI =0), Eq. (9) simplifies to:

¢2

Fp = /Q [Gc (gww + ﬁ> +g<¢>u/1M(e(u)>] av. (10)

The evolution equation for the phase field in the fracture model is derived from Eq. (6) and the potential energy in Eq. (10),
assuming rate-independent damage evolution (y = 0):

LJ
4

Eq. (11) is arguably the most recognised form of the phase field evolution law, as it corresponds to the balance equation for
the so-called AT2 phase field model. However, Eq. (11) does not distinguish between compressive and tensile stress states, and this
has led to various extensions of the AT2 phase field model to ensure that damage only occurs under tension or to embed arbitrary
failure surfaces [44-48]. An asymmetric tension—compression behaviour can be captured by defining a non-zero stiffness for the
second phase, such that

L
/

G, (—fvqu + ) +& (@) (e() = 0. a1

G, (—fv2¢ + ) +8' (@) (v(e) — y(e(u))) = 0. (12)
whereby WIM —y/ZM is the driving force for fracture. In the literature, the variable y is often used to describe a fracture driving force
based on the tensile part of a decomposed strain energy density (i.e., y = IVIM - sz ). Adopting the notation most commonly found
in the literature, the (undamaged) strain energy density can be decomposed into a tensile and a compressive part as y, = y/g +yy
and, accordingly, the total strain energy density in the damaged configuration reads,

v =gy +wy =@y + 1~ gy - (13)

Comparing Egs. (9) and (13) one finds that the strain energy density of the undamaged configuration equals the strain energy of
the first phase (y, = y/f’[), while the strain energy of the second phase corresponds to the compressive part of the undamaged strain
energy density (v = y/évl). For the formulation to be variationally consistent, this asymmetric degradation must also be considered
in the deformation problem. Hence, the stress tensor o reads,

01//{‘4(6(11)) a!I/évl(e(ll))
0=g(¢)a—+(1—g(¢))—- 14
£(u) oe(u)

With the strong form of the coupled deformation—diffusion problem being given by,

V-c+b=0 (15)

G, (—fvqu + %) +g ()H = 0. (16)
with b being a body force vector. Here, Eq. (15) can be readily derived by taking the variation of Eq. (9) with respect to the
displacement vector u and applying the divergence theorem. Also, a history field H = max,e[o,,](wf’[(t) - w;“(z)) has been defined to

ensure damage irreversibility.
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2.2. Phase field corrosion

The generalised framework presented before can also be particularised to the study of corrosion, the degradation of materials
due to environmental chemical interactions. The dissolution of metals due to corrosion results in an evolving interface, separating
the solid metal (electrode) from the liquid corrosive electrolyte. Defining the solid phase as the first phase and the liquid phase as
the second one, the phase field variable is taken to be ¢ = 1 in the metal and ¢ = 0 in the aqueous electrolyte. In its simplest form,
a phase field model for corrosion needs to capture two phenomena: the dissolution of the metal (short-range interactions) and the
subsequent transport of metal ions (long-range interactions). In terms of the generalised formulation presented above, this implies
particularising the bulk free energy density to the chemical free energy density w*" and considering an additional primary variable,
the normalised concentration of metal ions, equal to ¢ = 1 in the metal phase and equal to ¢ = 0 in electrolyte regions very far from
the corrosion interface. Accordingly, the energy functional in Eq. (1) is given by

F= / (v + £ |ve?)av. a7
Q 2

The chemical free energy density y" can be expressed as a weighted sum of the chemical free energy densities of the solid (W;h)
and liquid (wﬁh) phases, using the interpolation function g(¢), as

(. 0) = gD + (1 = gy + w(). (18)

The interpolation function g(¢), characterising the volume fraction, as defined in Eq. (3), is typically chosen to be g(¢) =
—2¢> +3¢? in the phase field corrosion community, while the double-well potential w(¢) is typically defined as w(¢) = wd*(1 — ¢)?,
with o being the height of the double-well potential.

Following the literature, the chemical free energy densities of solid (wgh) and liquid (wﬁh) phases are defined as:

W = Ales —ese). wit = Ale, — e, (19)

where A is the curvature of the free energy density, and c¢g and ¢; are the normalised concentrations of the solid and liquid phases.
Also, cge = Cgotid/Csolid = 1> and cre = cgae/Csonia are the normalised equilibrium concentrations for the solid and liquid phases, with
5ot Deing the saturation concentration. Accordingly, Eq. (18) can be reformulated as,

W (e, d) = A (c — g(@)(cse — o) — o) + 0 (1 — ). (20)

The interface energy density follows the same notation and definition as in Eq. (4). An interface energy y and interface thickness
¢,, can be defined based » and « as [49]:

K® 8k
=,/=, ¢ =1/ 21
4 \/ 18 "V w @D

The corrosion phase field evolution equation can derived using the relaxation law, see Eq. (6), as:

9 ch c,
_ oy, 9) (22)
o¢
where L is the interface kinetics coefficient. For more details, see Ref. [10].
It remains to define the transport of the mass conserved quantity: the normalised concentration of metal ions ¢ = ¢,,(X, 1)/ ¢slid»
with ¢4 being the concentration of atoms in the metal and c,,(x, 1) being the concentration of dissolved ions. The mass conservation
law then reads

Th=rxV2

Ceolid T V-J=0, (23)

As the medium is a mixture of solid and liquid phases, the normalised concentration ¢ can be expressed as a function of the
normalised concentration in the solid (cg) and liquid (c¢;) phases,

¢ =g(@)eg + (1 — g(P)ey.. 24)
The mass transport is derived from the chemical potential using the relationships in Eq. (19), given as:

0 ch
M:_LL —_2A (¢ —&(P)ese — o) —cre) - @

Csolid dc Csolid
Using a Fick’s law-type relation, the flux J can be expressed as:

D
J= 2_1:! * Csolid - Vu= —Csolid * DmV (C - g(¢)(cSe - cLe) - cLe) > (26)
where D,, is the diffusion coefficient of metal ions. Substituting Eq. (26) into Eq. (23), the mass conservation law reads:

¢ =V [D,V (c—g@)es, — cre) — ¢ )] =0. (27)



Y. Navidtehrani et al. Engineering Fracture Mechanics 326 (2025) 111363

3. Extension and particularisation to coupled problems

Let us now extend this generalised formulation to the analysis of coupled problems, where solids undergo mechanical
deformation, phase transitions, and a diffusion-type process. Considering as primary variables the displacement vector u, the phase
field ¢, and the diffusion field &, the coupled system of equations for a body € can be formulated as follows:

V-o(u,¢,6)+b=0, (28)
KV2h —w' () — &' (@) (fpr (W.) = fra(w. ) = ndp =0, 29
pU‘f(é’ Vf’ u, ¢) +V- fg(év Vé’ u, ¢) - q§ = O’ (30)

Here, Eq. (28) represents the linear momentum equation, Eq. (29) is the phase field evolution equation, and Eq. (30) corresponds to
a diffusion-type field equation. In the following subsections, we explore four specific cases for multiphysics phase field modelling,
each one addressing different coupling mechanisms and physical phenomena. More specifically, this general framework will be
particularised to the analysis of thermal fracture (¢ = T, Section 3.1), hydraulic fracture (¢ = p, Section 3.2), hydrogen embrittlement
(& = ¢y, Section 3.3), and stress-assisted corrosion (¢ = ¢, Section 3.4).

3.1. Thermal fracture

Thermal fractures are commonplace in a wide range of engineering applications and sectors, from aerospace [50] to nuclear
energy [51]. Changes in temperature lead to thermal strains, which can result in fractures [52].
In thermoelasticity, the strain tensor is decomposed into an elastic part, ¢,, and a thermal part, &, as follows:

e=¢,+¢€r, 3D
where the thermal strain, €7, is defined in terms of the thermal expansion coefficient a;:
er = ap (T =Tyl , (32)

with T, representing the initial temperature and I being the identity tensor. Since only the elastic (stored) strain contributes to
stress, Egs. (28) and (29) can be respectively rewritten as:

V-o(g,,¢)+b=0 in Q, (33)

G, (% - fV2¢) -2(1-¢)H(E,) =0 in Q. (34)
While Eq. (30) is particularised to the heat transfer equation, given by:

perT = ky V2T = gy, (35)

where p is the material density, ¢; is the specific heat, k; is the thermal conductivity, and g is the heat source. Often, heat transfer
and phase field fracture are assumed to interact through a damage-dependent thermal conductivity, such that

perT — kp(P)VPT = gp , (36)

where the thermal conductivity k(¢) is defined as k(¢) = g(¢)k,, with k, representing the thermal conductivity of the pristine
material.

3.2. Hydraulic fracture

Hydraulic fracture is a process of crack nucleation and propagation caused by changes in pore pressure within a solid body due
to fluid injection or natural forces. This phenomenon occurs in both natural settings and engineering applications, with hydraulic
fracture modelling being widely used in geotechnical engineering, oil and gas extraction, environmental management, and other
fields to predict and control fracture behaviour for resource extraction and infrastructure stability [17,18,53,54].

Particularising the above-presented generalised formulation to the study of hydraulic fracture requires defining a balance
equation for the evolution of fluid pressure p. This is achieved by particularising Eq. (30) to the mass balance equation governing
fluid flow within a porous medium. When considering an external fluid source g,,, the fluid mass balance equation is defined as:

¢a+ V- (pava) = G (37)

where ¢ is the mass fluid content, corresponding to the mass of fluid per unit bulk volume and vy is the fluid velocity vector. This
can be defined using porosity (np) and the density of the fluid (pg) as:

{ﬂ = pﬂ”p’ (38)
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where porosity n, = V,,/V;, is the ratio of the volume of pores (V}) to the bulk volume (74) of the medium. Using Biot’s theory of
poroelasticity and Darcy’s law, the mass balance equation can be rewritten as:

K
a (Sp+ abévol) +V. (—pﬂ”—;le> =q,, (39)

where ¢, is Biot’s coefficient, ¢, is the rate of volumetric strain, Ky is the permeability tensor, ug is the fluid viscosity, and S is
the storage coefficient, defined as:
(1 = ap)(ay, — 1)

§= 2 e, (40)

with K being the bulk modulus and Cj the fluid compressibility.

Next, Biot’s theory of poroelasticity is utilised to establish a constitutive relationship between stress and strain. In a saturated
porous medium, the total strain arises from the stress acting on the solid skeleton (effective stress ¢°ff), and the pore pressure of
fluid. Under static conditions or slow fluid flow, the pore pressure contributes only to changes in volumetric strain. Consequently,
the total stress is expressed as the sum of the effective stress 6°f = C : ¢, and the pore fluid pressure scaled by Biot’s coefficient a;,
resulting in:

6=C:e—apl =0 —apl, (41)

where I is the identity tensor. In the context of phase field hydraulic fracture, and considering a decomposition of the strain energy
density, the effective stress is defined as:
dyl(e) oy (e)
Geff — g(d)) 0 + 0 . (42)
o€ o€

Thus, Eq. (28) can be reformulated as:

Vo —a,pI] =0 in Q. (43)

One must also consider the interplay between cracking phenomena and fluid flow. Building on the work of Lee et al. [55], we
couple the fluid and phase field equations by dividing the domain into three distinct regions: the reservoir (£,), fracture (£2), and
transition (£2,) domains. These regions are distinguished using domain indicator fields as functions of the phase field variable ¢ and
material constants ¢; and c,. The domain indicator fields (y;, ;) can be defined as:

1 ¢ < ¢ 0 ¢ < (4]
K@= a<d<e @)=t o <d<q 44)
0 ¢ < @, 1 < ¢,

Thus, the fluid and solid parameters between the reservoir and fracture domains are defined as:

ap = Yr0r + X (45)
np = Xehpe + X6 (46)
Kq = 1K, + 1Ky, 47)

where a;, ny,,, and K, denote Biot’s coefficient, porosity, and the permeability tensor of the reservoir domain, respectively. Ky is the
permeability tensor of the fracture domain. Finally, we can write the fluid flow equation in a form valid across all domains using
the domain indicator fields y, and ys:

Kq(d)

Pt (S(@y( ). np(@)p + ay( D) 2e(Bver) +V - (—pﬂ Vp) =g (48)

3.3. Hydrogen embrittlement

When metallic materials are exposed to hydrogen-containing environments, such as seawater or hydrogen gas, they experience
a phenomenon known as hydrogen embrittlement, whereby the absorption of hydrogen atoms into the metal results in a dramatic
degradation of their ductility, fracture toughness and fatigue crack growth resistance [56,57]. Hydrogen embrittlement phenomena
can be captured in a phase field setting, as first achieved by Martinez-Pafieda and co-workers [58-60].

Predicting hydrogen-assisted failures requires solving a three-field system, modelling deformation, hydrogen diffusion and
fracture. The transport of hydrogen can be simulated considering an equation of the type (30), with the primary variable being
the diffusible hydrogen concentration c¢y. Considering the balance of mass, hydrogen transport can be described as,

g+ V-Jg=0, (49)
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where the hydrogen flux, Jy, is defined based on the gradient of the chemical potential py;:
Dycy
RT,

D
Jy=- Vuy = —DyVey + R—;fkcHVHVah, (50)

with Dy being the diffusion coefficient, R the gas constant, 7; the absolute temperature, ¥} the partial molar volume of hydrogen
in solid solution, and ¢, the hydrostatic stress. Hydrogen accumulates in regions of high hydrostatic stress, providing a source of
coupling between the solid mechanics and diffusion problems.

An important source of coupling is how hydrogen degrades the fracture resistance of metals. This is naturally captured in phase
field by defining the material toughness as a function of the hydrogen content: G (cy). Among the multiple ways available for
defining this relationship, we follow Ref. [58], and use an atomistically-informed linear degradation law:

G,(cy) = G.(0) = (1 — 140)G, (0), (51)

where yy is an atomistically-estimated damage coefficient that quantifies the reduction in fracture energy due to the presence of
hydrogen and 0 is the hydrogen coverage. The latter can be related to the hydrogen concentration through Oriani’s equilibrium or
the Langmuir-McLean’s isotherm,

CH

o
_Agh
cy + exp T,

where the hydrogen content is here expressed in units of impurity mole fraction, and Agg is the Gibbs free energy difference between
the decohering interface and the surrounding material.

0= (52)

3.4. Stress-assisted corrosion

The interplay between mechanical deformation and corrosion is what underpins localised corrosion failures. Mechanical stresses
can rupture the protective passive film and accelerate corrosion kinetics, while metal dissolution alters stress distributions - a two-
way coupling problem. These can be coupled by extending the formulation in Section 2.2 to define a bulk free energy density that
encompasses both mechanical and chemical contributions:

fod,0) =yMu, ¢) +w(c, ¢), (53)

where yM(u) is the mechanical free energy (i.e., the strain energy density), and w"(c) is the chemical free energy density, as defined
in Eq. (18). Since the liquid phase is assumed not to carry stress, the mechanical free energy can be written as:

yM = 2@y (W) = g(d)wg + ) (54)

where y/év[ is the undamaged strain energy of the solid phase and g(¢) is the degradation function, as defined in Section 2.2, which
satisfies g(0) = 0 for the electrolyte phase (¢ = 0) and g(1) = 1 for the undissolved solid (¢ = 1). In Eq. (54), both elastic and plastic
contributions to the strain energy density are considered, as respectively denoted by the ¢ and p superscripts. Assuming J2 plasticity,
the elastic and plastic strain energy densities are given by:

vele) =5 (e) 1 Coie (55)

t
W= [ onean (56)
0

where ¢, and ¢, are the elastic and plastic parts of the strain tensor, and Cy, is the elastic stiffness matrix. Accordingly, the undamaged
stress o, and total stress o are defined as:

o =g(p)og=g@Cy : (g, — €,). (57)
Work hardening is considered by means of an isotropic power law relationship:
N
P
af=ay<1+E—5) : (58)
Oy

where E is Young’s modulus, o, is the flow stress, o, is the initial yield stress and N is the strain hardening exponent (0 < N < 1).

The equivalent plastic strain is defined as €” = 1/(2/3)¢,, : €.
Using the aforementioned definitions of the mechanical and chemical free energy densities, the total free energy can then be
written as:

F= / (s@ws+ud) +ue.)+ 5 1Vo1) av. (59)
Q

From Eq. (59), the linear momemtum balance equation can be readily obtained by taking the stationary of the functional with
respect to the displacement field:

V-ou,$)=V-[g(PCy: (e, —£,)] =0 (60)

10



Y. Navidtehrani et al. Engineering Fracture Mechanics 326 (2025) 111363

However, as extensively discussed in Ref. [40], defining the phase field evolution equation in a variationally consistent way
results in non-physical behaviour, with mechanical strains impacting corrosion not only during activation-controlled corrosion, as
observed experimentally, but also during diffusion-controlled corrosion. To work around this, Cui and co-workers [10] suggested
instead to enrich the description of the phase field mobility coefficient L to make it a function of mechanical fields, such that the
phase field corrosion evolution equation reads,

L e )
. h=xVip--
Lionen)’ =" "5

where ¢, is the hydrostatic stress. The precise definition of L (o-,,, 24 ) is aimed at incorporating the two main mechanisms by which
mechanics interplays with corrosion: (i) enhancement of corrosion kinetics, and (ii) film rupture.
To incorporate the role of mechanical fields in enhancing corrosion kinetics, we define the mobility coefficient as,

b O'hV
L=ky(e.04) Ly = (e_y +1> exp( RTS)LO’ (62)

(61)

where L, is the reference mobility coefficient, which can be quantitatively related to the corrosion current density [10], V,, is the
molar volume, and k,, is the so-called mechanochemical coefficient. Eq. (62) incorporates the impact on corrosion kinetics of both
lattice expansion and dislocation phenomena through the hydrostatic stress and the effective plastic strain rate, respectively.

The interplay between mechanics and film rupture and re-passivation is an important one. Mechanical strains lead to localised
rupture of the protective film in corrosion-resistant materials, leading to localised corrosion phenomena (pitting, stress corrosion
cracking), which are very detrimental and difficult to predict. The process is a cyclic one, with film rupture being followed by
material dissolution and subsequent repassivation (film formation). This phenomenon is known as the film-rupture-dissolution-
repassivation (FRDR) mechanism [61], and for a corrosion current density i, can be expressed as,

l([[) _ io, ff() <t < ty (63)
igexp (—k (1, —19)), if1g<t; <to+1y,

1

where i is the corrosion current density of the bare metal, ¢, is the time interval before decay begins, ¢, is the drop time during a film
rupture event, ¢, is the current time (within a specific cycle) and k is a parameter that characterises the sensitivity of the corrosion
rates to the stability of the passive film, as dictated by the material and the environment. Following experimental observations, the
decay in corrosion current density with the improvement of the film stability in time is characterised by an exponential function. The
time 7, at which a rupture event will happen is dictated by straining kinetics. This is often described by considering the accumulated
plastic strain - over a FRDR cycle ¢/ (i.e., undergone by the newly developed oxide layer) - with failure occurring when a critical value
is reached (& = ¢ s ~ 0.001). As elaborated in Ref. [41], this is effectively captured by exploiting the proportionality relationship
between the phase field mobility coefficient and the corrosion current density. Hence, considering as well Eq. (62), the mobility
coefficient can be defined as,

L= {km (e?,01,) Lo, if0 <y

<t
. ) (64)
ku (€7,04) Loexp (—k(t; —19)) . if tg <1; <t1g+1;.

4. Numerical implementation exploiting the thermal analogy

In Sections 3.1-3.4, we have illustrated that a wide range of physical phenomena can be modelled using a diffusion type equation,
Eq. (30). One such phenomenon is heat transfer, which has been widely implemented across in-house and commercial finite element
packages. Therefore, leveraging the thermal analogy of diffusion-type equations, these physical processes can be incorporated into
these codes with minimal effort. We demonstrate this here, exploiting this heat transfer analogy to straightforwardly implement the
coupled problems discussed before in the commercial finite element package Abaqus.

The heat transfer equation can be expressed in a general form as:

pU+V -f—r=0, (65)

where U denotes internal heat energy, f is the heat flux vector, and r is the heat source. Using Eq. (65) as a foundation, any
diffusion-type equation can be reformulated analogously, as shown below.
General phase field. Consider the general phase field evolution equation given in Eq. (6). Taking the phase field variable as the
temperature (¢p = T), Eq. (6) can be reformulated to resemble Eq. (65) as,

0
1 (—n—"’ —w (@) - gD (fo1(B) - sz(ﬂ))> +V - (kV¢) =0. (66)
~—— ot N——
PN ~
7 f
with » =0.

Phase field fracture. The specific case of phase field fracture, given by Eq. (16), can also readily be expressed in a way that
resembles the heat transfer PDE:

TN | _
1 (ﬁ*“‘f’)w)*v'(‘v"’)‘o (67)
o N— f
U
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with the heat source term being also r =0 and ¢ =T

Phase field corrosion. The modelling of stress-assisted corrosion requires defining a phase field equation to describe material
dissolution and an equation to describe the long-range transport of metal ions, in addition to considering mechanical equilibrium.
The heat transfer analogy can be exploited to model both short-range interactions (corrosion) and long-range interactions (metal
ion transport). The latter is given by Eq. (27), which can be reformulated as,

1 © +V.[-D,V(c—h e —Cle)—CLe)| = 0. (68)
f [ (¢ = h(¢)(cse — cre) — i )]J
P U f

with r = 0 and the primary variable, the normalised concentration of metal ions, being analogous to the temperature (¢ = T). On
the other side, the phase field evolution equation for the corrosion problem, Eq. (61), can be expressed as,

ch
1 <_lqg _ M) +V - (kVe) = 0. (69)
——\ L op ——
p - f
U

where r=0and ¢p =T.

Hydraulic fracture. In addition to using the thermal analogy to implement the phase field fracture equation, tackling hydraulic
fracture problems requires determining the evolution of the fluid pressure p. This can readily be achieved by establishing p = T,
and reformulating the mass conservation Eq. (48) as:

. . K(9)
pn (S@@). ny(@)p + ay( D) (Do) +V - | —pn Vp)- 4, =0 (70)
—— -~ v Hil ——
M pd —_— M

f
Hydrogen embrittlement. The prediction of hydrogen-assisted fractures using phase field requires solving the phase field evolution
equation, as discussed above, but also considering the role of hydrogen in degrading G, and the hydrogen transport equation. The
latter can also be made analogous to the heat transfer problem by taking ¢y = T and reformulating the hydrogen transport problem,
Egs. (49)-(50), as

1 (G5} +V- (—DHVCH + R_'TkCHVHVO—h) =0. (71)
p U ~ ~-
f
with r = 0.

Finally, we also provide for generality how the balance equation of the heat transfer problem, Eq. (36), can be given in the form
of Eq. (65); i.e.,

p erT +V-(=kgVT)— qp =0, (72)
N~—— —— ——
U f r
For numerical implementation purposes, one also needs to build the appropriate terms of the stiffness matrix, which requires

defining the variation of internal thermal energy per unit mass with respect to temperature oU /dT, the variation of internal thermal
energy per unit mass with respect to the spatial gradients of temperature oU /d(VT), the variation of the heat flux vector with respect
to temperature of /0T, and the variation of the heat flux vector with respect to the spatial gradients of temperature of /o(VT).
These are provided in Appendix A for each of the physical phenomena considered here. For the sake of generality, complement
implementation details (including definition of discretised residuals and stiffness matrix components) are given in Appendix B,
although these details are not used here, where the implementation is carried out entirely at the integration point level.

4.1. Abaqus implementation

Exploiting the thermal analogy can significantly simplify the numerical implementation. This is here demonstrated in the context
of the commercial software Abaqus, showing how complex multi-field coupled problems can be implemented at the integration point
level. In the past, we showed how the coupled deformation-phase field fracture problem could be implemented into Abaqus using
only a user material (UMAT) subroutine [62] or, for versions older than 2020, a user material (UMAT) subroutine and an internal
heat generation (HETVAL) user subroutine [63]. A notable advantage of these methods is their ability to operate at the integration
point level, thereby eliminating the need for element-level implementation. This approach also enables the use of Abaqus’s built-in
features, such as various element types and contact interactions. However, a new paradigm is needed here, as the heat analogy is
exploited to treat simultaneously two or more equations and only one temperature degree of freedom can be defined in Abaqus.

First, the use of a user material heat transfer (UMATHT) subroutine is suggested, in combination with a UMAT. This provides
greater flexibility as it enables to conduct transient analyses with history-dependent variables. This is, for example, required to
implement the phase field corrosion equation, Eq. (61), as exploiting the heat transfer analogy using a UMAT (or HETVAL) only
allows to define the quantity pc, as the coefficient multiplying 0T /d; pc, is a constant quantity, with ¢, being the specific heat, but
the equivalent term 1/L(c;,,€?) is not constant in time. In terms of computational efficiency, both approaches (UMAT/HETVAL vs
UMAT/UMATHT) are equivalent.

12
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Fig. 1. Conjugate pairs of elements for identical geometry and mesh discretisation.

The second key innovation of our implementation is the treatment of multiple temperature-like degrees-of-freedom, as required
to simultaneously solve several diffusion-like equations (e.g., phase field fracture and hydrogen transport, in the case of hydrogen
embrittlement). Thus, we introduce a twin-part method, whereby a second part (PART-2) is defined, which duplicates the geometry
and mesh of the primary part (PART-1). This is straightforward in Abaqus, as it just implies creating a copy of PART-1, once
meshed. While both parts share geometric properties and meshing, they differ in material definitions (MATERIAL-1 for PART-1
and MATERTAL-2 for PART-2) and boundary conditions. Each part includes degrees of freedom for displacement and temperature,
and hence the use of conjugate elements enables additional degrees of freedom. For example, the temperature degree of freedom
in PART-1 represents the phase field (¢ = T), while in PART-2, an additional degree of freedom ¢ is taken to be analogous to
temperature (¢ = T'). Materials can be differentiated within UMAT and UMATHT subroutines using the CMNAME variable, which allows
assignment of distinct materials to each part. Data transfer within the parts is facilitated by the identical local element numbering
used by Abaqus when a geometrically identical part with the same mesh is created; the idea of conjugate elements, as illustrated in
Fig. 1. In Abaqus, both global and local element numbering systems are used, with local element numbering being specific to each
part instance within the model assembly.

The procedure proposed for implementing coupled problems involving multiple diffusion-type equations in Abaqus is described
in Fig. 2. Abaqus proceeds following the global element number. Thus, for the first element (belonging to PART-1) and the first
integration point, the UMAT subroutine is called first. There, the Cauchy stress o and material Jacobian C are computed from the
strain tensor € and any other relevant variable, coming from either the inputs of the UMAT (e.g., T, representing ¢) or from the
Fortran module used to communicate between the parts (e.g. £). The stress tensor and material Jacobian are used by Abaqus to
construct the relevant residual and stiffness matrix components. Then, within that first integration point, the UMATHT subroutine is
called. There, the internal heat energy U and the heat flux vector f must be defined to construct the residual vector R, along with
their variations with respect to temperature 7 and its gradient VT to form the stiffness matrix K. This is done in agreement with
the definitions provided previously in this section and those given in Appendix A. Data exchange between the UMAT and UMATHT
subroutines can be done in a straightforward manner using state variables (SDVs).

Once Abaqus has looped over all the elements (integration points) in PART-1, it proceeds to PART-2. The UMAT is first called,
where ¢ = 0 and C = 0 for the material of the second part (MATERIAL-2). Then, the UMATHT subroutine is called, where one
defines U, f, and their derivatives for &, the additional variable of interest. To communicate between the parts, a Fortran module is
used, together with the Abaqus utility routine GETPARTINFO, which provides the local element number.

In terms of solving the coupled equations, various schemes exist. The monolithic scheme updates all variables simultaneously
using the backward Euler method, which is unconditionally stable but can suffer from convergence issues. Conversely, the staggered
method, akin to the forward Euler method, updates some primary variables while holding others constant, being more stable but
potentially requiring small increments for accuracy. In our approach, the variables solved within one part can be coupled in a
monolithic way but the coupling with the third variable must be done in a staggered fashion. Both single-pass and multi-pass
staggered approaches are possible, as illustrated in Fig. 3, where data exchange is shown for an increment » and an iteration i. The
inability to incorporate fully monolithic approaches, which can be made robust through the use of quasi-Newton schemes [64],
is a disadvantage of this approach relative to user element-based implementations. However, the present approach circumvents
the coding, validation, and pre- and post-processing issues associated with developing user element subroutines. The present
implementation can also be extended to an arbitrary number of fields governed by diffusion-type equations by defining additional
PARTs for each new diffusion field — for example, to simultaneously account for hydrogen effects and corrosion. The user
subroutines developed are shared freely with the community and are available to download at https://mechmat.web.ox.ac.uk/codes.
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Fig. 2. Twin-part procedure to implement coupled problems in Abaqus involving multiple diffusion-type equations. Sketch describing the protocol followed by
Abaqus at the integration point level, the element level, and the global equation level. For illustrative purposes, the first part is used to define the balance
equations for the displacement field and the phase field, while the second part is used for an additional variable, but this can be changed depending on the
solution scheme desired.
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Fig. 3. Solution and data exchange schemes available in the current implementation.
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Table 1

Material properties for the quenching case study [65-67].
Parameter Value Unit
Density p 3980 kg/m?
Young’s modulus E 370 GPa
Poisson’s ratio v 0.3
Phase field length scale 7 0.1 mm
Toughness G, 42.47 J/m?
Undamaged thermal conductivity k, 31 W/(m K)
Specific heat ¢, 880 J/(kg K)
Thermal expansion coefficient a, 7.5%x107° K

5. Representative examples

In this section, we aim to validate and illustrate the capabilities of our multiphysics phase field implementation across
different applications. This section includes detailed simulations that replicate established experiments and simulation benchmarks,
showcasing the model’s versatility and accuracy in various coupled problems. Specifically, we explore case studies involving thermo-
mechanical fracture (Section 5.1), modelling quenching in ceramic materials; hydraulic fracture (Section 5.2), under conditions that
allow validating against an analytical solution for the critical fluid pressure; hydrogen embrittlement (Section 5.3), addressing a key
validation benchmark; and stress-assisted corrosion (Section 5.4), whereby two classic numerical experiments are conducted.

5.1. Thermo-mechanical fracture: quenching

To validate our phase field thermal fracture model, we replicate the classic quenching experiment by Jiang et al. [65]. The
experiment involves immersing a ceramic plate (50 mm x 10 mm), which has been pre-heated up to a temperature 7;, into a water
bath held at ambient temperature (7, = 20 °C). The resulting change in temperature causes thermal fracture, with cracks nucleating
at the outer surface and growing in parallel towards the centre of the plate. This problem has been used widely as a benchmark of
thermal phase field fracture modelling. The material properties used, taken from the literature [65-67], are listed in Table 1.

The ceramic plate is discretised using a uniform grid of 4-node plane strain thermally coupled quadrilateral elements (CPE4T in
Abaqus) with a characteristic element size of 0.0025 mm. The staggered scheme couples the linear momentum and phase field
equations, using a fixed increment size of 0.1 ms over 200 ms of total simulation time. No decomposition of strain energy is
considered for the fracture driving force. Due to symmetry, only a quarter of the plate is modelled, as shown in Fig. 4a. The range
of initial temperatures considered is T, = {300, 350,400, 500,600} °C and the boundary condition prescribed in the outer surface of
the plate is T, = 20°C.

The results obtained are shown in Fig. 4b,c, in terms of the phase field contour, for the cases where the thermal conductivity
is independent of the phase field (k; = k) and for the case where it is degraded (k; = g(¢)ky). The high-temperature gradient
causes uniform damage at the perimeter of the plate, with cracks propagating inwards with uniform spacing. In both experiments
and simulations, higher initial temperatures (i.e., higher gradients) result in a higher number of cracks, as expected. The agreement
between modelling and experiments is notable, in terms of the number of cracks, their spacing and their extension. Numerical
predictions are also in good agreement with the computational literature [34,67-70]. Differences between the degraded and
undegraded thermal conductivity calculations are small, but the latter appears to be in closer agreement with experiments (fewer
and longer cracks), likely due to anisotropic thermal conductivity post-cracking and potential heat transfer through closed cracks. It
is also worth noting that the conventional AT2 phase field model does not include a damage threshold, which can result in a larger
degree of distributed damage near the outer surface.

5.2. Hydraulic fracture

The verification of the hydraulic phase field fracture implementation is carried out through two case studies. In the first
one, we examine the growth of a pressurised crack located in the centre of a square domain. This analysis aims to validate our
estimation of the critical pressure, which represents the water pressure at the time of crack propagation and is denoted as p,.
To this end, a comparison with an existing analytical solution is conducted. Subsequently, the second case study is dedicated to
simulating an injection-driven fracture scenario in a 3D model, shedding light on the interaction of preexisting cracks. The material
parameters listed in Table 2 are considered for both case studies. Also, in these analyses, we adopt the no-tension strain energy
decomposition [46,71] as the fracture driving force, accounting for the anisotropic influence of strain energy decomposition (see
Appendix D).
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Fig. 4. Thermo-mechanical fracture (quenching) case study. (a) Geometry and boundary conditions. Comparison between simulation (phase field contours ¢)
and experimental crack patterns [65]. Two scenarios are considered: (b) a non-degraded thermal conductivity (k; = k), and (c) a degraded thermal conductivity
ky = g(@)ky.

0.0 0.1 02 030405060.70.8091.0

Table 2

Solid and fluid materials parameters for hydraulic fracture case studies adopted in the analysis of hydraulic fracture.
Parameter Value Unit
Young’s modulus E 210 GPa
Poisson’s ratio v 0.3
Characteristic length scale ¢ 4 mm
Toughness G, 2700 J/m?
Biot’s coefficient of reservoir domain «, 2 x1073
Porosity in the reservoir domain n, 2 x1073
Mass density of the fluid py 1000 kg/m? kg/m?
Fluid viscosity ug 1x1073 Pa s
Fluid compressibility Cy 1x10°8 pa”!
Permeability tensor of reservoir domain K, 1 %1071 m?
Permeability tensor of fracture domain K; 1.333 x107°1 m?
First constants for domain indicator fields c, 0.4
Second constants for domain indicator fields c, 1

5.2.1. Pressurised crack
The first case study involves a square domain featuring a centred crack, subjected to a gradually increasing pressure up to
p = 100 MPa over a period of 2000 s. In practice, this is implemented by defining a temperature Dirichlet boundary condition,
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Fig. 5. Geometry, dimensions, and boundary conditions of the pressurised crack case study.

\

exploiting the analogy between pressure and temperature. The geometric configuration and boundary conditions of the model are
depicted in Fig. 5, with only a quarter of the model simulated to exploit its inherent double symmetry.

The finite element mesh comprised 14,443 eight-node biquadratic displacement, bilinear temperature elements (Abaqus type
CPES8T). The mesh was refined in the region where cracking was anticipated, ensuring that the smallest element size was maintained
at one-fifth of the characteristic length #. The monolithic scheme was employed to solve the coupled deformation-fracture problem,
while a multi-pass staggered scheme is adopted to handle the coupling with the fluid equation. 100 increments are used, each
spanning 20 s.

The evolution of the crack and the pressure distribution are shown in Fig. 6 for three selected time intervals: 1140, 1200 and
1400 s. The initiation of crack growth occurs at a time of 1140 s, as shown in Fig. 6(a), with a central domain pressure pceper Of
57 MPa. Subsequently, the crack extends along the mode I crack trajectory until reaching the edge of the domain, with the associated
increase in pressure along the cracked domain being appropriately captured by the model, see Figs. 6b and 6c.

We proceed to compare the critical pressure p, estimates of the model with the analytical solution by Yoshioka and Bourdin [72]
(see also Ref. [73]). The dependency of p, on the initial crack length g\, material toughness G, and elastic properties is given by,

1
4E'G,\ 2
- (M) 73)

ag

where E' = E/(1-1?) is the plane strain Young’s modulus, with v being Poisson’s ratio. The comparison between the critical
pressure estimates from Eq. (73) and those from the present phase field-based numerical framework are shown in Fig. 7. Results are
obtained for various choices of the material toughness G,. Overall, the analytical and numerical results are in very good agreement,
with the numerical results slightly underpredicting the fluid pressure at the time at crack propagation.

5.2.2. 3D cracking due to an injected fluid

The second case study investigates the interaction of pre-existing cracks in a three-dimensional configuration. A cubic domain
with a characteristic length of 0.5 m is considered, featuring two cracks in the XY plane, prolonged along the Z direction (Fig.
8a), each with a length of 0.05 m. One crack is positioned horizontally at the centre of the domain in the XY plane, while the other
crack is inclined and located away from the centre, as illustrated in Fig. 8b. The domain is discretised using approximately 268,000
8-node thermally coupled brick, trilinear displacement and temperature elements (C3D8T), with the characteristic finite element
length being 2 mm. Different to the previous case study, crack growth is here driven by fluid injection. Specifically, a fluid source
of g,, = 4000kg/(m? s) is applied and held constant over a time of 300 s. This is achieved by defining a body heat flux (r in Eq. (65))
on the elements located in the central crack. A staggered solution scheme is employed in this model with a time increment of 1 s.

The results obtained are shown in Fig. 9. The crack path is shown using the phase field contour in Fig. 9a for time of t = 300 s.
The pressure contour at that time, the steady state situation, is given in Fig. 9b. The fluid flux vector, computed based on Darcy’s
law (q = —pﬂﬁVp), is also superimposed on the figure. This quantity is equivalent to the heat flux vector f in the thermal analogy
presented in Eq. (70). The time evolution of the pressure at the centre of the domain is given in Fig. 9c. Insets of the phase field
contour are also included to depict crack evolution over time. The result shows that the pressure increases upon water injection
until the initiation of crack growth. At this point, the maximum water pressure exceeds 150 MPa. As crack propagation occurs,
the pressure starts to decrease, with a sharper decline when the two cracks approach each other. Over time, both cracks propagate
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Fig. 6. Contours of phase field ¢ (left) and fluid pressure p (right) for a pressurised crack at different times: (a) t = 1140 s, peeyer = 57 MPa, (b) 1 = 1200 s,
Peenter = 060 MPa, and (c) 1 = 1400 s, peper = 70 MPa.

and coalesce. However, after reaching a steady state, which is characterised by a constant pressure at the centre, no further crack
propagation is observed.

5.3. Hydrogen embrittlement

The ability of the present framework to simulate hydrogen-assisted fractures is here demonstrated by benchmarking against
literature results of the classic edge-cracked square plate boundary value problem, first studied by Martinez-Pafieda et al. [36]. The
geometry and loading configuration are given in Fig. 10. The specimen is initially saturated with a constant hydrogen concentration
¢y, equivalent to the environmental concentration c.,,. Subsequently, a displacement is applied to the top of the plate over 107 s in
2000 increments. The mechanical and hydrogen transport parameters are listed in Table 3.

The domain is discretised into approximately 36,000 8-node plane strain thermally coupled quadrilateral elements with
biquadratic displacement and bilinear temperature discretisation (denoted as CPE8T in Abaqus). The mesh around the predicted
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Fig. 7. Comparison of critical fluid pressure p, predictions, as obtained from the analytical solution given in Eq. (73) and through the present phase field model.
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Fig. 8. Boundary value problem: Cubic domain with two preexisting cracks, (a) 3D geometry, and (b) boundary conditions shown in XY plane.

Table 3

Material properties for hydrogen embrittlement.
Parameter Value Unit
Young’s modulus E 210 GPa
Poisson’s ratio v 0.3
Phase field length scale 7 0.0075 mm
Toughness G, 2.7 kJ/m?
Hydrogen diffusion coefficient Dy 0.0127 mm? /s
Trap binding energy Ag) 30 kJ/mol
Hydrogen damage coefficient y 0.89
Temperature T 300 K

crack path was refined, with the element size being five times smaller than the characteristic phase field length #. As shown in
Eq. (71), one must compute the gradient of hydrostatic stress Vo,. This is achieved here by extrapolating the integration point
values of o), to the nodes using appropriate shape functions. To build these shape functions, at the beginning of the analysis we
store all the relevant information (node numbers and coordinates, and element connectivity), using a UEXTERNALDB subroutine
(as shown in the codes provided). Then, the strain-displacement matrices (so-called B-matrices) are used to estimate Vo, at the

integration points. A staggered solution scheme was employed.
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Fig. 9. Cracking due to an injected fluid in a cube: (a) phase field contours depicting the crack trajectory, (b) fluid flux vector and fluid pressure contour p in
the XY plane at Z = —0.25 m, and (c) fluid pressure at the centre of the domain p... Vversus time, also showing phase field contours at selected times.

The comparison of the load versus displacement responses obtained with our numerical framework and those from Cui et al. [41]
are given in Fig. 11. The agreement is satisfactory but not excellent. Differences could be due to the loading rate (not reported in
Ref. [41]), the different approach employed to estimate the gradient of the hydrostatic stress o, the lack of a penalty boundary
condition on our simulation, or the use of fully integrated elements (as opposed to reduced integration elements in Ref. [41]).
For both cases, it can be seen that increasing hydrogen content results in a drop in the peak load and a reduction in the failure
displacement. A sharper softening is observed in our simulation, suggesting a more accurate representation of material behaviour
(unstable crack growth is expected).

The evolution of the phase field contour and of the normalised hydrogen concentration are illustrated in Fig. 12, for selected time
steps and the case of c.,, = 0.5 wppm. It can be seen that the model captures the accumulation of hydrogen near the crack tip, due
to the role that hydrostatic stresses play in driving hydrogen diffusion. The hydrogen concentration contours are smooth and follow
the crack tip as it propagates, as a result of the low load rate considered. The good agreement attained with experimentally-validated
models (see, e.g., Refs. [74,75]) demonstrates that the present framework is also capable of predicting hydrogen-assisted failures in
laboratory and practical conditions.
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Fig. 10. Geometry and boundary conditions for the notched square plate under tension exposed to hydrogen.
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Fig. 11. Hydrogen embrittlement of a square plate under tension. Load versus applied displacement predictions for various hydrogen contents, as obtained with
the present implementation and as reported in the work by Cui et al. [41].

Finally, calculations are conducted under selected loading rates, to showcase the model’s ability to capture the qualitative trend
observed in experiments and bring insight into the differences observed with the predictions by Cui et al. [41]. For slow loading
rates, there is less time for the hydrogen to accumulate in the fracture process zone and therefore, a higher resistance to fracture is
expected. The results obtained are given in Fig. 13, for the case of c,,, = 0.5 wppm. The two limit cases of & — 0 (where ¢y follows
the steady state solution) and & — 0 (where the hydrogen concentration is uniform and equal to the initial hydrogen concentration),
together with four selected intermediate cases. The results show that the model is able to capture the sensitivity to loading rate and
reveal the variation in critical load that can be attained with changes in loading rate.

5.4. Stress corrosion cracking

The last case study showcases the ability of the present framework to simulate stress-assisted corrosion. This is achieved by
considering two boundary value problems involving localised corrosion phenomena: pitting and (anodic dissolution-driven) stress
corrosion cracking. The first example examines a plate with a semi-circular pit in the absence of mechanical load, to validate the
phase field corrosion implementation, while the second involves a plate with a semi-elliptical pit subjected to a remote displacement.
Our results are compared with findings from the literature. In both case studies, a monolithic scheme is used to couple displacement
with the phase field evolution equation, while the metallic ion transport equation is coupled via a multi-pass staggered method.
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Fig. 12. Phase field contours (left) and normalised hydrogen concentration (right) for ¢,,, = 0.5 wppm in the square plate under tension at different displacements
u: (a) u=0.00273 mm, (b) u =0.00287 mm, and (c) u = 0.00294 mm.

5.4.1. Growth of a semi-circular pit

We validate pit growth in the absence of stress using a rectangular plate with an initial semi-circular pit. This setup was previously
simulated by Duddu [76] using the level set method and by Mai et al. [9], Gao et al. [77], and Cui et al. [41] using the phase field
method. The geometry and boundary conditions are shown in Fig. 14, and the material parameters considered are listed in Table
4. To achieve diffusion-controlled pit growth, a large value of L is considered. The minimum element size is set to 0.001 mm,
and approximately 30,000 8-node reduced integration elements that provide biquadratic discretisation for the displacement field
and bilinear discretisation for the temperature field are adopted (denoted as CPESRT in Abaqus). No film rupture or repassivation
effects are considered in this case study (i.e., k = 0).

The results obtained are shown in Figs. 15a and 15b, depicting pit growth by means of phase field contours. The results are shown
for a time of 50 s for our implementation and that by Cui et al. [41], respectively. An excellent agreement is observed. Moreover,
predictions match the experimental results by Ernst and Newman [78], showing that a semi-circular pit remains semi-circular in
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Fig. 13. Hydrogen embrittlement of a square plate under tension: effect of the loading rate. Load versus applied displacement predictions for various loading
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Fig. 14. Geometry and boundary conditions for the semi-circular pit example.

Table 4

Material parameters for the stress-assisted corrosion case study.
Parameter Value Unit
Gradient energy coefficient x 51107 J/m
Height of the double-well potential 353 x 10° J/m?
Temperature T' 300 K
Diffusion coefficient of metal ion D,, 8.5x107* mm?/s
Interface kinetics coefficient L, 2 x 10° mm?/(N s)
Free energy density curvature A 53.5 N/mm?
Average concentration of metal ¢y ;g 143 mol/L
Average saturation concentration cg,, 5.1 mol/L

the absence of stress during corrosion. The evolution of pit depth over time is quantitatively compared with the predictions by Cui
et al. [41] in Fig. 15c, showing a very good agreement.

5.4.2. Growth of a semi-elliptical pit under stress

The ability to couple corrosion and mechanical phenomena is investigated by predicting the evolution of a pre-existing semi-
elliptical pit in a stainless steel plate subjected to a remote displacement. This case study was first simulated by Cui et al. [10]
and reproduced by others since. The geometry and boundary conditions are illustrated in Fig. 16. A uniform displacement of
u = 0.0002 mm is applied linearly over 1 s to both the right and left sides and then maintained constant throughout the simulation.
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Fig. 15. Pit growth for a semi-circular pit. Phase field contours at a time of # = 50 s, as obtained with (a) our current implementation, and (b) by Cui et al. [41].
A quantitative comparison of pit depth versus time is given in (c).
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Fig. 16. Geometry and boundary conditions of the semi-elliptical pit.

Over the pit domain (red line in Fig. 16), we enforce ¢ = 0 and ¢ = 0, while the remaining regions are initialised with ¢(t =0) = 1
and ¢(r = 0) = 1. Unless otherwise specified, the material parameters adopted correspond to those used in the previous case study
and provided in Table 4. A stability parameter of k = 5x 107 is considered, with a time interval before decay begins set at t, = 10
s and a critical strain for film rupture of £, = 3 x 1073, The initial interface kinetics coefficient is given as L, = 0.001 mm?/ (N
s). The mechanical parameters include a Young’s modulus of E = 190 GPa, a Poisson’s ratio of v = 0.3, an initial yield stress of
o, = 520 MPa, and a strain hardening exponent of N = 0.067. The computational domain is discretised using over 13,000 8-node
elements with reduced integration (CPE8RT). The characteristic element size in the central region is set to 0.005 mm.

The results of the present study are illustrated in Fig. 17. Upon applying the prescribed boundary conditions, the phase field
corrosion process initiates and evolves over time. As corrosion progresses, the material undergoes degradation, leading to a reduction
in its stiffness, as evidenced by the contours of hydrostatic stress ¢, and the phase field variable ¢ at different time steps shown in
Fig. 17a-c. The role of the evolving corrosion pit in acting as a stress concentrator is also shown. Fig. 17d presents the distributions
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Fig. 17. Stress-assisted corrosion originating from a semi-elliptical pit. Contours of hydrostatic stress o, (left) and phase field variable ¢ (right) are shown for:
(@ t=100s, (b) t =300 s, and (c) + = 500 s. The distributions of normal stress o,, and phase field variable ¢ along the vertical line from the pit tip at
t = {100,300,500} s are presented in (d). The temporal evolution of hydrostatic stress o, and phase field variable ¢ at a vertical distance of 20 pm from the pit

tip is shown in (e).

of normal stress o, and the phase field variable ¢ along a vertical line extending from the initial pit tip at times ¢t = {100, 300, 500}
s. These results show how the stress vanishes in regions where ¢ = 0, representing fully corroded material. Fig. 17e shows the
temporal evolution of hydrostatic stress and the phase field variable at a point located 20 pm below the initial pit tip. As observed,
hydrostatic stress initially increases during the first second due to the application of displacement. Subsequently, as the pit grows
and the corrosion front approaches this point, the hydrostatic stress continues to rise. However, once the solid material at this
location transitions to the electrolyte phase (i.e., as ¢ approaches 0), the loss of stiffness leads to a decrease in hydrostatic stress.
The results are compared with those obtained from the UEL code provided by Cui et al. [10]. A comparison of the phase field
contours from our current simulation (Fig. 18a) with those from the UEL code by Cui et al. [10] (Fig. 18b) demonstrates an excellent
agreement. This is corroborated further by the quantitative comparison of pit depth versus time shown in Fig. 18c. It is important
to note that the reference results by Cui et al. [10] have been computed using the UEL code provided, which corresponds to the
formulation used in Ref. [41]. Slight differences exist due to the arrangement of the weak form, as discussed in Appendix C.

6. Conclusions

We have presented a generalised formulation to handle coupled phase field fracture and corrosion problems under the same
theoretical structure. The versatility of the heat transfer equation is then exploited to provide a novel computational framework
capable of handling coupled phase field problems. This significantly facilitates the numerical implementation, which can be done at
the integration point level in commercial finite element packages. This is demonstrated in Abaqus but the approach is universal and
could be adopted in other platforms. The applications explored span hydraulic fracture, thermal fracture, hydrogen embrittlement
and stress-assisted corrosion. 2D and 3D problems are considered. The associated user material subroutines are made freely available
to showcase the simplicity of the approach. The results obtained with the novel computational framework presented are well-aligned
with experimental and computational results from the literature involving the quenching of ceramic plates, the propagation of
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Fig. 18. Stress-assisted corrosion from a semi-elliptical pit. Phase field contours at a time of = 900 s for: (a) the present implementation, and (b) as obtained
with the UEL code by Cui et al. [10]. A quantitative comparison of pit depth versus time is given in (c).

pressure and fluid injection-driven cracks in porous media, the growth of cracks assisted by hydrogen in metallic materials, and the
corrosion of metals and their interplay with mechanical fields.
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Table A.5

Unified table of quantities to be defined in a UMATHT subroutine for various equations and their thermal analogies.
Equation U DUDT DUDG FLUX DFDT DFDG
General heat transfer Eq. (65) U, +Ust % % % %

- —uw — r—y -

General phase field Eq. (66) g’[&)(;zfm - /’(ZEZ;)& O ®) (—d)jé;ﬂ))& xve 0 -
Phase field fracture Eq. (67) U, + <% + g’(zb)% ) St <7lz + g”(zb)% ) St 0 -V¢ 0 -1
Metal ion transport Eq. (68) U, +éc 1 0 DmV(h(qS_)(]i:eV—C:—Lﬂ) —e) 0 -D, I
Phase field corrosion Eq. (69) U, - lLEd: - daL:St _]Z - %5! 0 kV¢ 0 I
Fluid flow Eq. (70) U, + (S6p+ a1, 0€,0) S 0 P I;—:Vp 0 P f—:l
Hydrogen transport Eq. (71) U, + 6cy 1 0 —DyVey + RD»_;;CHVHVO-h ,%'{VHV% —DyI
Heat transfer Eq. (72) U, + c; 6T cp 0 —kp VT 0 —kpI

Appendix A. Using a UMATHT subroutine to implement diffusion-type equations

Diffusion-type equations can be readily implemented into commercial finite element packages exploiting the analogy with heat
transfer, as discussed in Section 4. In Abaqus, this is achieved through a user-defined thermal material behaviour subroutine
(UMATHT). One must define relevant variables, including the internal thermal energy per unit mass U, the variation of internal
thermal energy per unit mass with respect to temperature oU /0T, the variation of internal thermal energy per unit mass with
respect to the spatial gradients of temperature oU /d(VT), the heat flux vector f, the variation of the heat flux vector with respect
to temperature of /0T, and the variation of the heat flux vector with respect to the spatial gradients of temperature of /0(VT). Table
A.5 provides the mapping of those variables to the relevant variables of each of the governing equations considered in this work
(heat transfer, hydrogen transport, fluid flow, corrosion, transport of metallic ions, phase field corrosion, phase field fracture).

Appendix B. Finite element discretisation of multiphysics phase field models

While in this work the numerical implementation is conducted at the integration point level, details of a more general imple-
mentation are also provided for completeness. In a three-field problem involving mechanical deformation, phase transformations
and a diffusion-type equation one typically solves for the displacement vector u, the phase field order parameter ¢ and the diffusion
field ¢ as primary (nodal) variables. Their associated balance equations are provided in Egs. (28)-(30). Then, using test functions
ou, 8¢, and &¢, the integral form can be written as:

/ [V:-o+b]éudV =0,
Q
/ [kV2¢ — w'(9) — g () (fo1 = fo2) —nd| 6 dV =0, (B.1)
0
/Q [pU: +V - £ — q;] 6£dV = 0.
Using the divergence theorem, the weak form of each equation becomes:
/ [-6 : VY™5u + bsu| dV +/ suc -ndS =0,
Q 02
/ [(W' () + &"(D)(fo1 + foo) +1b) 5+ KV - Vi dV — / ¢k Ve -ndS =0, (B.2)
Q Q2

/[(,;Ug—qg)a.f—f§~v55] dV+/ 6&f -ndS = 0.
Q

02
With the following boundary conditions applying on 9£2:

T=o0-n,
Vé-n=0, (B.3)
fe=1:-n,

where T is the surface traction, f, the diffusion field flux.
To derive the finite element discretised form, we approximate the variables u, ¢, and & using shape functions N; (shape function
of node i) and nodal values of each field as follows:

U=ZNiui, ('b:ZNid)i’ fzzNif,». B.4)
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The gradients of each field are found by taking derivatives of the shape functions with respect to space, creating the B-matrices:

€= Z By, V= Z B}, VE= Z B, (B.5)

Using Egs. (B.4) and (B.5), the residual for each equation becomes:
= / (B o —(N)"b] dV —/ (N)TTdS,
Q 0Q
R? = nm + W' (@) + &' D) (for + foz) | N; —x BT V| dv
; . 5 b1 b2 i i > (B.6)

Uttt _ gyt
£ ¢ ¢ r
R _/ [<pT—q5>N,——Bi fé] dV—/ N, f;ds.
Q 002

Finally, by taking the variation of each residual with respect to the field variable, we obtain the stiffness matrix:

ORY
K!' =—= / (BH)TCBYdv,

J allj Q ! J

¢ 0R? 1" " T
K= 55 =/(17+w D) +¢g (¢)(fb1+fb2))NideV_/(Bi) xB;dV,

i Je @
oR¢ U,

k="t 1 [ Vo —ENav + /Np .B,dV (B.7)

U0 6t PE ove

T T
/(B) —NdV /(B) ﬁBdV

/N—NdV/N—NdS

The off-diagonal stiffness matrices are considered zero to reduce computational effort, allowing the inversion process to handle
lower-dimensional stiffness matrices more efficiently.

Appendix C. On the arrangement of the phase field equation

We show here how the arrangement of the strong form of the phase field equation (or any type of diffusion equation) can lead
to different weak forms (and thus results) if the mobility coefficient varies in space (L(x)). This is for example the case when the
mobility coefficient is enhanced to capture the role of mechanics in corrosion, as shown in Eq. (64). We consider three distinct
cases, which should be equivalent for a constant (homogeneous) mobility coefficient L:

I )¢+v V¢ =0,

¢+ LX)V -V =0, (RN
¢+V- (LX) V¢) =

The weak form of each equation can be readily obtained by introducing the test function ¢,

/ (mqu V¢) spdv =0,

/ (¢ + L(x)V - Vo) 5¢pdV =0, (C.2)
Q

/ (¢ + V- (L(x)- V) 6pdV =0.
Q

Utilising the divergence theorem, the weak forms can also be formulated as,

/<—¢5¢ V6 - v¢> dV+/ Vo -nspdS =0,
L(x) 00

/ (456 — L)V - Vo — VL(x) - V5) dV + / Vo -népds =0, (C.3)
Q0 2002

/ (hdp — L(x)Vé - Vp) dV + / L(x)V¢ -népdS =0.
Q Q2

These derived weak forms yield distinct results. In the first equation, the parameter L(x) acts as a regularisation parameter
influencing the system’s equilibrium. The second equation incorporates the gradient of this parameter into its weak form, while in
the third equation, L(x) is a parameter for the gradient term of the field variable. Eq. (C.1)a is the approach typically adopted [41].
Both Eq. (C.1)a and Eq. (C.1)c can be implemented using a UMATHT subroutine.
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Appendix D. Tangential stiffness matrix for the no-tension split

In the hydraulic fracture analyses, we chose to adopt the no-tension strain energy decomposition [46,71] for both the phase
field and the balance of linear momentum equations (i.e., not using the hybrid approach but retaining variational consistency). This
requires defining a suitable tangential stiffness tensor, which is the aim of this Appendix. Let us begin by defining the total strain
energy density as:

w(Ed)=g@w) @ +1-g@)y) (). (D.1)

with the tangential stiffness tensor being defined as:

021//M aZWM
C=g@) —5 +(1-8@) — =g@CY'+ (1 -g@)CY'. (D.2)

Here, CIIVI and Cg’[ are the tangential moduli of the first and second materials, respectively.
For the no-tension model, the strain energy can be expressed as:

E
=TT e~ = VBl + e = = Vo] + [~ (1 = Vel ]}

E s ) 2
+ 2(1+v){[el—(1—\/§)e;] + [ = (1= VB)E]” + [e3 = (1 = /B)el] }

where ¢; and €] are the principal strain and the principal tensile strain, respectively, with i indexing from the minimum to the
maximum principal strain (e; > ¢, > ¢;). The principal tensile strains are defined based on the strain state:

13
(D.3)

if €1 >0 = gi =€, e; = €, gg = €3,
elseif e, +ve; >0 > =0, e&i=e+ve, € =e+vep, 0.4
. v .
elseif (1 —v)e; +v(e; +€,)>0 > =0, =0, e =+ T— V(el +€),

else = ei =0, e;=0, eg =0.
Based on this definition, the strain energy of the second phase can be expressed as:

0 61 >0
E 2
=€ € +ve; >0
M 271 2 1
v, (8) = (D.5)
2 z(lfvz) (2 + €2 +2ve,65) (1 =v)ez +v(e; +€)>0
Ev 2 E 2, .22
P ERTESTS (e +e+63) + i) (2 +€+¢3) else
For a fully damaged material, the material Jacobian in the principal direction, (Cg’[)’ , is defined as:
0 € >0,
oy, 0;10;10k1011 E €, +ve; >0,
(Cév[):jkl = F) aA = n E (D6)
€9k 16,61 —63) (8 + (1= 63 v) T2 (1= Ve +v(ey +€) >0,
Co,

where §;; is the Kronecker delta. The tangential matrix of the first phase is equal to the elastic stiffness matrix so CIIVI = C,. The
tangential stiffness matrix in the principal direction, C', can be written as:

C'=g(@(Co)+1—g@)(CH. (D.7)
The Jacobian matrix in the original direction, C, is obtained by rotating C’ to the original orientation using:
Coprst = aq,‘a,jaxka,,C[’jk/ , (D.8)
where a is the transpose of the direction cosines matrix for the principal directions, defined as:
d =[v, vy 05, (D.9)
where v, v,, and v; are the principal vectors of the strain tensor, satisfying:
(e—¢;I)-v; =0, (D.10)
with i = 1,2,3 and I being the identity matrix.

Data availability

Data will be made available on request.
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ABSTRACT

Recent years have seen a significant interest in using phase field approaches to model
hydraulic fracture, so as to optimise a process that is key to industries such as petroleum
engineering, mining and geothermal energy extraction. Here, we present a novel theoretical
and computational phase field framework to simulate hydraulic fracture. The framework is
general and versatile, in that it allows for improved treatments of the coupling between fluid
flow and the phase field, and encompasses a universal description of the fracture driving
force. Among others, this allows us to bring two innovations to the phase field hydraulic
fracture community: (i) a new hybrid coupling approach to handle the fracture-fluid flow
interplay, offering enhanced accuracy and flexibility; and (ii) a Drucker-Prager-based strain
energy decomposition, extending the simulation of hydraulic fracture to materials exhibiting
asymmetric tension-compression fracture behaviour (such as shale rocks) and enabling the
prediction of geomechanical phenomena such as fault reactivation and stick-slip behaviour.
Four case studies are addressed to illustrate these additional modelling capabilities and bring
insight into permeability coupling, cracking behaviour, and multiaxial conditions in hydraulic
fracturing simulations. The codes developed are made freely available to the community and
can be downloaded from https://mechmat.web.ox.ac.uk/.

1. Introduction

Hydraulic fracturing plays a pivotal role in industries such as petroleum engineering [1], mining [2], geothermal energy
extraction [3], and various subsurface operations. Due to the necessity of accurately predicting fracture behaviour, extensive research
has been dedicated to hydraulic fracturing using theoretical [4], numerical [5], and experimental approaches [6,7]. Among the
various numerical methods used to simulate hydraulic fracture, the phase field approach has become particularly popular due to its
ability to simulate complex fracture phenomena in a mesh-objective and robust fashion, for arbitrary geometries and dimensions,
and without requiring explicit crack tracking [8].

Phase field models for hydraulic fracture were pioneered by Bourdin et al. [9], laying a robust foundation that has been further
developed in numerous subsequent works [10-13]. While discrete methods allow for explicit computation of the displacement jump
(crack opening), continuum-based approaches such as the phase field fracture method require specialised treatment [14]. Bourdin
et al. [9] introduced an integration method that approximates crack opening by integrating the displacement field and weighting
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it by the phase field gradient. Building on this framework, Miehe et al. [15,16] incorporated a modified Darcy’s law to model
fluid flow between crack surfaces as a Poiseuille-type flow. Their approach estimates fluid flux by solving laminar flow equations
between parallel surfaces, deriving an anisotropic permeability tensor from crack opening computations, which account for element
size and phase field gradient direction. Wilson and Landis [17] addressed element size effects on crack opening by introducing
a viscosity-scaling factor. Ehlers and Luo [18] proposed a crack-opening indicator to address the challenges associated with the
phase field modelling of closed fractures or fractures that reclose after formation, where fluid flow transitions between Darcy-
type and Navier-Stokes-type regimes. Heider and Markert [19] integrated phase field fracture models with the Theory of Porous
Media (TPM) to simulate the multiphase behaviour of saturated porous media. Alternatively, Lee et al. [20] employed auxiliary
fields to segment the domain into reservoir, transient, and fracture regions, estimating material properties via linear interpolation
across these regions, eliminating the need for explicit crack opening computations. This methodology has been widely adopted
in subsequent research [21-24]. Additionally, Lee et al. [25] introduced a level-set method for calculating crack opening. Later,
Yoshioka et al. [26] compared the line integral method and the level-set method for computing crack opening within the phase
field framework. While the line integral method is theoretically robust, its implementation poses challenges. In contrast, the level-
set method is more practical, albeit requiring parameter adjustments to achieve acceptable results. Santillan et al. [27] developed a
phase field approach to simulate fluid-driven fractures in elastic materials, employing an immersed-fracture formulation to accurately
capture fracture propagation. Formulations able to capture the role of inertia were developed by Zhou et al. [28] and Shahoveisi
et al. [29]. Efforts have also been directed towards reducing the computational cost. For example, Lusheng et al. [30] used the
length-scale insensitive degradation function developed by Lo et al. [31] to tackle large-scale hydraulic fracture problems, while
Aldakheel and co-workers [32] proposed a global-local approach, confining fracture computations to a local domain linked to the
global domain via a Robin-type interface condition. Additionally, phase field fracture has been employed to model the initiation
and propagation of desiccation fractures in porous media [33,34]. For a comprehensive review of phase field hydraulic fracture the
reader is referred to Refs. [35,36].

While these recent developments have brought significant progress, establishing phase field modelling as the leading technique
in simulating hydraulic fractures, there are aspects of the formulation that need further development to enable accurate and
versatile predictions, as needed to capture real site behaviour [37,38]. In this work, we present a formulation that encompasses
relevant developments of hydraulic phase field fracture in a single framework, and adds two novel and important contributions.
First, we present a new hybrid coupling approach to link the phase field evolution equation with pore pressure more effectively.
As demonstrated in the numerical experiments conducted, this approach enhances both flexibility and accuracy in capturing the
interactions between fracture and fluid flow in complex environments. Second, building upon our recent work [39], we enrich
existing models with a general decomposition of the phase field fracture driving force. This is of key importance and a popular topic
in the phase field fracture community as there is a need to enrich models with arbitrary failure surfaces to capture the nucleation and
growth of cracks exhibiting asymmetrical tension—compression fracture behaviour [40-42]. Rocks and other quasi-brittle materials
exhibit failure criteria that are well-described by Drucker-Prager or Mohr—Coulomb type of failure surfaces and thus a general
treatment of hydraulic fractures in shale rocks requires this development to capture both tensile and shear-dominated failures.
Accordingly, we particularise our generalised model to a Drucker-Prager-based decomposition of the strain energy density, the
fracture driving force, which allows us to simulate geomechanical phenomena like stick-slip behaviour and fault activation. Insight
is also gained on the role of the fracture driving force on the crack trajectory and the peak pore pressure in problems involving
interactions between multiple cracks. The manuscript is organised as follows. First, in Section 2, we present our phase field-based
formulation for hydraulic fracture. We begin by discussing the phase field description of crack evolution, through appropriate
constitutive choices and various approaches to decompose the strain energy density. Then, we discuss fluid flow theory in porous
media, including Darcy’s law and Biot’s poroelasticity. Three distinct coupling methods for phase field fracture and fluid flow are
introduced and evaluated. The numerical implementation, which takes advantage of the analogy between the heat transfer and the
fluid flow and phase field equations, is given in Section 3. In Section 4, four case studies are presented, demonstrating the practical
application of the proposed framework and highlighting the importance of the novel ingredients of the model. Hence, the numerical
experiments encompass permeability coupling, stick-slip behaviour, crack interaction issues, and multiaxial stress conditions. These
case studies illustrate the robustness and adaptability of our generalised framework in modelling hydraulic fractures across diverse
geomechanical scenarios. Finally, concluding remarks are given in Section 5.

2. A phase field-based model for hydraulic fracture

The coupled equations of phase field hydraulic fracture are presented in this section. Consider an elastic body occupying an
arbitrary domain 2 c R” (n € [1,2,3]), with an external boundary 02, where the outward unit normal is denoted by n. The primary
variables considered are the displacement vector field u, the phase field variable ¢, and the pore pressure of the fluid p. Assuming
small strain and isothermal conditions, the strain tensor is defined as € = (VuT + Vu) /2.

The damage process is described by a smooth scalar field ¢ € [0, 1], referred to as the phase field. In this model, ¢ = 0
represents the undamaged material, while ¢ = 1 corresponds to a fully cracked state. The phase field value transitions smoothly
between these two extremes, representing intermediate states of damage. The length scale parameter # controls the extent of crack
regularisation, allowing for a diffuse approximation of cracks. The phase field formulation introduces a crack density function
7(¢, Vo), approximating the fracture energy as:

&= / G, dS ~ / G,y(¢. V) av, for £ — 0, 1)
r Q
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Table 1

Geometric crack function w(¢), and scaling constant ¢, for the AT2, and AT1 models.
Model w(¢p) Cu
AT2 P? 1/2
AT1 ] 2/3

where G, denotes the critical energy release rate for fracture, as established in classical fracture mechanics [43,44]. Using the
principle of virtual work, the equations governing the coupled deformation—fracture-pore system are expressed as:

/{o-:§£—b-5u+a)5¢+§-5V¢+§6p—q-5Vp—qm6p}dV=/ (T - Su+gép) dS, 2)
Q 0Q

where § represents a virtual quantity, o is the Cauchy stress tensor, b is the body force, and T denotes the traction on the boundary
0Q. Also, the term o refers to the micro-stress conjugate to the phase field ¢, while § is the micro-stress vector conjugate to
the gradient of the phase field V¢. In addition, ¢ denotes the rate of fluid mass content, corresponding to the mass of fluid
per unit bulk volume during a unit of time, q is the fluid flux vector, g, is the fluid source, and ¢ is fluid flux per unit area
applying on the boundary. Applying the Gauss divergence theorem to Eq. (2) delivers the balance equations describing the coupled
deformation—fracture—pore system:

V.c+b=0
V-E—w=0 in @ 3)
V.q+¢=gq,

along with appropriate boundary conditions,
on=T
E-n=0 on 9Q. “@
q-n=-g

These equations represent the balance of linear momentum for the deformation field, the balance of microforces for the phase
field, and mass conservation for fluid, respectively.

2.1. Constitutive theory for phase field fracture

The total potential energy density of the system for the coupled deformation—fracture-pore system is expressed as the sum of
the elastic strain energy density v, fluid energy density w,,' and the energy dissipated in creating new crack surfaces ¢:

Wie), ¢, Vo) =y (), g(@) +ype@),p)+ @ (P V). ©))

The effect of the phase field on material stiffness is incorporated via the degradation function g(¢) = (1 — @)* + x with the
conditions:

g=1, g)=0, g@P=<0foro<p<l. ©)
A small parameter x is included to prevent ill-conditioning as ¢ — 1. The fracture energy is approximated through the crack
density function y(¢, V¢):

® (@, V$) =Gy (¢, V) =G, (w() + 221V . %)

1
“de,t
where ¢ is the phase field length scale, ¢, is a scaling constant, and w(¢) is the geometric crack function. These variables are defined
in Table 1 for the commonly used AT2 and AT1 models. See [45] for details.

In the evolution of the phase field order, the strain energy of the undamaged configuration v, drives fracture. For asymmetric
stiffness degradation, the strain energy is split into a dissipative part y,, and a stored part v, yielding the undamaged and damaged
configurations:

vo (&) =y (&) +w,(e), and w (e, d) =gy, (e)+w,(e), (8)

Thus, the total potential energy of the solid Eq. (5), is expressed as:

G
W =g @wa @+, @+ v W.p)+ 1 (u@)+ 2199 ). ©

1 The fluid energy term accounts for the pressure p and fluid volume fraction inside the domain, and can be expressed based on the storage coefficient .S,
defined in Section 2.2, as follows: vy, = Sp*/2.
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Hence, by considering the variation of energy with respect to the phase field variable, one can derive the fracture micro-stress
variables w and § as [45],

oW ’ G,
= —_— = 1
@ b g @y, (&) + 4,7 w(), (10)
ow 4
§ Vo 2c, GV (11
Substituting these into Eq. (3)b, the phase field evolution equation reads:
G. (W) 2 /
wie) _ -0. 12
2Cw< 27 IV ) +g (P, (e) =0 (12)

Finally, damage irreversibility is here enforced by defining a history variable: H = max,(y ;w4 (©).

2.1.1. Strain energy decomposition as fracture driving force

The strain energy split as a fracture driving force was developed to prevent damage evolution under compression. Various phase
field fracture driving forces can be found in the literature. In this study, we focus on the most widely used formulations and our novel
generalised approach, particularised to the Drucker—Prager case. Alternative strain energy split approaches are discussed in [46-48].
Amor et al. [49] introduced the volumetric-deviatoric split to exclude energy associated with volumetric compaction. This split can
be expressed in terms of the first invariant of the strain tensor I(¢) and the second invariant of the deviatoric part of the strain
tensor J,(¢) as follows:

Va(®) = SK(UL @) + 2005(&) (13)

vi(©) = 3 K(L @) (14)

where K is the bulk modulus, p is the shear modulus, and the Macaulay brackets are defined as (a), = (a % |a|)/2. In this model, if
the first invariant of strain tensor is negative (I,(¢) < 0), the fracture is driven by the distortion energy w,(e) = 2uJ,(¢).

Miehe et al. [50] propose a split based on the decomposition of the principal strain tensor into positive and negative parts,
defined as e, = (€),. This spectral decomposition is given by

va© = 34 (1©),) + (1) - 213e)) (s)

vi@) = 34 ((@)) + e ((Le0)’ — 20 ). (16)

where 4 is the first Lamé constant and I,(¢) is the second invariant of the strain tensor.

Later, Freddy and Royer-Carfagni [51] developed a decomposition approach known as the no-tension split, which was based
on the work of Del Piero [52] and aimed at masonry-like materials. This method can be expressed based on the principal strains
(e3 > €, > €;) as follows:

p

—_ Ev 2 E 2,2, .2
2(]+v)(vl—2v) (€1+€2+€3) +m (6'1 +€2+€3) €] >0
E 2 E 2 2
o (3 + e +2ve) + 5 [(63 +vey)” + (e + vey) ] €& +vep >0
v, (€) =1 - X a7
2(1-2)(1-20) [(1 = v)es + vey + vey] (1 -ve3+vie,+€)>0
0 else
0 €1 >0
gef € +ve; >0
vi(e)=9 & 18)
b 2(1-2) (e + & +2vere) (1 -v)e3+v(e;+€)>0
__Ev 2 E 2 2 2
20+v)(1—20) (51 te+ €3) + ) (el +e+ e3) else

where E is Young’s modulus and v is Poisson’s ratio. In this model, only positive principal stresses are considered for computing
the fracture driving force.

However, there is growing interest in expanding the capabilities of phase field fracture models to incorporate arbitrary failure
surfaces for crack nucleation and growth, so as to better represent the failure behaviour of rock-like materials [40-42]. This is of
relevance in hydraulic fracture as shale rocks do not exhibit symmetric tension—-compression fracture behaviour. While the injected
fluid results in tractions normal to the crack surface, the stress state is often complex due to crack interaction, body forces and other
boundary conditions. Therefore, an accurate simulation of hydraulic fracture under complex conditions necessitates a generalised
phase field formulation capable of incorporating suitable failure surfaces. Recently, Navidtehrani et al. [39] developed a generalised
approach to incorporate arbitrary failure surfaces into the phase field fracture driving force. The approach was demonstrated with
the Drucker-Prager failure surface, which is relevant to shale rock and hence will be adopted here. Navidtehrani et al. [39] defined
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Fig. 1. Elastic, frictional, and fracture regions of Drucker—Prager based model in: (a) the strain space (I,(¢),1/J,(¢)), and (b) the stress space (I,(c), \/J,(5)).

the material cohesion ¢, to be degraded by the phase field but a constant friction parameter §,. Then, the strain energy split based
on the Drucker-Prager model can be expressed as follows [39]:

SKIX(e) +2udy() for —6B\/J,(e) < I;(¢)

Ve =1 e <—3BKIl(e) + 2;4\/%)2 for —6B+\/Ty@) > I,(e) & 2u+/T(€) > 3BKI,(e) (19)
0 for 2u+\/J,(e) < 3BKI,(e)
0 for —6B\/T(e) < I,(e)

Vs = e (L@ + 63\/m)2 for —6B+\/To@) > I,(e) & 2u~/To(€) > 3BKI,(e) (20)
%Kllz(e) +2ud,(€) for 2u+\/J5(e) < 3BKI,(e),

where B is a material constant that is a function of the internal friction coefficient f, e.g. for Drucker-Prager failure surface middle
circumscribes the Mohr-Coulomb surface:
2sinfi;

B=———.
V33 +sing))
Navidtehrani et al. [39] showed that with a Drucker-Prager based fracture driving force, different material behaviours, including
confinement, frictional behaviour, and the dilatancy effect, can be captured. The strain and stress spaces in the Drucker-Prager model
are illustrated in Fig. 1. Both stress and strain spaces are divided into three different regions. In the elastic region, regardless of
the value of the phase field variable ¢, the material behaviour is completely elastic, with no loss of stiffness. On the opposite side,
the fracture region, the entire stress and stiffness are degraded by the phase field, meaning that when ¢ = I there is a traction-free
crack. The material stiffness in the frictional region is anisotropic, indicating that only part of the stress and stiffness are degraded
by the evolution of the phase field. Due to the frictional behaviour, applying more pressure results in higher shear stress. Finally,
when ¢ = 1, the stress lies on the failure line \/J,(¢) = BI,(0).

(21

2.2. Fluid flow equation through porous media

To characterise the distribution of pore pressure p within a porous medium, a differential equation governing pore pressure must
be defined. This can be achieved by examining the conservation of mass for the fluid, Eq. (3)c, in conjunction with a constitutive
equation that relates fluid flux q and fluid mass ¢ to pore pressure. This is typically achieved by considering mass conservation and
Darcy’s law, whose principles are outlined here.

Darcy’s law, developed by Henry Darcy [53], describes the relationship between pore pressure p and the flux vector q under
conditions of low flow rates, providing insights into fluid behaviour in porous media. For anisotropic cases, Darcy’s law is expressed
as:

K

q=—p;——Vp,
I

(22)
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Fig. 2. Porous material illustrating hydrostatic stress o,, pore pressure p, pore volume (V,), bulk volume (V,), and solid phase volume (V).

where gravity has been neglected, K, is the permeability tensor, and u/, represents the fluid dynamic viscosity.
The fluid mass content can be expressed using porosity #, and fluid density p, as:

Eri=ppn,, (23)

where porosity is defined as the ratio of pore volume (V) to the bulk volume (V}), i.e., n, =V, /V,, as illustrated in Fig. 2. Changes
in mass fluid content arise from alterations in porosity due to variations in pore pressure and the compression or expansion of fluid
within the pores. This can be expressed as:

A¢yy = ppdn, +n,dpy), 24)

Here, fluid density changes due solely to pore pressure variations, while porosity changes result from both pore pressure p and
hydrostatic stress o, variations. Consequently, Eq. (24) can be reformulated considering differential changes as:

on, on, 9py
A =pp (Edgh + d_pdp) +n, Fr dp. (25)

To expand Eq. (25), we briefly review the hydrostatic theory of poroelasticity. Consider a bulk volume of porous media containing
voids and saturated with fluid subjected to hydrostatic stress ¢, and pore pressure p, as shown in Fig. 2. Under static conditions,
pore pressure is unable to sustain shear stress, and pore walls cannot transmit any shear traction. The solid is then subjected to two
independent stresses, namely o, and p, as well as two independent volumes (V, and V). Therefore, four compressibilities can be
defined:

_ 19V _ 19 _19 _ 19 26)
b"h_VbaGh’ bp_Vb()p’ Plfh_VpaGh’ PP_Vpap'
Relationships between these compressibilities were established in Ref. [54], and are as follows:
Cpe, —C,, Cis —(1+np)Cm
Cbp = Cbah - Cp Cpo‘,, = hn—’ = hn—v (27)
P 14

where C,, is the compressibility of the solid. Using Eq. (27), we can determine changes in bulk modulus strain ¢, (volumetric strain
(e,01)) for a volume control V:

v, 1 (9
— =— | —do
Vo Vs \ 0oy

This equation holds generally and does not assume a fixed bulk volume. Biot’s coefficient (a) is defined as:

v,
de, =de,, = n+ Edp) = Cy,,doy, + C,dp. (28)

- (29)

boy,

where Ky, and K,, represent the bulk moduli of the saturated porous media and solid phase, respectively. Then, Eq. (28) can be
rewritten as:

deyy = Cy, (doy, + adp). (30)

Now, the variation of porosity n, with respect to pore pressure and hydrostatic stress o, is given by:

—r_ 2 _PTh (3D
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While for the volume control (V,), we find:

on

0_pp =n,Cpp = Cpo, = (L +n,)C,, = (a — 1, +n,0)Cpg, . (32)
Similarly,

on,,

— =1n,Cpy, = Cpy, = C, = aCyy, . (33)

P pop
doy,

One can then reformulate Eq. (25) considering Egs. (32)-(33), such that:

1 9y
d¢s = pp | (@=n, +n,0)0Cy, dp+ aCp, | ——dey —adp | | +n, / dp. (34)
Cbah op
Rearranging yields:
1 971
sy =ps | 1 —a)a —n,)Cy,, + "Pp_a_p dp + ppade,y = psSdp + ppade ), (35)
11
where S is the storage coefficient, defined as:
(I —a)a—n,)
S=0-a)a— np)Cbah + anf, = K— + npcf/, (36)
boy,
L %1

where fluid compressibility is defined as C;, = —
. . Sl . . .
As the volumetric strain ¢, and pore pressure p vary over time, the rate of change of fluid mass content can be expressed using

Eq. (35) as:
Cri=ppSp+ppacy,, (37)

Finally, substituting Eq. (37) into the fluid mass conservation equation, Eq. (3)c, yields:

K
/! Vp) =q,,- (38)
i

pf/ (Sp-i—aévo,) +V. (_pf/_
Hr

2.3. Constitutive equations of poroelasticity

The strain-stress relationship for a material in the absence of pore pressure is given by:
e=C!:o0, (39)

where C~! denotes the compliance tensor of elasticity. Since the static pore pressure of fluid flow does not transmit shear stress to
the solid structure and is negligible at low flow speeds, its effect is limited to volume changes within the domain, which can be
modelled as follows:

e=C':06+ %C,,ppl =Cl:6+ pl. (40)

Using Biot’s coefficient, as defined in Eq. (29) and considering an effective stress 6°//, which represents the stress carried by
the solid skeleton, the total stress can be expressed as:

6=C:e—apl =07 —apl. (41)

2.4. Coupling phase field and fluid equation

The microstructure of the solid comprises a porous matrix interspersed with microcracks. The fluid-filled pores constitute the
material’s intrinsic porosity, with the fluid pressure being governed by Biot’s theory of poroelasticity through the principle of
effective stress. These pores reside within the intact material and are incorporated into the continuum-scale balance equations.
Microcracks can initiate or grow due to damage evolution, potentially coalescing into macroscopic fractures and serving as conduits
for fluid transport. Their behaviour is captured by the phase field variable, which represents crack initiation and propagation.
Physically, this scale separation assumes that microcracks are significantly smaller than the representative volume element (RVE)
and interact with the surrounding pore network primarily by altering porosity, permeability, and fluid pressure distribution. The
impact of microcracks on these properties may be negligible at low levels of damage (low ¢ values) but becomes more significant
as the material approaches full fracture (¢ — 1). This assumption is prevalent in phase field models of hydraulic fracture, where
the phase field impacts permeability and may also influence the effective stress and porosity. While more detailed models could
explicitly resolve interactions between individual microcracks and pores at a finer scale based on micromechanics [55-57], such
approaches can be more complex in terms of implementation. Instead, our model adopts a homogenised approach, balancing physical
accuracy with computational efficiency. In this section, we discuss three different methods for incorporating the effects of phase
field evolution into the fluid equations.
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' Fracture domain Q2 <@

Reservoir domain €2,., ¢; < ¢ ¢ 1
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0

Fig. 3. Reservoir (£,), transient (£2,), and fracture (2 ) domains identified by phase field variable ¢.

The poroelastic theory can be combined with the phase field fracture framework by applying Biot’s theory of effective stress.
Using Eq. (8), the effective stress is defined as:

oy, (€) 4 0%(6)’

eff — 2

o 8 —- e (42)
Substituting Egs. (41) and (42) into the linear momentum equation ((3)a), we obtain:

V-(Geff—ap1)+b=0. (43)

There are several methods to couple fluid effects and the phase field equation. One approach, based on the work by Lee et al. [20],
is referred to as the domain decomposition method and has been utilised in other studies [21,58]. This method involves dividing
the domain into three distinct regions: the reservoir (£2,), fracture (£ s and transient (£2,) domains, as illustrated in Fig. 3. These
zones are identified using linear indicator functions y, and y,, which depend on the phase field variable ¢ and material constants
¢ and ¢,:

1 ¢SCI 0 ¢SC]
Z@={1EE o <p<e r@W={EL a<d<o (44)
0 62345, 1 CzSd’,

where the material constants ¢; and ¢, determine whether a given point in the domain belongs to the reservoir, fracture, or transient
zones. The continuity equation (Eq. (38)) describes the fluid flow in the reservoir domain. This equation can also be applied to the
fracture domain by setting S = C,; and neglecting the volumetric strain rate term, é,,. In the transient zone, the fluid equation is
formulated to ensure mass conservation is continuous across all domains and at their boundaries. This approach can be interpreted
as an implicit method for capturing the influence of microcracks on fluid behaviour. Thus, fluid and solid parameters between the
reservoir and fracture domains are then interpolated as follows:

a= .+ (45)
Ny = YoMy + X (46)
Kfl =k’rKr+,}’fo, (47)

where a, and n, are Biot’s coefficient and porosity of the reservoir. In the fracture domain, « = 1 and n, = 1, while K, and
K, represent the permeability tensors of the reservoir and fracture domains, respectively. The assumption of linear interpolation of
properties between the reservoir and the fracture zone is arguably the simplest one but dedicated experiments are needed to establish
more physically-based interpolation functions, with particular attention to complex scenarios, such as highly confined states where
grain crushing and compaction can occur.

An alternative method, proposed by Miehe et al. [15], considers Poiseuille-type flow within the crack by modifying Darcy’s law
to define fracture permeability as follows:

2

w
Kf=1—;(1—n¢®n¢), (48)

where n is the crack normal vector defined by the phase field gradient (n, = V¢/|Vé|), and w), is the crack opening calculated
using the element size h,:
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wp, =

he(1+n¢-£~n¢)”)+. (49

The permeability tensor for the modified Darcy approach is then:
K; =K, +¢'K,, (50)

where b is a permeability transient indicator.

We here propose a third method, combining these two approaches, which is henceforth referred to as the hybrid permeability
method. In this hybrid method, we use the domain decomposition approach but adopt the definition of K, from Eq. (48) as
follows:

K;=x2K +¢" 7K, (51)

The hybrid method leverages the advantages of both the domain decomposition and modified Darcy methods while addressing
their respective limitations. As demonstrated in Section 4.1, the domain decomposition method does not account for the effect of
crack opening on permeability. Additionally, it assumes a uniform permeability raise across the fracture region in all directions,
whereas, in reality, permeability enhancement occurs primarily along the crack direction. In contrast, the modified Darcy method
incorporates an anisotropic permeability tensor, effectively capturing directional permeability changes. However, this effect becomes
significant at an unrealistic distance from the crack region. To mitigate this issue, the characteristic length scale must be chosen
sufficiently small, but this, in turn, increases computational costs by constraining the element size. The proposed hybrid method
addresses these limitations by combining the strengths of both approaches. A hybrid approach offers greater flexibility in calibrating
parameters with experimental data. Additionally, by leveraging the advantages of the domain decomposition method, the influence
of microcracks can be accounted for through the phase field value while also enabling a more precise representation of permeability
through cracks. Microcracks can significantly influence permeability and other material properties, such as Biot’s coefficient and
porosity. Their effects, along with their evolution, can be captured through the phase field variable by appropriately selecting the
parameters c¢; and c¢,. These parameters can be calibrated experimentally, for example, through permeability testing of fractured
rock samples. In such laboratory core tests, specimens are subjected to controlled fluid flow while measuring the resulting pressure
drop and flow rate. These measurements are then used to estimate the effective permeability and infer suitable values for ¢, and ¢,
through numerical modelling.

The general form of the fluid flow equation, applicable to all methods discussed, is as follows:

. ) K (¢) 3
Pri (S(a(d)), n,(é)p + lx((ﬁ))(r((ﬁ)gwl) +V-|—-ps P Vp) =gq,. (52)
11

where the permeability can be defined based on mentioned method as follows:
K I+ x K, T Domain decomposition method (Lee et al. [20])
2

K.I+¢" [ﬂ (I -ny®ny)

P Modified Darcy method (Miehe et al. [15])

g

Kf/ =4 K . (53)
2

w
KT+ y f¢b [1—; ( I-n,® n¢) Hybrid method (Present work)

2'g

.9

A challenging aspect common to the modified Darcy method and our hybrid formulation is the complexity of estimating n
accurately [59], particularly at points near the crack tip or where the phase field gradient vanishes. Various approaches have
been presented to overcome this (see, e.g., Refs. [60,61]). Here, a new protocol is established, whereby n, is estimated in those
complicated regions using the phase field gradient of a neighbouring integration point. The detailed procedure is presented in
Algorithm 1. The first step is to determine, for each integration point, whether we are near a crack (¢ > 0.5) or if the phase field
gradient is zero. If one of these conditions is met, the second step involves identifying the closest neighbouring Gauss point where
¢ =1 and |V¢| # 0. In the third step, the cosine of the angle between the phase field gradient vectors of the current point and the
neighbouring integration point is computed. If the cosine exceeds 0.866 (i.e., the angle between the vectors is less than 30°, implying
that the point is near to the crack, but not close to the crack tip), the gradient direction at the current point is considered reliable
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and used for computing ny. Otherwise, if the cosine is below this threshold, indicating proximity to the crack tip, the gradient at
the neighbouring Gauss point is adopted for the current point.

Algorithm 1 Determination of crack direction near the crack tip or at points with zero phase field gradient

1: Check if ¢ > 0.5 or |V¢| = 0 at the current integration point.

2: if then ¢ > 0.5 or |[V¢| =0

3: Identify the nearest neighboring point with ¢peighbour = | @nd |Vpeighbour| # 0-
Vo - Vqﬁneighbour

4: Compute cos = ————————.
IVl Vd’neighbour |

5 if thencos® < 0.866

6 ny = Vqﬁneighbour/lV‘bneighbourl'

7: else

8 n, = Vo/|IVl.

9: end if

10: end if

3. Numerical implementation

We proceed to describe a general implementation of our model, considering the weak and discretised versions of the balance
equations (Section 3.1), the computation of the material Jacobian (Section 3.2) and the solution scheme (Section 3.3).

3.1. Weak formulation and finite element implementation

To implement the formulation presented in Section 2 within a finite element framework, the weak form of the coupled governing
equations in Eq. (3) is constructed, using the test functions éu, §¢, and 6p:

/{(O'eff_apI) : 5£—b-5u}dV=/ (T - 5u) ds, (54)

0 002

/Q{g(q’))ﬁq,’;H+—G [—w(¢)5¢ ‘Y- V&p]} av =o, (55)

/Q{(pﬂ (SP+ax,épor) = dm) 6P+ %(Kf,vm-v&p} dV+/mzqu-ndS=0, (56)
fl

The primary variables u, ¢, and p are approximated using the shape functions N; corresponding to node i as follows:

u= ZNiui, ¢ = ZN,.qai, p= ZN,»p,-. (57)

1 1 1
The gradients of these variables are computed by differentiating the shape functions with respect to the spatial coordinates,
resulting in the following B-matrices:

n n
€= Z Biuy;, V¢= Z B;¢;, Vp= Z B;p;. (58)
Using the approximations in Egs. (57) and (58), the nodal residuals are expressed as:
R =/ {(B2) @/ —aph)~NTb-NIT) av. (59)
Q
G
R? = / g (PNH + —= w'(¢) ——N;+¢* (B ) V| ¢ dV, (60)
A 2,0 | 2
T K
Rf = / [(pﬂ (S[)+a)(,éw,) - qm) N, + B; (pf,—Vp)] dv —/ N;qdsS. (61)
Q Hri R
The stiffness matrix is obtained by taking the variation of the residual with respect to each relevant primary variable:
P {(B“)TCB“} av (62)
Vo, Jo U A
oR? G Gt
K/ = —L = (M + —=w"($) ) N;N; BTB; } dv, 63
i = 39, /Q{<g (@) +4waw (¢)> +2 } (63)
Kp—aRf—/ Iy N (psS) N, +(B)T - K "B, Na nNo L dy /NandS 64)
ij_apj - 51« Pri Pri—— Wyl op J 90 iap J ’

where C represents the Jacobian, obtained by taking the second variation of the strain energy with respect to the strain tensor.

10
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3.2. Computation of the material Jacobian

The computation of the material Jacobian is intrinsically linked to the choice of strain energy decomposition. Let us start by
expressing the strain energy density as a function of the undamaged strain energy y, (¢) and the stored strain energy y;, (¢), such
that

w(e,d) =g @y &)+ -g(@)y;(e), (65)

where the tangential stiffness tensor is given by:

02 2
C=g@® =2 +(1- Y =g @) Cy+ (1 -5 @) C,, (66)

Here, C, and C, are the tangential stiffness tensors for the undamaged and fully cracked configurations, respectively. Calculating
C, provides the anisotropic tangential stiffness tensor C.

The strain energy splits defined in Section 2.1.1 can be divided into two main groups. The first group includes those based on
the strain tensor in its original form (i.e., without rotations), such as the volumetric-deviatoric split [49] and the Drucker-Prager
model [39,41]. The second group is based on principal strains, such as spectral decomposition [50] and the no-tension model [51].
The first group can be directly obtained by differentiation with respect to the strain tensor, whereas for the second group, the
Jacobian is first determined for the principal directions and subsequently rotated to the original coordinate system.

For the first group, it can be shown that the volumetric-deviatoric split is a special case of the Drucker-Prager model when B = 0.
Hence, let us derive C, for the Drucker-Prager model and particularise later. Thus,

0 if —6By\/Jy(e) < I(e),
CPP if  —6B\/J,(e) > I () & 2u\/J,(e) > 3BKI (), (67)
CO if 2[4\/ Jz(f) < SBKII((?)

_aZWS_
I

where CSD P is defined as:

(CPP), = Ku 611 3B an 011 3B an +
s 9B2K + u 1/ 06 05k, T 6skl
(68)
6Ba, (Il+6B\/Jz) ( o, Lo, 612)
NB '

Oe,0e  2J, Og;; Oey
Considering B =0 in Egs. (67)-(68), renders the material Jacobian for the volumetric-deviatoric split.
For the second group, the Jacobian in the principal direction C’ is calculated. For the spectral decomposition, the fully cracked
stiffness tensor in the principal direction is given by:

1—sgn (I;(e)) 02 L,(e_) \ 9¢;; d¢,
Cijig = ————=——6,;8q A+ 2u | 8,6y — ——— 69
(Cijua 2 ki K K 9ede 06 6€k1 (69)
ij Tkl
where 5;; is the Kronecker delta. The variation de;;/de;; is defined as:
de- 0 ¢;>0, 1 x>0,
=31 €;=0,, sen(x) =40 x=0, (70)
de |2 1 0
1 ¢ <0. -box<b
For the no-tension model, the material Jacobian in the principal direction is:
0 € >0,
oy, 6i10;1051611 E €, +ve; >0,
(Cijur = # =17 . (71)
€% 8,641 =63 (8y + (1= 83)v) 725 (1= ez + v(e; +€) >0,
Cy else
The tangential stiffness matrix in the original direction C is obtained by rotating C’ using:
Cyrst = g0, aska,,CUkl , (72)

where a is the transpose of the direction cosines matrix for the principal directions, a’ = [v,v,,v5], with v|, v,, and v; as the
principal vectors of the strain tensor, satisfying:

(e —e,I) v, =0, 73)

for i =1,2,3, and I as the identity matrix.

11
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Table 2
Selection of variables for steps 4 to 6 of Algorithm 2 based on the solution scheme. In f/, the subscript n represents the time
increment number, while the superscript i denotes the iteration number.

Solution scheme Step 4 Step 5 Step 6
u ¢ p H ¢ €l ¢ p
Monolithic llim ¢;+I Poi H:x+| ¢£1+| Evar )Ix+l ¢;+I p‘r}+1
Single-pass staggered o N Py H, -~ (N N Dy
. g T - ' ol "

Multi-pass staggered L il p‘(H»]] H 1 (CYm il p‘u]
H H 1 i i i— i i c i i i
Mixed monolithic w B s, o H B E ol bt P
1 i i i— i & i i i
Mixed staggered Wor1 1 Py H, 1 T 1 Py

3.3. Solution scheme

After computing all necessary components of residual and stiffness matrices, we can solve the nonlinear coupled equations using
an iterative procedure based on the Newton-Raphson method. The algorithm is detailed in Algorithm 2. As shown, the coupled
stiffness matrices are omitted (K%% = 0, K"? = 0, K®? = 0). While these stiffness matrices can enhance the convergence rate for
strongly coupled equations, solving the equations separately reduces the size of subproblem, thereby saving computational time and
storage per iteration, resulting in less computational effort overall.

Algorithm 2 Solution algorithm for phase field hydraulic fracture in [z,,?,,]

1: Input: Displacement field u,, phase field ¢,, history field H,, and fluid pressure field p, at time 7,,.

2: Initialization: Set the initial guess for Newton-Raphson iterations at 7, : ug ny qbg Y pg nE Initialize the iteration counter i = 0.
3: repeat

4: Compute R" and K" for the variables u, ¢, p".

5 Compute R? and K¢ for the variables H, ¢".

6 Compute R? and K” for the variables ¢,,;, ¢, p".

7

: i+1 i+1 i+1 oo
Solve the coupled system of equations for wll, @, p, using:
uit! u K* 0o o]'[r
B+l =\ o Kk o R¢| . 74)
i+1 i K? R?
P Tn+1 P Tn+1 0 0 t !
8: Compute the norm of the residual for the updated variables, ||R(uil:ll,¢;*;'1, pi:r'l)l l.
if ||R|| < TOL then
10: Converged. Proceed to the next time increment 7, ,.
11: else
12: Increment the iteration counter i « i + 1.

13: end if
14: until Convergence is achieved.

* The variables are selected based on the solution scheme described in Table 2.

Various solution schemes exist for coupled equations, such as the monolithic and staggered schemes [62,63]. In the monolithic
scheme, all equations are solved simultaneously, updating all variables in each equation. In contrast, the staggered method updates
only the primary variable of an equation while using variables of other equations from the previous increment (single-pass staggered)
or the last iteration (multi-pass staggered). The monolithic scheme is unconditionally stable, allowing for larger time increments,
but it often requires more iterations to achieve convergence due to the highly nonlinear behaviour. On the other hand, the staggered
scheme converges with fewer iterations but requires smaller time increments for accurate results.

The required variables in steps 4 to 6 of Algorithm 2 for different solution schemes are shown in Table 2. A combination of
monolithic and staggered approaches can be used for systems with more than two coupled equations. For example in the mixed
monolithic scheme, the linear momentum equation and phase field evolution equation are solved using the monolithic scheme,
while the fluid equation is solved with the other two in a multi-pass staggered manner. In the mixed staggered scheme, the linear
momentum and phase field evolution equations are solved using a single-pass staggered scheme, while the fluid equation is solved
with a multi-pass staggered approach.

As described in Appendix, we implement this framework, and the solution schemes provided in Table 2, within the commercial
finite element package Abaqus. A novel procedure is exploited to carry out the numerical implementation at the integration point
level, without the need to define residuals and stiffness matrices, which are here provided for the sake of generality.
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Table 3

Material and model parameters for the first case study, aimed at investigating the permeability-phase field coupling.
Parameter Symbol Value Unit
Young’s modulus E 50 GPa
Poisson’s ratio v 0.3 -
Characteristic length scale 4 0.5 m
Critical fracture energy G, 100 J/m?
Biot’s coefficient of reservoir domain a, 0.002 -
Porosity of reservoir domain Epr 0.002 -
Density of the fluid Py 1000 kg/m?
Dynamic viscosity of the fluid Ky 0.001 Pa s
Compressibility of fluid g 10-8 Pa!
Permeability of reservoir domain K, 0 m?
Permeability of fracture domain K, 1 m?

4. Numerical experiments

Four case studies are extensively investigated to evaluate the proposed methods and highlight the relevance of the two novel
ingredients proposed: the Drucker-Prager-based split and the hybrid permeability approach. In the first case study (Section 4.1), we
analysed a rectangular domain with a central vertical crack to examine the coupling effects between the phase field variable and
the permeability tensor. This configuration allowed us to assess how the phase field influences permeability in fractured regions,
demonstrating the efficacy of the hybrid permeability approach presented. The second case study, presented in Section 4.2, focused
on a stick-slip problem, illustrating the capability of the Drucker—Prager-based split method to model stick-slip behaviour accurately.
This example highlights the suitability of the Drucker-Prager-based split in simulating stress redistribution and frictional resistance
in geotechnical applications. The third case study (Section 4.3) investigated the influence of different fracture-fluid coupling methods
and strain energy decompositions as the driving force for fracture propagation in a crack interaction problem. By considering
different decomposition approaches, we evaluated how different fracture-driving mechanisms affect crack growth and interaction.
Finally, the fourth case study, presented in Section 4.4 involved modelling an axisymmetric domain with initial stress, subjected
to fluid injection to simulate multiaxial conditions. This scenario allowed us to assess the applicability of the proposed framework
under complex loading conditions, relevant to subsurface applications involving fluid-driven fracture under multiaxial stress states.
Unless otherwise stated, the AT2 model is employed.

4.1. Influence of the approach adopted to model the coupling between permeability and phase field

We begin by investigating the impact of various coupling methods between permeability and phase field. This study examines
three distinct coupling strategies, as discussed in Section 2.4. The problem setup involves a rectangular domain with a vertical crack
located at the centre, see Fig. 4. The focus of this analysis is on fluid behaviour within the crack rather than crack propagation.
To this end, a pre-existing vertical fracture is introduced at the centre of the domain. Fluid pressure is applied with the following
boundary conditions: (i) a p = 0 Pa pressure at the top, maintained constant throughout the analysis, and (ii) a linearly increasing
pressure going from 0 to p = 5 Pa over 100 s. Both lateral boundaries are considered impermeable. Following the application of
pressure, a horizontal displacement of u, = 0.1 m is imposed on the left boundary over an additional 100 s to investigate the effect
of crack opening under the different coupling methods. The material parameters, as outlined in Table 3, are chosen for illustrative
purposes and are not intended to represent realistic values. For example, the critical fracture energy release rate, G, is set to a very
high value (10° J/m?) to prevent crack propagation during the pressure loading phase. The domain is discretised using a uniform
mesh of bilinear quadrilateral elements, each with a size of 10 cm. This analysis primarily focuses on the phase field fracture AT2
model. However, for the sake of completeness, the effect of the coupling method on the AT1 model is also investigated.

Before analysing the effects of different coupling methods on fluid flux, we first examine their impact on pressure distribution
within the domain. Fig. 5 compares the pressure distribution for the three coupling methods considered to simulate the interplay
between permeability and phase field. In Fig. 5a, the pressure distribution is shown for the domain decomposition and hybrid
methods. With reservoir permeability K, = 0, the pressure in that region is zero and is only distributed across the transient and
fracture domains. In contrast, Fig. 5b displays a uniform pressure distribution for the modified Darcy method due to element size
contributions to crack width (w;, = (|h,(1+n,-€-n,)|),), influencing permeability in such a way that there is no region in the
domain with zero permeability. Thus, the modified Darcy method introduces artificial permeability in the undamaged region, which
does not accurately reflect physical behaviour. In contrast, the domain decomposition method and the proposed hybrid method
preserve the physical permeability of the undamaged region.

Additional, quantitative insight can be gained by plotting the flux distribution, as shown in Fig. 6 for the case of the domain
decomposition method [20]. The results are obtained using domain indicator variables, see Eq. (44), with three material constant
sets, S, = {c;, ¢, }: S| ={0.5,0.8}, S, = {0.5,1}, and S5 = {0.8, 1}. With no phase field evolution (constant ¢), the permeability tensor
K, is constant across the domain and time. The fluid flux for each set is shown in Fig. 6a—c, with a comparison of all sets being
given in Fig. 6d. The division of the domain into three regions based on ¢ values and material constants ¢; and ¢, is illustrated in
Fig. 6a—c. Reservoir permeability is equal where ¢ < ¢;, while fracture domain permeability, K ;, applies where ¢ > ¢,. The transient
domain’s permeability varies linearly, affecting fluid flux along the x-direction (Fig. 6a—c).
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Fig. 4. Geometry, dimensions, and boundary conditions of a rectangular domain with a central vertical fracture subjected to pressure at the bottom.
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Fig. 5. Fluid pressure contours for the rectangular domain with a centred crack: (a) Permeability determined using the domain decomposition and hybrid
methods, (b) Permeability determined using the modified Darcy method.

The effect of the three constant sets on fluid flux is compared in Fig. 6d, showing equal flux in the fracture domain due to
consistent permeability. The transient zone width varies with the selected ¢, and ¢, values, impacting mass flow rate Q, which takes
values of O = 550 tons/s for S, Q = 450 tons/s for S,, and Q = 225 tons/s for S;. This emphasises the importance of carefully
calibrating the values of ¢; and ¢, for accurate modelling.

For the modified Darcy method [15], permeability is modelled as an anisotropic tensor to represent Poiseuille-type flow in cracks.
Three values of the transition parameter b = {0, 1,2} were considered. Fig. 7a—c shows fluid flux for each b value at times r = 100
s, t = 150 s, and ¢t = 200 s. For » = 0 (no transition), flux remains uniform across regions with ¢ < 1, though permeability in
zero-¢ areas is non-zero due to element size contributions. This changes with linear (b = 1) and quadratic (b = 2) transitions, where
permeability in low-¢ regions decreases as b increases, see Fig. 7d. Employing a large transient parameter b results in a narrower
flux profile.

The hybrid method combines the domain decomposition and modified Darcy methods. The results obtained for material constants
¢; =0.5,¢, =1, and b= {0, 1,2} are shown in Fig. 8a—c, where the fluid flux is plotted at t = 100 s, t = 150 s, and 7 = 200 s, for each
b value. As observed, fluid flux is zero for ¢ < ¢, given the zero permeability of the reservoir domain. Comparison of flux profiles
in the transient zone (¢; < ¢ < ¢;) in Fig. 8d reveals minimal effect from b due to domain indicator variables y, and y, varying
linearly in the transition zone.

We proceed to assess the influence of the specific phase field model adopted (AT2 vs. AT1), as the AT2 model produces a
broader damage zone, relative to the AT1 model. Consequently, less sensitivity to the coupling method is expected for the latter
case. Their comparison is shown in Fig. 9, where both the phase field profile and the fluid flux distribution are shown. For the
domain decomposition method, the difference is not significant if ¢, is selected to be sufficiently large (e.g., ¢; > 0.5), as depicted
in Fig. 9a. This is because the difference in the phase field profiles of the AT1 and AT2 models becomes negligible for values of
¢ > 0.5. In the case of the modified Darcy method, if the transient parameter b is sufficiently large (b > 2), the difference becomes
negligible, as shown in Fig. 9b. Finally, as shown in Fig. 9c, the hybrid method is largely insensitive to the choice of phase field
model for the aforementioned choices of parameters. It must be noted that, since the history field method does not yield an optimal
phase field fracture profile for the AT1 model, the penalty method is here employed to enforce the irreversibility condition. For
further details, see Ref. [62].

The comparison of Fig. 9a and b shows that the fluid flux obtained from the modified Darcy method approaches that of the hybrid
method when the transient parameter b is sufficiently large. However, this conclusion is intrinsic to the benchmark considered here,
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Fig. 6. Phase field profile and fluid flux distribution along the x-direction at the top of the domain for the domain decomposition method [20] and: (a)
S, =1{0.5,0.8}, (b) S, ={0.5,1}, (c) S5 = {0.8,1}, while (d) shows the comparison of fluid flux distribution for all sets.

where a constant phase field is assumed. In cases involving phase field evolution (i.e., crack propagation) the results of these two
methods can differ significantly. This is because in the modified Darcy method only the permeability is a function of the phase field
variable, while Biot’s coefficient and porosity remain constant. In contrast, the hybrid method accounts for variations in permeability,
Biot coefficient, and porosity due to phase field evolution.

In summary, this study highlights the importance of appropriate parameter selection for accurate results. The domain decomposi-
tion method benefits from isotropic permeability but lacks sensitivity to crack opening changes. The modified Darcy method, which
models anisotropic permeability and Poiseuille-type flow, suggests b > 2 for an effective transition. The hybrid method combines
the strengths of both, providing distinct permeability domains while accounting for crack opening effects.

4.2. Stick—slip modelling using a Drucker—Prager-based split

In this case study, we demonstrate the capability of the proposed Drucker-Prager-based split of the strain energy density to model
stick-slip within hydraulic fracturing. As shown in Fig. 10, a rectangular domain with a central horizontal crack is considered. To
comprehensively investigate different regions of the strain space within the Drucker-Prager-based split (discussed in Section 2.1.1),
we consider two loading configurations that result in a path in the strain space that begins either in the elastic region or in the
frictional region. Each boundary condition configuration is named according to the stress state at the end of the first step. The
boundary conditions are applied in three steps, each lasting 10° s.

The first configuration is referred to as biaxial initial state (Fig. 10a) and involves fixing the lower half of the domain. Both domain
sides are impermeable. A traction (7,);; = 8.86 MPa is applied linearly over time to the top boundary during the first step. As the
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Fig. 7. Phase field profile and fluid flux distribution along the x-direction at the top of the domain for the modified Darcy method [15] and: (a) b =0, (b)
b=1, (c) b=2, while (d) shows the comparison of fluid flux distribution for all » values.

plane strain is adopted, the model experiences biaxial stress in this step. In the second step, a traction (z,),, = 5 MPa is applied
to the upper half of the left side, ramped over time. In the third step, the fluid pressure p is increased linearly over time to reach
p = 15.55 MPa at the domain’s bottom.

The second configuration, referred to as the triaxial initial state, is designed to ensure that the strain invariant path includes the
elastic region (see Fig. 1). In this setup, the left bottom corner has its displacements constrained in both directions, while the right
bottom corner restricts only vertical displacement. As in the first configuration, both domain sides are impermeable. A uniform
traction (,),; = 8.86 MPa is applied to the entire boundary during the first step, which leads to a triaxial stress state. In the second
step, a traction (z,),, = 5 MPa is applied linearly to the upper half of the left side. Finally, in the third step, fluid pressure is applied
to the bottom side until it reaches p = 15.55 MPa.

In both configurations, a horizontal crack is introduced by setting ¢ = 1. A uniform mesh of bilinear quadrilateral elements is
used, with a characteristic finite element length of 10 cm. The material properties adopted correspond to those employed in the
previous case study (see Table 3), unless specified otherwise. Poisson’s ratio equals v = 0.2, the characteristic length scale is £ = 0.2
m, the permeability of the reservoir domain is assumed to be K, = 10715 m?, and the permeability of the fracture domain equals
K, =1333x 10-° m?. A high value of the material toughness G, is set to prevent crack propagation. The domain decomposition
method with constants ¢; = 0.5 and ¢, = 1 is used for the permeability coupling, and a monolithic solution scheme is employed.

To analyse the results, we first examine the displacement at the top of the domain for each problem. Fig. 11a compares the
horizontal displacement u, for both configurations. Initially, u, remains nearly zero during the first step but increases when traction
(t,)s, is applied. After reaching equilibrium at the end of the second step, fluid pressure increases during the third step. Initially,
there is no displacement change, but as the fluid pressure rises, the displacement increases until elements along the horizontal
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Fig. 8. Phase field profile and fluid flux distribution along the x-direction at the top of the domain for the proposed hybrid method for the following choices
of parameters: ¢, =0.5, ¢, =1 and: (a) b=0, (b) b=1, (c) b =2, while (d) shows the comparison of fluid flux distribution for all » values.

crack lose stiffness, causing the displacement solution to diverge. The horizontal displacement u, at the top provides insight into
the stress and strain paths. We examine the strain space (I;(¢), v/J,(¢€)) (Fig. 11b) and the stress space (I,(c), v/J,(0)) (Fig. 11c,d)
for an element along the crack line in each problem, analysing both the total stress ¢ and the effective stress o®ff,

Let us start with the biaxial initial state, where the strain is in the frictional region (see Fig. 1a). Since ¢ = 1 at this integration
point, the material follows the Drucker-Prager failure criterion, as seen in Fig. 11c. Applying traction (z,),; initiates the effective
stress from (I;(c®f) = 0, /J,(c®f) = 0) along the criterion line 1/J,(c) = BI,(c). In the second step, traction (t,),, increases J,(c<f)
while I 1(o"’ff) also increases due to frictional behaviour. I, (c) decreases with fluid pressure p until reaching zero stress, as indicated
by the strain line intersecting the line —6B+/J,(¢) = I,(¢). Consequently, the total stress loses its deviatoric part, transitioning to a
hydrostatic state.

The triaxial initial state, shown in Fig. 11b and d, starts in the elastic region, meaning that the material remains elastic without
phase field influence. In the first step, the application of a traction (z,),; increases strains and stresses elastically. In the second step,
the application of a traction (t,),, changes the stress and strain paths, which still lie within the elastic region. With fluid pressure
being applied in the third step, I l(aeff) decreases, intersecting the failure criterion 1/J,(6) = BI (o). Here, the material behaviour
follows the Drucker-Prager criterion, and with ¢ = 1, the effective stress lies on the failure line 1/J,(6) = BI,(c). A continued rise
in fluid pressure causes the effective stress to return towards the origin, with the strain path intersecting the line —6B+/J,(¢) = I,(¢),
indicating zero effective stress and complete stiffness loss, leading to a hydrostatic stress state.

This case study demonstrates that the stick—slip behaviour of rock joints can be effectively modelled by incorporating pore
pressure variations using a Drucker-Prager-based split model. Stick-slip behaviour refers to the alternating phases of sticking and
sudden slipping along a rock joint, driven by the accumulation and abrupt release of effective stress. As illustrated in Fig. 11c,d,
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Fig. 10. Geometry and boundary conditions of stick-slip problems: (a) Biaxial initial state, and (b) Triaxial initial state.

the stress path captures these transitions. This modelling approach accounts for variable field conditions, including in-situ stress,
and elucidates how pore pressure fluctuations influence the frictional behaviour of rock joints, determining whether they remain
stationary (stick) or undergo slip, as relevant to many applications such as reducing seismic hazard during mining process [64].
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Fig. 12. Crack-interaction problem: (a) Geometry and boundary conditions, and (b) finite element mesh discretisation.
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Fig. 13. Crack-interaction problem: (a) Evolution of fluid pressure p versus time at a point on the horizontal crack for different strain energy decompositions,
(b) critical p, and ultimate p, fluid pressures, (c) crack paths for different fracture driving forces, and (d) fluid pressure p contour and fluid flux vector at the

steady state for the case without strain energy decomposition.

4.3. Influence of the fracture driving force on fluid-driven crack interactions

In this case study, we investigate the influence of the adopted strain energy decomposition and of the fracture-fluid coupling
method (discussed in Section 2.4) on the crack propagation behaviour of hydraulic fractures. A square domain with two pre-existing
cracks is considered, arranged is such a way so as to examine both tensile and shear contributions of the strain energy density in
crack propagation (Fig. 12a). Due to symmetry, only half of the boundary value problem is simulated. The displacement and pressure
at the domain perimeter are fixed, and each crack has a width of 1 cm (¢ = 1 prescribed over a row of elements). A fluid flux of
4, = 80 kg s~ m2 is applied to the horizontal crack at ¢ = 0 and held constant throughout the analysis. Material properties follow
those used in the second case study, but considering a Young’s modulus of E = 210 GPa, a Poisson’s ratio equal to v = 0.3, a
characteristic length scale of # = 0.02 m, and a critical fracture energy release rate of G, = 2700 J/m?. The domain decomposition
method is used for permeability coupling with constants ¢; = 0.4 and ¢, = 1. The model is discretised using bilinear quadrilateral
elements. A total of 31,277 elements are used, with the mesh being refined along the anticipated crack propagation region, giving
a minimum element size of 0.01 m (Fig. 12b). The mixed staggered method is used, with a time increment of 0.05 s over a total
duration of 500 s.

As described in Section 2.1.1, the present phase field framework for hydraulic fracture includes five different treatments of the
fracture driving force: no split, volumetric-deviatoric, spectral, no tension and Drucker-Prager. All five are considered in this case
study. For the Drucker-Prager-based split, the parameter B = —0.2 is used.

The results obtained are shown in Fig. 13. In all cases, applying volumetric fluid flux to the horizontal crack causes fluid pressure
to increase until it reaches a critical value p,, as shown in Fig. 13a. When the fluid pressure reaches p,, crack propagation initiates.
The critical pressure varies only slightly depending on the strain energy split, as the fracture of the initial crack is primarily driven
by tensile stresses. The highest critical pressure p, is attained with the spectral decomposition. The fluid pressure p decreases with
crack propagation until the two cracks merge, causing the pressure in the second crack to rise. The fluid pressure then continues
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Fig. 14. Crack interaction analysis under various coupling strategies employing a no-tension model for a fluid flux of g,, = 80 kg s™' m~2. (a) Temporal evolution

of fluid pressure p, and fluid pressure p contour distributions at # = 150 s for: (b) the modified Darcy method, (c) the domain decomposition method, and (d)
the present hybrid method.

to increase, with subsequent crack propagation being gradual and influenced by shear stresses. Eventually, a steady state in crack
growth is reached, indicated by the lack of further pressure increases after Time = 200 s in Fig. 13a.

The critical pressure p, and ultimate pressure p, (steady-state pressure) are reported in Fig. 13b. The highest ultimate pressure is
attained with the spectral decomposition, where the material is weaker in shear compared to tension. Conversely, the lowest ultimate
pressure corresponds to the no split case, where all the strain energy drives fracture. The impact of the shear contributions of the
strain energy density to the crack trajectory is shown in Fig. 13c: decompositions incorporating shear strain energy contributions (no
split, volumetric-deviatoric, and Drucker-Prager) exhibit a higher degree of deflection from the vertical crack tip, while tensile-based
decompositions (spectral and no tension models) show straighter paths. Fig. 13d shows the fluid pressure contour and flux vectors,
where the pressure in the fractured area is uniform due to low permeability. These results are qualitatively the same for all the
fracture driving forces. The fluid flux begins at the horizontal crack and follows the crack path, facilitating propagation towards the
vertical crack.

The influence of the property coupling method was extensively assessed in Section 4.1 for the case of a uniform phase field
(stationary crack), with a focus on permeability. The analysis is extended here to consider their effect on crack growth. To this
end, the crack-interaction boundary value problem illustrated Fig. 12 is evaluated, with the no tension strain energy decomposition
approach and the three different coupling models: modified Darcy (power-law), domain decomposition and the presently proposed
hybrid one. In the modified Darcy method, only the permeability tensor is dependent on the phase field variable. In contrast, the
domain decomposition and hybrid methods incorporate the phase field dependency into the permeability tensor, Biot’s coefficient,
and porosity. As a result, during fracture propagation, the critical pressure is expected to be higher in the modified Darcy method
due to the insensitivity of Biot’s coefficient to phase field evolution. Conversely, in the domain decomposition and hybrid methods,
Biot’s coefficient approaches unity in the crack region and at the crack tip, thereby enhancing the influence of pore pressure on the
deformation process.
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Fig. 15. Injection into an axisymmetric boundary: (a) Geometry and boundary conditions, (b) contour of phase field at time ¢ = 500 s, (c) contour of pore
pressure at ¢ = 500 s, (d) contour of phase field at + = 1000 s, and (e) contour of pore pressure at + = 1000 s.
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Fig. 16. Vertical stress o,, contour at: (a) Time = 500 s, and (b) Time = 1000 s.

The results obtained are shown in Fig. 14 for a fluid flux g,, = 80 kg s™! m~2 and a transient parameter of b = 2. In the modified
Darcy method, these conditions do not result in crack growth. The fluid pressure rises to 200 MPa, and the system reaches steady
state without crack propagation, as shown in the pressure contours provided in Fig. 14b. This result aligns with the assumption that
Biot’s coefficient remains constant and is not influenced by the phase field. To determine the critical pressure, a significantly higher
fluid flux of g,, = 70,000 kg s~! m~2 is applied, leading to crack propagation at a pressure of p = 12,350 MPa. Conversely, in the
hybrid method the evolution of Biot’s coefficient and porosity with ¢ promotes crack propagation at a lower pressure. The observed
critical pore pressure is comparable to that of the domain decomposition method, approximately p = 37.3 MPa. As depicted in Fig.
14a, the time evolution of pore pressure in the hybrid method closely follows that of the domain decomposition method. However,
a comparison of the fluid pressure distributions for the domain decomposition (Fig. 14c) and hybrid (Fig. 14d) approaches reveals
that, due to the consideration of anisotropic permeability in the hybrid method, the pressure is more concentrated near the crack
in the hybrid model compared to the domain decomposition method, which employs an isotropic permeability tensor.

In this case study, we observe that the choice of fracture driving force significantly affects both the pressure field and the
crack path. However, this effect can be negligible if the fracture is driven primarily by tensile stress. On the other hand, shear
stress can play a significant role in determining the crack trajectory and pressure distribution. Fracture driving forces that mainly
consider tensile stresses, such as the spectral decomposition and no tension models, result in higher pressures for crack propagation.
In contrast, methods like the volumetric-deviatoric and Drucker-Prager-based splits incorporate shear stress effects, influencing
both crack path and pressure distribution. The lowest pressure is observed in the original formulation (no split), where the entire
strain energy density contributes to fracture propagation. Moreover, this crack-interaction boundary value problem is used to assess
the influence of the coupling strategy under crack growth conditions, extending the analysis in Section 4.1. While in Section 4.1,
focused on permeability and considering a uniform and stationary phase field, the hybrid approach was closer to the modified Darcy
model, under crack growth conditions our hybrid approach aligns better with the domain decomposition method. This is primarily
because in the domain decomposition and hybrid methods, the Biot coefficient evolves with the phase field. The consideration of
anisotropic permeability in the hybrid method shows a more concentrated distribution of pressure near the crack relative to the
domain decomposition method, showcasing its greater modelling flexibility, as it allows for the evolution of material behaviour via
the phase field while also leveraging an anisotropic permeability tensor based on computed crack openings.

4.4. Simultaneous injection into an axisymmetric boundary with initial stress

To demonstrate the robustness of the current implementation, we analyse a complex problem involving multiple injections along
an axisymmetric boundary, as depicted in Fig. 15(a). The material properties are identical to those used in the second case study,
with the following exceptions: Young’s modulus E = 53 GPa, Poisson’s ratio v = 0.19, critical fracture energy release rate G, = 500
N/m, and characteristic length scale # = 0.29 m. The geometry is discretised with over 55,000 bilinear quadrilateral elements,
and the mixed staggered scheme is applied with a time increment of 1 s over a total injection period of 2400 s. The hybrid
permeability method is used, with initial stresses applied in both horizontal and vertical directions. Specifically, a horizontal stress
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of ,, = 34.9 MPa and a vertical stress of ¢,,, = 20.9 MPa are applied in the first step to establish the initial stress state. In the second
step, five pre-existing cracks are introduced, followed by five simultaneous injections at a rate of ¢ = 126 kg s~! m~2 over 2400 s in
the third step. The top, bottom, and right edges of the domain are considered to be pore-pressure-free boundaries (p = 0).

Crack growth is observed at each of the five injection points. Figs. 15(b) and 15(c) show the initial propagation of cracks
horizontally up to 500 s. Beyond this point, the crack originating from injection point 4 begins to approach the crack from injection
point 5. At this stage, the crack originating from injection point 4 is coalescing with the crack from injection point 5 through crack
interactions, leading to increased fluid flux within the crack at injection point 5 and further propagation through other cracks.
Crack propagation from injection points 2 and 3 remains horizontal throughout the injection, while the crack from injection point
1 deviates after 610 s. Figs. 15(d) and 15(e) illustrate the phase field and pressure contours at 1000 s, highlighting continued
propagation and interaction between cracks.

Finally, vertical stress ¢, contours at 500 s and 1000 s are shown in Fig. 16. Throughout the domain, compressive vertical stress
increases, except at the crack tip, where tensile stress drives further crack propagation.

5. Conclusions

We have presented a novel, theoretical and computational framework to simulate hydraulic fractures based on the phase field
method. The model encompasses a number of relevant features, from constitutive choices to solution schemes, and introduces
two key innovations that enhance the accuracy and adaptability of hydraulic fracture simulations. First, a novel hybrid coupling
approach is introduced to link the phase field evolution equation with the pore pressure equation. This approach offers refined
control over permeability transitions, making it especially effective in capturing fluid flow and fracture propagation interactions in
complex geomechanical problems. Second, we incorporate a Drucker-Prager-based strain energy split to model stick-slip behaviour
accurately, a critical aspect in hydraulic fracturing and fault activation scenarios.

Through a series of representative case studies, we demonstrated the robustness and versatility of our proposed formulation. The
results highlighted the significant impact of different coupling strategies on fluid behaviour within fractures and underscored the
influence of strain energy decomposition on fracture propagation paths and crack interactions. Our hybrid permeability approach
effectively addressed the limitations of existing methods, providing a more flexible solution for hydraulic fracturing scenarios
characterised by complex geometries and evolving fracture patterns. Additionally, the Drucker-Prager-based split effectively
modelled the transition between elastic, frictional, and fully fractured states, yielding new insights into the role of shear stress
in hydraulic fracture propagation.

The phase field framework developed in this work not only extends the current capabilities of hydraulic fracture modelling but
also serves as a valuable tool for a wide range of geomechanical applications, including reservoir engineering, fault activation, and
fracture interaction under multiaxial stress conditions.
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Table A.4
Analogy of variables between heat transfer, phase field, and fluid flow equations.
Heat transfer equation Phase field evolution equation Fluid flow equation
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Table A.5

Variables that must be defined in a UMATHT subroutine and their associated expressions for the heat transfer, phase field and
fluid flow problems.

UMATHT variable Heat transfer Phase field Fluid flow
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Appendix. Abaqus implementation

The generalised phase field model for hydraulic fracture presented is implemented in the commercial finite element package
Abaqus in a very straightforward way, without the need for user element subroutines (i.e., at the integration point level). This is
achieved by exploiting the analogy between the heat transfer balance equation and the fluid flow and phase field balance equations.
The idea is similar to that exploited in Refs. [45,65] to implement phase field fracture by means of (solely) a user material (UMAT)
subroutine. However, on this occasion, the approach is extended to encompass an additional balance equation, as explained below.

First, consider the heat transfer equation in its general form,

pU+V . -f=r, (A1)

where U is the internal thermal energy, f is the heat flux vector, and r is the heat source. Rearranging the phase field evolution
(12) and fluid flow (38) equations,

g(PH2e, W' () _
< 76t g >—V~(V¢) -0 (A.2)
. . K
Pri(Sh+az )= V- szTﬂVP = dn (A.3)

By comparing Egs. (A.2)-(A.3) with Eq. (A.1), we observe an analogy between these diffusion-like equations. Table A.4
summarises the analogous variables across the heat transfer, phase field, and fluid flow equations.

The numerical implementation is carried out in Abaqus using a UMATHT subroutine, where several variables must be defined
to establish equivalence with heat transfer and mass diffusion variables. Table A.5 outlines the required quantities and their
corresponding expressions for the heat transfer, phase field, and fluid flow equations.

By exploiting this analogy, the temperature variable T becomes equivalent to the phase field variable ¢, which varies between 0
and 1, or to the pore pressure variable p. To account for these analogies, a user material (UMAT) subroutine is employed to degrade
both the material stiffness and the stress tensor with respect to the phase field variable, while incorporating as well the effect of
pore pressure on the total stress using Biot’s coefficient a. The evolution equation for the phase field and the fluid flow equation are
subsequently addressed using the UMATHT subroutine, which defines the internal heat energy U and the heat flux vector f along
with their respective variations concerning temperature 7 and the temperature gradient V7', as shown in Table A.5.

Different to Refs. [45,65], the temperature field is now used to describe two fields: phase field ¢ and pore pressure p. This can
be accomplished by defining two identical Abaqus Parts with the same geometry and mesh. Since only one temperature can be
defined per integration point, this approach enables effective data transfer between the two parts. Local numbering for elements
and nodes remains consistent across both parts if the same meshing algorithm is used.

The proposed procedure is as follows: for a given element, Abaqus provides the UMAT integration point-level subroutine with
values of strain and phase field (temperature) in the first part, interpolated from the nodal solutions. The pore pressure, represented
as the temperature field in the second part, is stored in a FORTRAN module and transferred to the UMAT subroutine using local
element numbering. Within each integration point and loop, the UMAT is first called. Inside the UMAT, the material Jacobian C and
effective stress 6°// are computed from the strain tensor. The current phase field value ¢ (temperature in the first part) is then
used to account for the degradation of these quantities, while the pore pressure value p (temperature in the second part) is used
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to compute the total stress ¢. The dissipation part of the strain energy density y, is stored in solution-dependent state variables
(SDVs), enabling enforcement of the irreversibility condition. The rate of volumetric strain ¢,,, is stored within a FORTRAN module
and transferred to the UMATHT subroutine to solve the fluid flow equation. In the UMATHT subroutine, definitions of internal heat
energy U, heat flux vector f, and their variations (0U /0T, oU /oVT, of /T, of /o0VT) are performed for the phase field equation
in the first part and for the fluid flow equation in the second part. The UMATHT subroutine distinguishes between parts based on
the material name, where MATERIAL-1 denotes the first part (deformation and phase field problems) and MATERIAL-2 denotes the
second part (fluid flow equation).

The updated SDVs are transferred to the UMATHT subroutine to carry the current value of the history field H without requiring
external FORTRAN modules. Additionally, the values of volumetric strain rate and the phase field variable are transferred from
the UMAT subroutine to the UMATHT subroutine, which manages the fluid flow equation, via a FORTRAN module. This process
is repeated for each integration point, allowing Abaqus to assemble the element stiffness matrices and residuals externally and
subsequently form the global system of equations, as per the procedure outlined in Algorithm 2. The coupled problem can be
approached using either a monolithic or staggered scheme. In the monolithic scheme, all variables are updated simultaneously,
resulting in unconditional stability. In contrast, the staggered scheme updates variables sequentially, with some equations utilising
variables from the previous increment or iteration instead of the current one, as described in Section 3.3.

This implementation offers two types of schemes: the Mixed monolithic scheme and the mixed staggered scheme. In the mixed
monolithic scheme, equilibrium and phase field evolution equations are solved using a monolithic approach, while the pore pressure
is derived from the previous iteration. In the mixed staggered scheme, the history field H is not updated within an increment for
the phase field evolution equation; instead, the previous increment’s history field H is applied. However, as in the mixed monolithic
scheme, pore pressure is updated based on the solution of the previous iteration.
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Data will be made available on request.
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